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1. Introduction

In recent years, markets for long-dated derivatives have become far more liquid and have
attracted the attention of major market participants such as hedge funds and insurance
companies'. The interest rate risk for short-term derivatives may be negligible, however it
is not well studied whether ignoring the impact of interest rate risk could lead to significant
mispricings of long-dated derivatives. Typically the sensitivity of an option’s price with
respect to the interest rate, measured by the option’s rho (the partial derivative of the
option price with respect to the interest rate), is an increasing function with time-to-maturity.
One of the earliest empirical analysis of spot price models with stochastic interest rates is
Rindell (1995). Using European stock index options with a maturity of up to two years from
the Swedish option market, Rindell demonstrates that the option pricing model of Amin
and Jarrow (1992) outperforms the original Black and Scholes (1973) model that assumes
constant interest rates. Bakshi, Cao, and Chen (2000) perform empirical investigations on a
variety of option pricing models with different levels of abstraction. One of their findings is
that the hedging performance of delta hedging strategies of long-dated derivatives improves
when the model incorporates stochastic interest rates.

Motivated by the new market for long-dated derivatives and the empirical findings, a
new type of so-called hybrid pricing models is proposed in the literature. This type of mod-
els typically features a geometric Brownian motion for the spot price process with mean-
reverting stochastic volatility and stochastic interest rate processes. Depending on the type
of mean-reverting process and the correlation structure, the model may require some numer-
ical approximations before leading to closed-form option pricing formulae. van Haastrecht,
Lord, Pelsser, and Schrager (2009) and Grzelak, Oosterlee, and van Weeren (2012) introduce
a hybrid spot price model by combining the stochastic volatility model by Schobel and Zhu
(1999) as the spot price process and the Hull and White (1993) model as the stochastic inter-

For example, Long-term Equity Anticipation Securities (LEAPS) are long-dated (more than 1 year) put
and call options on common stocks, equity indexes or American depositary receipts (ADRs), Power reverse
dual-currency notes are long-dated FX hybrid products or option contracts on crude oil listed on NYMEX
that extends to 9 years.



est rate process while allowing full correlations between the spot price process, its stochastic
volatility process and the interest rate process. This model is dubbed as the Schobel-Zhu
Hull-White (hereafter SZHW) model. van Haastrecht et al. (2009) apply the model to the
valuation of insurance options with long-term equity or foreign exchange (FX) exposure. The
key advantage of this model is that it admits a closed-form pricing formula for European-
style vanilla options, however there is a positive probability that the interest rate process
or the stochastic volatility process becomes negative. Grzelak and Oosterlee (2011) propose
two hybrid spot price models that specifically target the shortcoming of the SZHW model
by replacing the mean-reverting Hull and White (1993) processes with the square-root pro-
cesses (see Cox, Ingersoll, and Ross (1985)). While these models ensure that the stochastic
volatility process is positive (Heston-Hull-White) or both the stochastic volatility process
and stochastic interest rate process are positive (Heston-Cox-Ingersoll-Ross) the downside is
that a closed-form option pricing formula cannot be obtained. However the authors propose
approximations to obtain analytical characteristic functions. Grzelak and Oosterlee (2012)
apply the (Heston-Hull-White) model to value FX options where both domestic and foreign
interest rate processes are modelled by the Hull and White (1993) process.

The Black (1976) model is the earliest commodity pricing model. It is based on the Black
and Scholes (1973) model and it is very popular among practitioners although it lacks many
features of interest. This model assumes that the cost-of-carry formula holds and that net
convenience yields are constant. Another drawback is that describing the futures price dy-
namics only by a geometric Brownian motion does not capture commodity price properties
for instance changes in the shape of the futures curves and mean-reversion. In the spirit
of Black and Scholes (1973), the earlier commodity pricing models specify exogenously a
stochastic process for the spot price dynamics and then futures contracts are set to equal
to the expected future spot price under the risk-neutral measure. Brennan and Schwartz
(1985) consider a model where the spot price of the commodity follows a geometric Brownian
motion and a convenient yield which is a deterministic function of the spot price. This model
does not capture the mean-reversion behaviour of market observable commodity prices. The

one-factor model of Schwartz (1997) overcomes this shortcoming by introducing a mean-



reversion process for the log of the spot price. Another type of models is the spot price and
convenience yield model. These two-factor models assume that the commodity prices and
the convenience yield form a joint diffusion process with a non-zero correlation. Schwartz
(1997) finds that two-factor models greatly improve the ability to describe the empirically

observed price behaviour of copper, crude oil and gold.

The main drawback of spot commodity model is that the whole observed term structure
of futures prices is implied. As a consequence it is difficult for a spot commodity model to
capture certain features of the term structure of futures prices. Following the seminal paper
by Heath et al. (1992) (hereafter HJM) which take the whole term structure of interest rate
as an input to the model, Cortazar and Schwartz (1994) consider a commodity pricing model
that uses all the information contained in the term structure of commodity futures prices.
However, this model considers only deterministic volatility. Trolle and Schwartz (2009b)
take a step further by considering unspanned stochastic volatility. This is critical because
if there exists unspanned volatility in a given commodity, futures options are not redun-
dant securities and they cannot be fully hedged using only the underlying futures contracts.
Chiarella, Kang, Nikitopoulos, and T6 (2013) consider a commodity pricing model under
the HIM framework. They demonstrate that the crude oil futures volatility structure is
hump-shaped and thus allows increasing volatility at the short end of the implied volatil-
ity curve. However, in both papers from Trolle and Schwartz (2009b) and Chiarella et al.
(2013), a deterministic function of interest rate is used to discount the payout of the options
to present. For short-term and medium-term options, assuming deterministic interest rates
results in negligible pricing errors however for long-term option contracts this error is not

well known and it may not be negligible.

Pilz and Schlégl (2013) propose a joint model of commodity price and interest rate risk
constructed analogously to the multi-currency LIBOR Market Model (see Schlogl (2002)).
They also present a procedure to achieve a consistent fit of the model to market data for
interest rates options, commodity options and historically estimated correlations. Although

Pilz and Schlogl (2013) and the model proposed in this paper both feature stochastic interest



rate and model commodity prices there are several differences. Pilz and Schlogl (2013) model
forward commodity prices and they present a method to approximate the differences between
futures and forwards as well as their implied volatilities. In this paper, we model directly
prices of commodity futures contracts which are the most liquidly traded contracts (compared
to forward contracts).

In this paper, we propose a commodity derivative pricing model featuring stochastic
volatility and stochastic interest rates. The stochastic interest rate process is modelled by
a Hull and White (1990) process and the volatility is modelled by an Ornstein-Uhlenbeck
process. This model is within the HJM framework thus it fits the entire initial forward curve
by construction rather than generating it endogenously from the spot price as in the spot
pricing models. It is a continuous time multi-factor stochastic volatility model that allows for
multiple volatility factors with flexible volatility structures. Empirical evidence in the crude
oil market demonstrates that exponential decaying or hump-shaped are typical structures of
its volatility factors, see Chiarella et al. (2013). In addition, the proposed model allows a full
correlation structure between the underlying futures price process, the stochastic volatility
process and the stochastic interest rate process. This feature is very important as empirical
evidence has revealed that volatility is unspanned in commodity markets, see Trolle and
Schwartz (2009b).

One of the issues of using HJM models is that in general they have infinite dimensional
state space. By selecting suitable volatility structures,? the forward rate model can be re-
duced to a finite dimensional state space. Furthermore these volatility specifications are
flexible enough to generate a wide range of shapes for the futures price volatility surface

including exponentially decaying and hump-shaped. This class of models, however, by itself

2The HJM model in general is only Markovian in the entire forward curve thus requires an infinite
number of state variables to determine its current state. However several papers (see for example Chiarella
and Kwon (2001), Bjork, Landén, and Svensson (2004) and Bjork, Blix, and Landén (2006)) have proposed
appropriate conditions on the volatility structure so that HJM models admit finite dimensional Markovian
representations. This greatly improves its tractability to formulate closed-form option pricing formulae and
it is important for its suitability in numerical evaluation techniques such as Monte Carlo simulations, finite

difference or tree methods or Kalman filter.



does not conform to the general structure of affine term structure models. By introducing
latent stochastic variables, this class of models has an affirm term structure representation
hence quasi-analytical European vanilla futures option pricing formulae can be obtained.
Therefore this class of models is well suited for estimation and calibration applications.
Consequently these models can be fitted to both futures and option prices so that they have
the potential to capture well the forward curves and the volatility smiles. Other mean-
reverting processes for example the square-root process (see Cox et al. (1985)) can be used
to model the stochastic interest rate or the stochastic volatility but some approximations

are required in order to obtain closed-form solutions.

To understand better the impact of stochastic interest rates to the prices of futures
options, a sensitivity analysis is performed to gauge the impact of the parameters of the
interest rate process to futures option prices. Results show that the impact of the correlation
between the stochastic interest rate process and the stochastic volatility process to option
prices is negligible even when the time-to-maturity is twenty years. However, the impact
of the correlation between stochastic interest rates and futures prices to the option prices
is noticeable for longer maturity options. A fixed long-term level of interest rates applies
the same discounting factor to the future payoff of the options with the same maturity
and it is independent to the correlations between the stochastic interest rate process and
other processes. The interest rate volatility impacts the option prices more severely than
the long-term level of interest rates. When the volatility of interest rates is high, there is
a nonlinear (convex) relationship between prices of long-dated options and the correlation
coefficient between futures prices and interest rates. We find that, when the correlation
between futures prices and interest rates is negative, option prices are more sensitive to
interest rate volatility.

The remaining of the paper is structured as follows. Section 2 presents the proposed
HJM term structure model with stochastic volatility and interest rates for pricing commodity
futures prices and demonstrates that for certain volatility specifications, the model can be
reduced to a finite dimensional state space. Section 3 shows that the model can be within the

class of affine term structure models by introducing a latent stochastic variable, thus derives



the formula for pricing European vanilla options on futures. Numerical investigations are

presented in Section 4. Section 5 concludes.

2. Commodity Futures Prices

We consider a filtered probability space (€2, Fp,F,P), T € [0,00) satisfying the usual

conditions?®

. Here Q is the state space, F = {F;}icjor is a set of o-algebra represent-
ing measurable events and P is the historical (real-world) probability measure. We intro-
duce o = {oy;t € [0,T]} an n-dimensional generic stochastic volatility processes modelling
the uncertainty in the commodity market. We let F'(¢,T,0;) be the futures price of the
commodity at time t > 0, for delivery at time 7' € [t,00) and the current state of the
stochastic volatility process o, € R"™. The spot price at time ¢ of the underlying com-
modity, namely S(¢,0;) is obtained by taking the limit of the futures price as T" — t,
ie. S(t,oy) = limpy, F(t,T,04),t € [0,T]. We denote r = {r(t);t € [0,7]} the possibly
multi-factor stochastic instantaneous short-rate process. Duffie (2001) by using no-arbitrage
arguments demonstrates that the futures price process F'(t,T,0;) is a martingale under the

equivalent risk-neutral probability measure with respect to the continuously compounded

spot interest rate, denoted by Q, namely,
F(t,T,0,) =E%[S(T,07)|F].

The commodity futures price process must follow a stochastic differential equation with zero
drift. Thus, we assume that the commodity futures price process follows a driftless stochastic
differential equation under the risk-neutral measure of the form:

dF(t,T, o) ~
A S S AR E Yt dWE(t 1
‘Z (ta] 7Ut) i=1 JZ ( ’ ’O-t> ’ ( )’ ( )

where of (t,T,0;) are the F-adapted futures price volatility processes for all 7' > ¢ and
W=(t) = {Wf(t),...,W2r(t)} is an n-dimensional Wiener process under the risk-neutral

probability measure Q driving the commodity futures prices. The volatility process o, =

3The usual conditions satisfied by a filtered complete probability space are: (a) Fy contains all the P-null

sets of F and (b) the filtration is right continuous



{oy(t),...,0,(t)} is an n-dimensional well-defined Markovian process following the dynamics:
doi(t) = pi (t, op)dt + of (t, o0)dW? (1), (2)

for i € {1,...,n}, where pf(t,04) and o7 (t,0,) are integrable and square-integrable real-
valued functions respectively. We further specify the functional form of the drift and the

volatility of the stochastic volatility process and we consider an extended version of the

n-factor Schobel-Zhu-Hull-White (ESZHW hereafter) model* as follows:

% = Z:; ol (t,T,00)dW; (1), (3)
where, fort=1,2,...,n,

do;(t) = ki(T; — o;(t))dt + vdW/7 (1), (4)
and

r(t) =7(t) + Zyj(t), ()
dyj(t) = —)\J(t)yj(t)dt + deWf(t), fOI'j = 1, 2, ey N.

Note that W7 = {W7(t),...,W2(t)} is an n-dimensional Wiener process under the risk-
neutral probability measure driving the stochastic volatility process o, = {o1(t),...,0,.(t)},
Wr(t) = {W(t),...,Wx(t)} is an N-dimensional Wiener process under the risk-neutral
probability measure driving the instantaneous short-rate process r(t), for all t € [0,7],

Kly--yKn, O1,-..,0, and 61, ..., 0y are constants, and {\;};=1.. n and T are deterministic

-----

functions of time t. We further make the following assumptions on the correlation structure

of the Wiener processes:

4see van Haastrecht et al. (2009)



(

dt, if i = j,
AW (t)dW(t) =

\O, otherwise

.

dt, if i = j,
dW7 (t)dW7 (t) =

\O, otherwise

( A A

dt, if i = J,

\O, otherwise

5 (6)

piodt, it i = j,
AWE(t)dW7 (t) =

\O, otherwise

( A

prrdt, i =1,
dVVf(t)de(t) =

\O, otherwise

( A

piedt, if 7 =1,
dVVf(t)deT(t) =

\O, otherwise

forie{1,...,n},je€{l,....,n},2€{1,...,N}and j € {1,..., N}. The above-mentioned
specifications entail the feature of unspanned stochastic volatility in the model. More specif-
ically, when the Wiener processes W' (t) and W/ () are correlated, futures contracts can be
used to partially hedge the volatility risk of the derivatives, while when the Wiener processes
W#(t) and W (t) are uncorrelated, the volatility risk of the derivatives is unhedgeable by
futures contracts. Note that for modelling convenience, we assume that only the first Wiener
process of the interest rate process W7 (t) can be correlated with the futures price process
and the futures volatility process. If the Wiener processes of the interest rate process are
uncorrelated, they can be disentangled from the expectation of the option’s payoff function.

Let X (t,T) = log F(t,T,0;) be the natural logarithm of the futures price process then

by an application of It6’s lemma, it follows that:

n

dX(t,T) = —% > (of (T, o)) dt + Zn: of(t,T, 0,)dWE(t). (7)

i=1 i=1



In Appendix A, we show that the spot price follows the SDE:

dS(t, O't)

Stto) = C(to)dt + > ol (tt,0)dW] (1), (8)

i=1

with the instantaneous spot cost of carry ((t, o;) satisfying the relationship

Clt.01) =210 F(0.,0) - > [ ottt ot o))

+Z/ 501 Plu,t, o(u)) dWE (u).

2.1. Finite Dimensional Realisations

The commodity HJM model (3) is Markovian in an infinite dimensional state space due
to the fact that the futures price curve is an infinite dimensional object. For the system
to admit finite dimensional realisations, it is necessary to impose certain functional forms
to the volatility terms o (¢, T, 0;), see Chiarella and Kwon (2003). By employing methods
of Lie algebra, Bjork et al. (2004) and Bjork et al. (2006) show that the volatility terms

ol'(t,T,0;) admit finite dimensional realisations, if and only if, o (¢, T, 0;) can be expressed

in the following form:
Uf(ta T7 Ut) = wz(T - t)Oél(t, Ut)a

where o; : RT x R — R are square-integrable real-valued functions and w; : R — R are

quasi-exponential functions. A quasi-exponential function f : R — R has the general form
Z e 4 Z e"*[pj(x) cos(kjz) + q;(z) sin(k;x)],

where m;,n; and k; are real numbers and p; and ¢; are real polynomials. To reduce the
system (3) to a finite dimensional state space, we assume a simplified version of this form

where the commodity futures price volatility process is assumed to be:
ol (t,T,0,) = wi(T — t)ay(t, o)
= (o + &(T = 1))e " Doy (), (9)

with &u;, & and n; € R for all ¢ € {1,--- ,n}. This volatility specification allows for a variety

of volatility structures such as exponentially decaying and hump-shaped which are typical

10



volatility structures in commodity market, see for example Chiarella et al. (2013) or Trolle

and Schwartz (2009a).

Proposition 1. Using the volatility specifications (9), the dynamics (7) can derive the log-

arithm of the instantaneous futures prices at time t with maturity T in terms of 6n state

variables, namely x;(t), y;(t), z;i(t), ¢;(t), Vi (t) and o;(t):

log F\(t,T, o)

where fori=1,...

=log F'(0,T, 0¢)
__E:(%Z —t@ty+wa—0w@%+%KT—ﬂ%@D

+ Z (ﬁlz i(t) + Bu(T

,n, the deterministic functwns are defined as:

—t :wZ( ) (520+§z( ))e W= t)

—t) = 28,(T — t)ﬂ%(T — 1),

and the state variables x;,y;, z;i, ¢i, W; satisfy the following SDFEs:

dz;(t) = (= 2mai(t) + 07 (1)) dt,
dyi(t) = (= 2n::(t) + (1)) dt,
dzi(t) = (= 2mzi(t) + 2y,(t)) dt,
doi(t) = —migi(t)dt + o;(t)dW; (1),
dii(t) = (— mahi(t) + (1)) dt

)=
)
)
)=

(1)), (10)

(11)

subject to the initial condition x;(0) = y;(0) = 2;(0) = ¢;(0) = ¥;(0) = 0. The above-

mentioned bn state variables are associated with the n stochastic volatility processes o;(t), i €

...,

Proof. See Appendix B.

n} see equations (4) so that the whole system includes 6n state variables.

O

The stochastic interest rate process r(t) does not affect the futures prices process per se,

but it matters when we consider pricing options on futures contracts.

11



3. Affine Class Transformation

The initially infinite-dimensional Markovian model is now reduced to a model with 6n+ N
state variables . The additional N state variables are from the stochastic interest rate pro-
cess specified by the equation (5). Note that this system is not affine. When the volatility
specifications (9) are applied to the dynamics (7), the 0?(¢) term is not an affine transforma-
tion of o;(t), which is required for the system to admit a closed-form characteristic function
of X(t,T) =log F(t,T, 0¢), see Duffie, Pan, and Singleton (2000) section 2.2 for the details.
By introducing a latent stochastic variable v;(t) 2 o(t) with v, = {v(t),...,v,(t)}, then

this system can be transformed to the following affine system:

dX Z B2(T — t)v(t)dt + Z Bui(T — )/ wi(t) AW (t)

where, for 1 =1,2,...,n,
dO‘Z(t) = lii(az‘ — O'Z(t))dt + ’}/ZdVVZU(t),

dv;(t) = 2k; (Eiai(t) g/ — vt )dt + 27/ v (6)dW I (¢

2K;

and

N
=7(t) + > y;(t), (12)
j=1
dy;(t) = —=A;()y;(t)dt + 0;,dW(t), for j=1,2,... N,

with the correlations of the Wiener processes the same as those in (6). For ¢t <7, < T and
v € C, the y;(t)-discounted characteristic functions of the logarithm of the futures prices

o(t) 2 o(t, X (1, T),7(t), v, o130, Ty, T):
o(t;v,T,,T) = E2 [e’ ) du exp {U log F(T,,T, JTO)}]
= E? [6_ S () du exp {UX(TO, T)H
can be expressed as:

o(t;0,T,,T) = exp { A(t; v, T,) + B(t; v, T,) X (¢,T) + C(t; v, T,)r(t)

+ZD tv, T)vi(t +ZE (t:v, T,)o:(t)}.

12



Lemma 1. The functions A(t;v,T,), B(t;v,T,),C(t;v,T,), Di(t;v,T,) and E;(t;v,T,) in
equation (14) satisfy the following complez-valued Ricatti ordinary differential equations:

0B
o
8_0
ot
aDz‘ 1 2 ro 212
ot = éﬁli(T —t)(B = 1)B —2(0;” B1:(T — t)vi B — ki) D; — 27; Dy,

A (15)
a@tz = — 206k D; — pi"0181:(T — t) BC — 27 6:7:C D

:)\10 —|— 1,

— (297 D; — ki + p¥° Bu(T — t)v:B) E;,

aA 1 2 2 - 2 & — 1 2 To
= 56’10 - Z%‘ D; — 2(/@0@‘ + 5 Ei + 070 C) B,

ot —
where i € {1,...,n}, subject to the terminal condition ¢(Ty) = e T T).
Proof. See Appendix C. O

In the next section we present the quasi-analytical pricing formulae for European options

on futures that this affine transformation leads to.

Pricing of European Options on Futures

We denote with Call(t, F'(t,T,0¢);T,) and Put(t, F(t,T,0¢);T,) the price of the Euro-
pean call and put option, respectively, with maturity 7, and strike K on the futures price
F(t,T,o0;) maturing at time 7". The price of a call option can be expressed as the discounted

expected payoff under the risk-neutral measure of the form:
Ca].l(t7 f;"(t7 T’ O't)’ TO) = E? <€_ tTO T(S) ds (eX(To,T) o K)+) ) (]_6)

By using Fourier inversion technique Duffie et al. (2000) provide a semi-analytical formulae
for the price of European-style vanilla options under the class of affine term structure. With
a slight modification of the pricing equation in Duffie et al. (2000), the equation (16) can be

expressed as:

N
Call(t, F(t, T, Ut); To) — e ftTO 7(s)ds H E? [6_ ftTO vi(s) ds} y ( )
i=2 17

[G1,-1(—log K) — KGo_1(—log K)],

13



where

ta, T,,T) 1 [ S[o(t;a+ibu,T,,T)e ™
T Jo u
Note that i = —1 and S(z + iy) = y. Note that, the product starts at i = 2 because

the equation (17) is conditional to the specifications of the correlation structure (6) that
allows only the first factor of the interest rate process to be correlated with the futures price

process. For European put options, the discounted expected payoff is:
Put(t, F(t, T, 0,); T,) = E (e— e rds (g eX(TO,T))Jr)
T N T,
_ e_j;& °T(s)ds H ]E;Q [6_ ft ° y;(s) ds] % (19)
i=2

[KGoa(log K) — Gy (log K)].

With finite dimensional realisations and affine class transformation the commodity pricing
model (3) admits a closed-form option pricing formula. Closed-form option pricing formulae
greatly facilitate model estimation and calibration as we shall see in a subsequent paper
where the model is fitted to the most active commodity derivatives market, namely the
crude oil market. Note that the proposed model is not limited to pricing only commodity
futures options. The model can be easily adjusted to price any type of options on futures,
for instance options on index futures. The model characteristics are examined next by

performing a sensitivity analysis.

4. Numerical investigations

In this section we numerically investigate the implications of allowing the interest rate
processes to be stochastic and possibly correlated to both of the future price process and
the future stochastic volatility process. To be specific we want to assess the effect of the

following parameters of the interest rate model to commodity futures option prices:
e p*" — the correlation between the future price process and the interest rate process.

e p"? — the correlation between the future price volatility process and the interest rate

process.

14



e 7 — the long-term level of interest rates.

e () — the volatility of the interest rate process.

The correlation p®@ between the futures price process and the volatility process has been well
studied (see for example Schébel and Zhu (1999)) so we omit the discussion here. In this
numerical exercise, aiming to amplify and concentrate solely on the impact of the stochastic
interest rates, we set p* = 0. For simplicity also we use the one-dimensional version of the
ESZHW model (that is equations (3) and (4) with n = 1 and equation (5) with N = 1)
with @(t) = &. Furthermore we simplify the volatility structure of the futures price process
by assuming &y = 1, = 0 and 7, = 0 (see equation (9)) thus reducing it to a constant
volatility, namely of'(¢,T,0;) = o;. This allows us to target our investigations specifically
on the impact of the parameters of the stochastic interest rate to option prices. The one-

dimensional ESZHW model used in this analysis is summarised below:

dF(t,T,0;) .
FtToo) o dW*(t), (20)
doy = k(G — op)dt +ydW?(t), (21)
dr(t) = N7 —r(t))dt + 0dW"(t), (22)

with,

AW ()dW' (t) = p"dt,
AW (£)dW (t) = 0,
AW (£)dW (t) = p'odt.

Table 1 displays the parameter values used in our numerical investigations, where Fy, rg, o
is the initial futures price, the initial interest rate and the initial stochastic volatility respec-
tively.

We investigate next the following questions. What is the impact of the correlation co-
efficients p* and p" to the model option prices? How does the impact of these correlation
coefficients to option prices charge as the maturity of the options increases? What is the

impact of the stochastic interest rate parameters, long-term level 7 and volatility 67

15



Table 1: Parameter Values

AT 0 kv @ v F K To 0o
4 0.05 0.05 4 05 0.6 100 100 0.05 0.05

The table displays the parameter values use in the sensitivity analysis.

4.1. The correlation coefficients p™" and p"®

To gauge the impact of p*™ and p"” to the option prices we vary the correlations from
—0.75 to 0.75 with 0.25 as the incremental value and compare these prices with the option
prices of the restricted models with p* = p" = 0. We are thus considering the following
ratio:

OptionPrice(p™, p"7; T)
OptionPrice(0,0;T")

Ratio(p™, p"?;T) = (23)

This ratio as a function of the two correlations is plotted in Figure 1 for four call options
maturities, namely 0.5, 3, 10 and 20 years. From the surface plots of the ratio as a function of
P and p"? two observations can be made. The first is that the ratio is virtually unchanged
as p"? varies from -0.75 to 0.75 in all four plots. This implies that the correlation between
the interest rate process and the future price volatility process has minimal impact to call
option prices. The second observation is that the correlation between the interest rate
process and the future price process has minimal impact for short maturities (T=0.5 years)
but the impact gradually becomes more distinct as the maturity increases. At T' = 20, the
price difference between taking correlation (p™) into account and assuming zero correlation
(p™ = 0) can be more than 10%.

Figure 2 depicts the cross-section of Figure 1 with p™® = 0. From this plot we see
that, when the futures price process and the interest rate process are negatively (positively)
correlated, the call option price is more expensive (less expensive) than the option prices
computed when ignoring this correlation. The effect is more pronounced for options with
longer maturities. We can intuitively understand the impact of the correlation coefficient p*”
to option prices by considering the behaviour of the futures price process and the interest

rate process. Consider paths that lead to increasing futures prices such that a call option at
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Figure 1: Impact of the correlation coefficients p*" and p"” to call option prices
The plots display the ratio of option prices (between prices from a model with full correlation struc-
ture and prices from a restricted model with zero correlation) for a range of correlation coefficient

parameter values and for four maturities; 0.5, 3, 10 and 20 years.
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Figure 2: Impact of the correlation between futures prices and interest rates to
call option prices

The plot shows ratio of option prices (between prices from a model with full correlation structure
and prices from a restricted model with p"” = 0) for a range of correlation coefficient parameter

values and for four different maturities; 0.5, 3, 10 and 20 years.

maturity is in-the-money.® In these paths, a negative correlation between futures prices and
interest rates implies decreasing interest rates, hence the discounted payoffs at maturity of
these particular paths are relatively expensive. Conversely, when the correlation is positive,
the discounted payoffs at maturity are relatively less expensive. To sum up, a negative
(positive) correlation means that we are discounting the payoffs of the in-the-money paths

less (more) severely, hence the price of the option is more (less) expensive.

4.2. The long-term level of interest rates T

We now turn our attention to the parameter 7 — the long-term level of interest rates.
Figure 3 shows the call option prices and their ratios when the long-term interest rate 7

varies from 1% to 5% to 10% for two maturities; 0.5 and 20 years. We set p"” = 0 thus

5Paths leading to out-the-money options have no impact to the option price as the payoff in these paths

is zero.
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Figure 3: Impact of the long term level of interest rates to call option prices
This plot displays option prices (top two graphs) and the ratios of option prices (bot-
tom two graphs) for two different maturities, T = 0.5 and T = 20, and for {F,r} =
{0.01,0.01}, {0.05,0.05}, {0.10, 0.10}.

consider the ratio of the option prices given p™, T, 7 as:

. _. OptionPrice(p™; T, T)
R t T, T = '
a 10(p y 4y T) OptlonPHCe(O, T: F)

(24)

One interesting observation from Figure 3 is that the level of 7 has no impact on the
ratio of the option prices. This can be easily seen from the term e~ [ ds iy (17). In

"(To=t) and it cancels out in

this analysis we set 7(¢) = T so that the integral reduces to e~
(24). The implication on option pricing is that by assuming that the interest rate volatility
f does not vary, the correlation p*" impacts the option price equally during a period of
higher interest rates and a period of lower interest rates. Higher long-term interest rates

merely discount the future payout more severely. However the interest rate volatility 6 has
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a significant impact on option prices varies and this is outlined in the next subsection.

4.3. The interest rate volatility 6

Figure 4 plots call option prices and the options ratios for varying p*" with four different
parameter values of interest rate volatility 6 and two maturities; 7' = 0.5 and 7" = 20. Com-
paring Figure 4 with Figure 3, we conclude that the interest rate volatility has a substantial
impact to long-dated futures option prices. For long-dated options and when 6 is very high,
there is a nonlinear (convex) relationship between p*" and the option prices. More specifi-
cally, the higher the volatility of interest rates, the higher (lower) the options prices when
interest rates are negatively (positively) correlated with the futures prices. In addition, op-
tion prices from models with interest rates being negatively correlated to the futures prices

are more sensitive to the volatility of interest rate.

5. Conclusion

In this paper we propose a commodity derivatives pricing model featuring stochastic
volatility and stochastic interest rate. The functional form of the volatility function is chosen
such that the model admits finite dimensional realisations and leads to affine representations,
hence quasi-analytical European vanilla option pricing formulae can be obtained. Numerical
investigations to gauge the impact of parameters of the interest rate model to option prices

are performed.

Several conclusions can be drawn from these investigations. Firstly, the correlation be-
tween the stochastic interest rates and the stochastic futures price volatility process has
negligible impact on the prices even for very long-dated options. Secondly, the correlation
between the stochastic interest rates and the stochastic futures price process has notice-
able impact on prices of long-dated options but remains negligible for short-dated options.
Thirdly, the impact of the long-term level of interest rate to option prices does not depend
on the correlation between stochastic interest rates and the stochastic futures price process.
Lastly, as the volatility of interest rates increases, the value of the option increases with the

impact be more pronounced for longer-maturity options and when the correlation between
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Figure 4: Impact of the volatility of interest rates to call option prices
The plot displays option prices (top two graphs) and ratios of option prices (bottom two graphs)
for two different maturities 7' = 0.5 and T" = 20 and for # = 0.01, 0.05, 0.25, 0.50.
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futures prices and interest rate is negative.

The implications of the results from our sensitivity analysis may be relevant to practi-
tioners who trade derivative contracts with long maturities, especially at time when volatility
of interest rates is high and there exists a strong negative correlation between the interest
rates and futures prices. A company who underwrites options in this situation using models
with deterministic interest rate could be selling them at prices lower than from models that
incorporate stochastic interest rates, therefore exposing the company to interest rate risk.
However at a time when the volatility of interest rates is low or when there is low correlation
between the interest rates and futures prices, a model with deterministic interest rate may
be sufficient. In a forthcoming paper, we present an empirical study of the proposed model
using the most liquid commodity market for long-dated futures options contracts, namely

the crude oil market.
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Appendix A. Instantaneous Spot Cost of Carry

Starting with the SDE of the logarithm of the futures price process X (¢,7) = log F'(¢, T, oy),

an application of the [t0’s lemma derives

n

dX(t,T) = —% Z (of (¢, T, o)) dt + i ol (t,T,0,)dWE(t). (A1)

i=1 i=1

By integrating (A.1) we get:
F(taT Ut) =
F(0,T,09) exp ——Z/ uTau du—I—Z/ (u, T, 0,) dW (u )) (A.2)

By letting the maturity 7" approaches time ¢, (A.2) derives the dynamics of the commodity

spot price as:
S(t,o0) = lim F(t, T, o)
= F(0,t,00) exp ——Z/ U (u,t,04)) du—l—Z/ (u,t,0,) dWS(u )), (A.3)
equivalently,

log S(t,0y) =log F'(0,1)
_—Z/ Plu,t,0,)) du+2/ (u,t,00) AW (u ))- (A4)

By applying the stochastic Leibniz differential rule, we obtain (8).

Appendix B. Finite Dimensional Realisation for the Futures Process

Starting from (A.2) we need to calculate two integrals:

I:/O of (u, T, 0,) AW, (u) (B.1)
II:/O (of (u, T, au))zdu (B.2)
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We substitute the volatility specifications (9) to get:
:/Ot (6o +&(T —w))e Ty (u) AW (u)
= /0 t (6oi + &(T = 1) + &(t —w))e T 0oy (w) AW (u)
(6o + 6T~ )T [ )
0
+ &e mT=h /Ot(t —u)e Y (u) dWE (u)
=Bui(T = 1)¢i(t) + BT — t)s(1),
where the deterministic functions are defined as:

Bu(T —t) = (boi + &(T —t))e "0,
Boi(T —t) = &e M0,

and the state variables are defined by:
t
0t = [ o) awr ),
0
t
) = [ (0= w)e g 0) awz w).
0
Next
K 2
I1 :/ (of (w,T,04))" du
0
t
:/ (é-(]z + é-l (T - u))2e’2m(T*”)(7i (U)Q du
ot i
= [ (Bl =)+ BT = 0t — ) e du
0
=Y1i(T = )i (1) + v2i(T — t)y(t) + 73:(T — t)zi(t),
where the deterministic functions are defined as:

'711( ) 611( )
Yoi(T — t) =2B1(T — 1) Boi(T — 1),
Ysi(T — t) =Ba(T )
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and the state variables are defined as:
t
x;(t) :/ e~ g (1)? du
0
t
yi(t) = / (t— u)6_2”i(t_“)ai(u)2 du
0
t
() = / (t — u)2e= 24D ()2 dus.
0

Alternatively, the bn state variables ¢;(t),v;(t), x;(t), v:(t) and z;(t) can be expressed in
differential form as (11).

Appendix C. Derivation of the Riccati ODE

Starting from (13), first observation is that this equation it not a martingale, but mul-
tiplying it by a discount factor e~ Jo v1(w) du it can be turned into a martingale. Defining

o = o(t, z(t), y1(t), vy, 04) and by applying 1t6’s lemma we have

d(ei Joyi(w) du(b(t)) — e Jo vi(w) du( — 1 (t)p(t)dt + d(b(t))

Since e~ Jov1(®) dp(t) is a martingale, its drift term must be zero and as a result we have:

—y1(t)o(t) + drift term of do(t) = 0. (C.1)
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Using the correlation structure in (6) we have:

do(t) = gfdwa—‘bd +§—¢dy1+z

132¢ ¢ 3¢ ¢
282d+2 d+z d+ ddy1+zaa

| durdus dyydo,
+Zaxaaidxd‘”+za v, ”Z*Za 100, Y100

+Zzaya dl/]daj—l-zzaya dv;dv; +ZZ§UZ&U do;do;

z 1 j= z 1 5> z 1 57>
=0 1fz;é] =0 ,0
LoB  oC “~/ 0D,  OE;
Nt ) Var
( o o T ( o ¢ &s))

B(——Zﬁh Ot dt+zﬁh - OVr0az)

ot
<c( Ay (1) dt+0dW()>>

(n ( —2u;( )m-+2/~fﬁiai(t)+7§)dt+27idef(t)>)
w0 (3

n

ZEZ (1:(7: = ou(0))dt + W7 (¢ )))

S0 B (3 T — w0yt + 36()C e

+é¢(t>(4;D1%% )+ ¢()Z vidt

i=1

()BC Y 0u(T — t)oi(t)pi"dt + 2¢(t BZDmpZ (t)B1s (T
=1
+ Bo(t) Z Eipi?iu(T — t)ojdt + 2¢(t)C Z Dibip]" o (t)dt
=1 i=1

+Co() Y Ep? 0yidt +26(t) Y Dy Eo(t)dt.
i=1 =1
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Combining this result with (C.1) we get:

0=

DA OB IC &
Z

o T ()8t+y1()8t+

815

— CA () + Y Di(—2ui(t)ki + 26:5:04(t) + 77)

+ZE“2( )+ 322611 )+ = (1292

n

1
+22Dﬂz vi(t 2 ZEE”yf—i—Bczeﬁu(T_t)Uz'(t)PfT
i—1

i=1

=+ 2B Z Dz’ylpzzayz(t)ﬁh (T — t) =+ B Z Ezpfg”yzﬁlz (T — t)O'Z (t)

i=1 1=1
+2C Z D;0;pl"0;(t) + C Z Eip7"0v; + 2 Z DiEioi(t) — yi(t).
i=1 i=1

Rearranging the above equation, we derive:

aB

o—y1<>%f 00—t

0D;
0=nlt) T
+ 2u(t)7; D} + Qngﬁli(T — t)viv;(t)BD;,
OF;
ot
+ 017 Bu(T = t)7:0:(t) BE; 4 20[707,04(t)CD; + 24} 0:(t) D; B,

0= %—F 16’202—1—27@2D —|—ZI€UZE + - ZWQEQ

2 (T = W{t) B = 2ei(t) Ds + S B3(T — (1) B,

_'IQZ'O'Z'(t)DZ' — /QZO'Z(t)EZ + ,ofreﬁh(T — t)O'Z(t)BC,

+ Z pi 0 CE;,

i=1

where i € {1,...,n}, subject to the terminal condition ¢(Ty) = evXTo-To)

that A(TO;U,T()) = C(TO;’U,T()) = Di(TO;’U,To) = Ei(TO;’U,To) = O,V'Z € {1,

B(TOa v, TO) =v
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