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Abstra
t

Optimal 
ontrol problems of swit
hing type with linear state dy-

nami
s are ubiquitous in appli
ations of sto
hasti
 optimization. For

high-dimensional problems of this type, solutions whi
h utilize some


onvexity related properties are useful. For su
h problems, we present

novel algorithmi
 solutions whi
h require minimal assumptions while

demonstrating remarkable 
omputational e�
ien
y. Furthermore, we

devise pro
edures of the primal-dual kind to assess the distan
e to

optimality of these approximate solutions.

1 Introdu
tion

When making de
isions under un
ertainty, the major di�
ulty is to deter-

mine how to update estimates and de
isions in order to a
hieve optimality

over a given time period. These kind of questions are often framed within

the realm of Markov de
ision theory whi
h 
an be viewed as dis
rete-time

optimal sto
hasti
 
ontrol.

The theoreti
al underpinnings of Markov de
ision theory are now well-

understood. Rigorous mathemati
al treatments are available in textbook

form (see [2℄, [4℄, [12℄ and [23℄).

However, pra
ti
al appli
ations remain persistently 
hallenging despite

the ri
h arsenal of theoreti
al tools that are 
urrently available. In this


ontext, approximate dynami
 programming (see [22℄) grew from attempts at

providing simultaneously pra
ti
ally implementable heuristi
s and theoreti
al

insights as to why they perform well in pra
ti
e.
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In order to 
ontrol a large system, a pra
ti
al approa
h to dealing with

the high dimensionality of the state spa
e is to �rst a
hieve a �nite dis-


retization of it. Alternatively, one 
an rely on an e�
ient approximation

of fun
tions on this spa
e. In this spirit, fun
tion-based methods suggest

to approximate value fun
tions on the state spa
e. One su
h method is the

least squares Monte Carlo approa
h whi
h suggests an approximation by a

suitably parameterized set of basis fun
tions. As these parameters are 
om-

puted by performing su

essive regressions, this method is pla
ed within the

regression-based method family.

Following [7, 28, 29℄, the 
ontribution [18℄ be
ame the sour
e of subse-

quent resear
h fo
used on its theoreti
al justi�
ation. Convergen
e issues are

addressed in [8℄ and later generalized in [27, 9℄ and [10℄, extensions to multiple

exer
ise rights were 
onsidered in [6℄, and studied in [3℄ where the 
onne
-

tions to statisti
al learning theory and the theory of empiri
al pro
esses is

emphasized. For an overview of the appli
ations of Monte Carlo methods

in �nan
ial engineering we refer the interested reader to Glasserman's book

[13℄ and to the literature 
ited therein. Beyond �nan
ial appli
ations, fun
-

tion approximation methods have also been used to 
apture lo
al behavior

of value fun
tions, and advan
ed regression methods, e.g. kernel methods

[20, 21℄, lo
al polynomial regression [11℄, and neural networks [5℄, have been

established.

One of the main advantages of regression-based methods is that they re-

du
e 
omputations to simple linear algebrai
 operations in low dimension.

However, due to the su

essive iterations required by the implementation of

the dynami
 programming prin
iple, 
omputed solutions often exhibit insta-

bility. The thrust of this paper is to present 
ertain numeri
al aspe
ts of a

novel fun
tion-based method, whi
h utilizes some 
onvexity assumptions to

establish stable and fast solutions in terms of algebrai
 matrix operations.

Although our approa
h requires us to fo
us on a rather spe
i�
 problem

stru
ture, it 
overs a large number of important pra
ti
al appli
ations.

The goal of the present work is to extend and apply a 
on
epts suggested

in [15℄ to over
ome its rather restri
tive assumptions. With this extension,

our methodology applies to a broad problem 
lass. Furthermore, we develop

a te
hnique to asses the quality of our numeri
al solutions in terms of estima-

tion of their distan
e to optimality. This is realized by a 
omputation of the

so-
alled 
on�den
e intervals (or bounds), when evaluating value fun
tions at

state spa
e variables. We present a novel and numeri
ally e�
ient algorithm

for estimation of the value fun
tions from above and below.

The remainder of the paper shall be stru
tured as follows. After intro-

du
ing a general framework in Se
tion 3, Se
tion 4 presents the notion of a


onvex swit
hing system and dis
usses solutions to this sto
hasti
 problem
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lass. In Se
tion 5, we review and analyze the numeri
al s
heme of [15℄ that

provides fast and stable solutions to 
onvex swit
hing problems. Se
tion 7

represents a �rst step to relaxing the requirement of 
onvexity. A remarkable

generalization is a
hieved Se
tion 8 where a method has been devised that

allows us to by-pass any 
onvexity requirement while yielding signi�
ant im-

provements in 
omputation time. Another major 
ontribution of the paper is

presented in Se
tion 9, where we suggest an adaptation of the approa
h [25℄

to obtain re
ursive s
hemes for upper bound estimates of an approximate

solution. Se
tion 10 provides two numeri
al examples.

2 Markov de
ision theory

We begin by reviewing the 
lassi
al framework of �nite-horizon Markov de-


ision theory, where we 
losely follow Chapter 2 of [2℄ and tailor it to suit

our purposes. Consider a system on the �nite time horizon 0, . . . , T whose

state varies in a measurable spa
e (E, E) and is a�e
ted by elements from a

set A of possible a
tions. For ea
h a ∈ A, we assume that Ka
t (x, dx

′) is a
sto
hasti
 transition kernel on (E, E). Consider a �xed sequen
e (Xt)

T
t=0 of

random variables whi
h 
an be thought of as 
oordinate proje
tions a
ting

on the produ
t E{0,...,T}
of 
opies of (E, E). A mapping πt : E 7→ A whi
h

des
ribes the a
tion that the 
ontroller of the system takes at time t is 
alled

a de
ision rule. A sequen
e of de
ision rules π = (πt)
T−1
t=0 is 
alled a poli
y.

For ea
h initial point x0 ∈ E and ea
h poli
y π = (πt)
T−1
t=0 , there exists a

probability measure P
x0,π

for whi
h P
x0,π(X0 = x0) = 1 and where

P
x0,π(Xt+1 ∈ B |X0, . . . , Xt) = K

πt(Xt)
t (Xt, B) (1)

holds for ea
h measurable B ∈ E and t = 0, . . . , T − 1. That is, given that

system is in state Xt at time t, the a
tion a = πt(Xt) is used to pi
k the

transition probability K
a=πt(Xt)
t (Xt, ·) whi
h assigns the random evolution

of the state from Xt to Xt+1 with the distribution K
πt(Xt)
t (Xt, · ). For the

sake of notational 
onvenien
e, we use Ka
t to denote the one-step transition

operator asso
iated with the transition kernel Ka
t when the a
tion a ∈ A

is 
hosen. In other words, for ea
h a
tion a ∈ A the operator Ka
t a
ts on

fun
tions ϕ by

(Ka
tϕ)(x) =

∫

E

ϕ(x′)Ka
t (x, dx

′) x ∈ E, (2)

whenever the above integrals are well-de�ned.

At ea
h time t, we are given the t-step reward fun
tion rt : E × A 7→ R,

where rt(x, a) represents the reward for applying an a
tion a ∈ A when the
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state of the system is x ∈ E at time t. At the end of the time horizon, at

time T , it is assumed that no a
tion 
an be taken. Here, if the system is

in a state x, a s
rap value rT (x), whi
h is des
ribed by a pre-spe
i�ed s
rap

fun
tion rT : E → R, is 
olle
ted. Given an initial point x0, our goal is to

maximize the expe
ted �nite-horizon total reward, in other words to �nd the

argument π∗ = (π∗
t )

T−1
t=0 su
h that

π∗ = argmaxπ∈AE
x0,π

(

T−1
∑

t=0

rt(Xt, πt(Xt)) + rT (XT )

)

, (3)

where A is the set of all poli
ies, and E
x,π

denotes the expe
tation over the


ontrolled Markov 
hain de�ned by (1). The maximization (3) is well-de�ned

under diverse additional assumptions (see [2℄, p. 199).

The 
al
ulation of the optimal poli
y is addressed in the following setting.

We introdu
e for t = 0, . . . , T − 1 the Bellman operator

Ttv(x) = sup
a∈A

(rt(x, a) +Ka
t v(x)) , x ∈ E (4)

whi
h a
ts on ea
h measurable fun
tion v : E → R where the integrals Ka
t v

for all a ∈ A exist. Further, 
onsider the Bellman re
ursion

vT = rT , vt = Ttvt+1 for t = T − 1, . . . , 0. (5)

Under appropriate assumptions, there exists a re
ursive solution (v∗t )
T
t=0 to

the Bellman re
ursion, whi
h gives the so-
alled value fun
tions and deter-

mines an optimal poli
y π∗
via

π∗
t (x) = argmaxa∈A

(

rt(x, a) +Ka
t v

∗
t+1(x)

)

, x ∈ E

for all t = 0, . . . , T − 1.

3 Convex swit
hing systems

For the remainder of this work, we 
on
entrate on Markov de
ision problems

whi
h satisfy spe
i�
 additional assumptions under whi
h the solutions to

the Bellman re
ursion exist. This enables us to fo
us on �nding numeri
al

approximations.

Consider a Markov de
ision model whose state evolution 
onsists of one

dis
rete and one 
ontinuous 
omponent. To be more spe
i�
, we assume

that the state spa
e E = P × R
d
is the produ
t of a �nite spa
e P and
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the Eu
lidean spa
e R
d
. We suppose that the �rst 
omponent p ∈ P is

deterministi
ally driven by a �nite set A of a
tions in terms of a fun
tion

α : P × A → A, (p, a) → α(p, a),

where α(p, a) ∈ P is the new value of the dis
rete 
omponent of the state

if its previous dis
rete 
omponent value was p and the a
tion a ∈ A was

taken by the 
ontroller. Furthermore, we assume that the 
ontinuous state


omponent evolves as an un
ontrolled Markov pro
ess (Zt)
T
t=0 on R

d
whose

evolution is driven by random linear transformations

Zt+1 = Wt+1Zt

with pre-spe
i�ed independent and integrable disturban
e matri
es (Wt)
T
t=1.

Finally, let us assume that the reward fun
tions

rt(p, z, a), t = 0, . . . , T − 1, p ∈ P, a ∈ A

and s
rap fun
tions

rT (p, z), p ∈ P

are 
onvex and globally Lips
hitz 
ontinuous in the 
ontinuous 
omponent

of the state spa
e z ∈ R
d
. In this setting, the transition operators are given

by

Ka
t v(p, z) = E(v(α(p, a),Wt+1z)), t = 0, . . . , T − 1, a ∈ A (6)

and the Bellman operators are

Ttv(p, z) = sup
a∈A

(

rt(p, z, a) + E(v(α(p, a),Wt+1z))
)

(7)

for all p ∈ P , z ∈ R
d
and t = 0, . . . , T − 1. Markov de
ision problems

satisfying these assumptions are referred to as 
onvex swit
hing systems in

what follows.

4 Algorithmi
 solutions

For su
h systems, the ba
kward indu
tion des
ribed by (5) solves our 
ontrol

problem. However, by inspe
ting the Bellman operator

Ttv(p, z) = max
a∈A

(

rt(p, z, a) + E(v(α(p, a),Wt+1z))
)

, (8)

we see that solving the Bellman re
ursion results in a number of problems,

the most pressing of whi
h is that one requires a point-wise solution for
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ea
h z ∈ R
d
. In [15℄, a method was presented that targeted a solution in a

"fun
tional" form. We now provide a detailed a

ount and justi�
ation of

their approa
h.

First, by approximating the expe
tation in the Bellman operator in (8) by

�nite summation, we obtain the modi�ed Bellman operator T n
t that a
ts on

a given value fun
tion a

ording to

T n
t v(p, z) = max

a∈A

(

rt(p, z, a) +
n
∑

k=1

νt+1(k)v(α(p, a),Wt+1(k)z)

)

(9)

where (Wt+1(k))
n
k=1 represents appropriate realizations of disturban
es with

the 
orresponding probability weights (νt+1(k))
n
k=1. By repla
ing the true

Bellman operator (8) in the ba
kward indu
tion of (5) by its modi�ed 
oun-

terpart that is given by (9), we obtain the modi�ed indu
tion

vnT = rT , vt = T n
t vnt+1 for t = T − 1, . . . , 0. (10)

Although the integration is now repla
ed by a �nite sum, determining (vnt )
T
t=0

is still algorithmi
ally intra
table as the 
al
ulation must be performed at

ea
h point z ∈ R
d
. At this point, we turn to the important observation that

sin
e the s
rap and reward fun
tions, rt(p, z, a), t = 0, . . . , T −1 and rT (p, z),
used in (9) and (10) are 
onvex in the 
ontinuous 
omponent, then the re-

sulting value fun
tions (vnt )
T
t=0 must also be 
onvex in the same 
omponent.

We now suggest an approximation of these fun
tions (vnt )
T
t=0 in terms of

maxima over a �nite sele
tion of their sub-gradients. Before we 
an begin to

explain the advantage of su
h a pie
ewise linear approximation, we need to

�rst establish a few 
on
epts.

First, let us refer to a 
ountable subset G ⊂ R
d
as a grid. For a grid

G, the sub-gradient envelope SGf of a 
onvex fun
tion f is de�ned to be the

maximum of sub-gradients ∇gf of f at ea
h grid point g ∈ G and so

SGf = ∨g∈G∇gf.

Given a family {(Wt(k))
T
t=1 : k = 1, . . . , n} of traje
tories of disturban
es

that in
reases with n ∈ N and a family of grids (Gm)m∈N whose tightness

in
reases with m ∈ N, we de�ne for ea
h n,m ∈ N the double modi�ed

Bellman operators T m,n
t for t = 0, . . . , T − 1

(T m,n
t v)(p, ·) = SGm max

a∈A

(

rt(p, ·, a) +
n
∑

k=1

νt+1(k)v(α(p, a),Wt+1(k)·)
)
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Using these operators, the double modi�ed value fun
tions (vm,n
t )Tt=0 are ob-

tained from the ba
kward indu
tion whi
h starts with

v
m,n
T (p, ·) = SGmrT (p, ·), p ∈ P (11)

and re
ursively determines fun
tions

v
m,n
t = T m,n

t v
m,n
t+1 , t = T − 1, . . . 0. (12)

Obviously, this approa
h involves two approximation parameters n ∈ N and

m ∈ N, whi
h 
orrespond to the sampled disturban
es (Wt+1(k))
n
k=1 with

their weights (νt+1(n))
n
k=1 ⊂ R

d
+ and the grid tightening (Gm)m∈N. Under

appropriate assumptions, this s
heme enjoys ex
ellent 
onvergen
e properties

(see [15℄). However, we shall now fo
us solely on its algorithmi
 aspe
t.

Sin
e the double-modi�ed ba
kward indu
tion (11) and (12) returns value

fun
tions (vm,n
t )Tt=0 whi
h are pie
ewise linear and 
onvex (in the 
ontinuous


omponent), we now address an appropriate representation of su
h fun
tions

in terms of matri
es in order to re-write the ba
kward indu
tion algorithm

(11) and (12) in a 
ompa
t matrix form.

A matrix with d 
olumns is 
alled a matrix representative of a pie
ewise

linear 
onvex fun
tion l : Rd → R if it holds that l(z) = max(Lz) for all

z ∈ R
d
. We shall use the expression l ∼ L if a pie
ewise linear 
onvex fun
-

tion l possesses a matrix representative L. It turns out that the formation of

a sub-gradient envelope 
an be dire
tly des
ribed in terms of matrix represen-

tatives. Namely, if l possesses a matrix representative L then its sub-gradient

envelope SG on the grid G = {g1, . . . , gm} possess a matrix representative

ΥG[L] where the row-re-arrangement operator ΥG is de�ned by

ΥG[L]i,· = Largmax(Lgi),· for all i = 1, . . . , m.

In other words, when ΥG is applied to a matrix L with d 
olumns, the result

ΥG[L] of the row-rearrangement yields an m × d matrix whose i-th row is

the row of L at whi
h the maximum in Lgi at the i-th grid point is attained.

As mentioned above, the relation between the sub-gradient envelope of a

fun
tion and its matrix representative is thus given in terms of the row-

rearrangement operator ΥG:

l ∼ L =⇒ SGl ∼ ΥG[L].

A similar relation holds for the summation of pie
ewise linear and 
onvex

fun
tions, followed by sub-gradient envelope. Namely, it 
orresponds to a

straight summation of their matrix representatives, after row-rearrangement:

l ∼ L, f ∼ F =⇒ SG(f + l) ∼ ΥG[L] + ΥG[F ].
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Similarly, maximization of pie
ewise linear and 
onvex fun
tions, followed

by sub-gradient envelope is realized on matrix level by binding by rows of

matrix representatives, followed by the row-rearrangement:

l ∼ L, f ∼ F =⇒ SG(l ∨ f) ∼ ΥG[L ⊔ F ].

Here, the binding-by-row operation L ⊔ F performs a row 
on
atenation of

the two matri
es L and F . Let us also introdu
e an equivalent but algorith-

mi
ally more 
onvenient pro
edure of maximization on the level of matrix

representatives for later use. Given a grid G = {g1, . . . , gm} ⊂ R
d
and m× d

matri
es F (a), a ∈ A, we introdu
e

F :=
⊔

a∈A

F (a)

to denote a m× d matrix F whose i-th row

Fi, = Fi,(a(i)), i = 1, . . . , m

equals to the i-th row of the matrix F (a(i)) where the maximum at the i-th

grid point gi is rea
hed, i.e.

a(i) = argmax{Fi,(a) · gi : i = 1, . . . , m}.

This maximization is used to obtain a sub-gradient envelope of the maximum

over a family fa
, a ∈ A of pie
ewise linear and 
onvex fun
tions in terms of

the matrix representatives of their sub-gradient envelopes:

SGf
a ∼ F (a), a ∈ A ⇒ SG(

∨

a∈A

fa) ∼
⊔

a∈A

F (a).

Finally, we emphasize that determining the sub-gradient envelope of the 
om-

position of a fun
tion with a linear mapping 
orresponds to a simple matrix

produ
t followed by a row-rearrangement. In other words, for ea
h d × d-

matrix W , it holds that

l ∼ L =⇒ SG(l(W ·)) ∼ ΥG[LW ].

Observe that the rows of the matrix F representing a sub-gradient envelope

SGf of a 
onvex pie
ewise linear fun
tion f 
an always be arranged su
h that

F = ΥG(F ) holds. We say that a the sub-gradient representative F is in the

normal form if it holds that F = ΥG(F ).
Sin
e the double-modi�ed ba
kward indu
tion involves maximization,

summations and 
ompositions with linear mappings applied to pie
ewise lin-

ear 
onvex fun
tions, it 
an be rewritten in terms of matrix operations. Let
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us present the resulting algorithm:

Pre-
al
ulations: Given a grid Gm = {g1, . . . , gm}, implement the row-

rearrangement operator Υ = ΥGm
and the row maximization operator ⊔a∈A.

Determine a distribution sampling (Wt(k))
n
k=1 of ea
h disturban
e Wt with

the 
orresponding weights (νt(k))
n
k=1 for t = 1, . . . , T . Given reward fun
-

tions (rt)
T−1
t=0 and s
rap value rT , determine the normal form of the matrix

representatives of their sub-gradient envelopes

SGmrt(p, ·, a) ∼ Rt(p, a), SGmrT (p, ·) ∼ RT (p)

for t = 0, . . . , T − 1, p ∈ P and a ∈ A. Introdu
e matrix representatives

Vt(p) for t = 0, . . . , T , p ∈ P of ea
h value fun
tion by

v
n,m
t (p, ·) ∼ Vt(p) for t = 0, . . . , T , p ∈ P

whi
h are obtained via the following matrix of the ba
kward indu
tion:

Initialization: Start with the matri
es

VT (p) = RT (p), for all p ∈ P .

Re
ursion: For t = T − 1, . . . , 0 
al
ulate for p ∈ P

Vt(p) = ⊔a∈A

(

Rt(p, a) +

n
∑

k=1

νt+1(k)Υ[Vt+1(α(p, a)) ·Wt+1(k)]
)

(13)

5 Non-
onvex extension

In this se
tion, we demonstrate that for non-
onvex of reward and s
rap fun
-

tions the above algorithm 
an be adapted, if the fun
tions are representable

as a di�eren
e of two 
onvex fun
tions. More pre
isely, assume that for all

t = 0, . . . , T − 1, and p ∈ P , a ∈ A it holds that

rt(p, ·, a) = r̆t(p, ·, a)− r̂t(p, ·, a), (14)

and

rT (p, ·) = r̆T (p, ·)− r̂T (p, ·) (15)

with 
onvex fun
tions r̆t(p, ·, a), r̂t(p, ·, a), r̆T (p, ·) and r̂T (p, ·) for p ∈ P .

Given su
h represention, the idea is to de
ompose the ba
kward indu
tion

into parallel pro
edures that operate on 
onvex fun
tions. Suppose that

at the step t, the value fun
tion vt+1 
an be represented as a di�eren
e

9



vt+1 = v̆t+1− v̂t+1 of 
onvex fun
tions v̆t+1(p, ·) and v̂t+1(p, ·) for p ∈ P . With

this, we have

Ttv(p, z) = sup
a∈A

(rt(p, z, a) +Ka
t vt+1(p, z))

= sup
a∈A

(

[r̆t(p, z, a) +Ka
t v̆t+1(p, z)]− [r̂t(p, z, a) +Ka

t v̂t+1(p, z)]
)

showing that before maximization in a ∈ A, the result is obtained as dif-

feren
e of two 
onvex fun
tions. However, a dire
t appli
ation of 
onvex

fun
tion maximization (i.e. the use of the row maximization operator ⊔) is
not 
ompatible with this de
omposition. Therefore, we require a way to ex-

press the maximum over di�eren
es of 
onvex fun
tions as di�eren
e of two


onvex fun
tions. The following simple observation helps here.

Consider for ea
h a ∈ A the di�eren
e f̆a − f̂a of two 
onvex fun
tions f̆a
and f̂a and let f̂ :=

∑

a∈A f̂a. Then for ea
h a ∈ A the fun
tions f̆a − f̂a + f̂

and f̂ are 
onvex and yield the desired de
omposition

max
a∈A

(f̆a − f̂a) = max
a∈A

(f̆a − f̂a + f̂)− f̂ . (16)

Having this approa
h in mind, we propose the following algorithm:

Pre-
al
ulation: De
ompose the reward (rt)
T−1
t=0 and s
rap rT fun
tions into

a di�eren
e of 
onvex fun
tions as in (14) and (15) with their (normal form)

matrix representatives

SGm r̆t(p, ·, a) ∼ R̆t(p, a), SGm r̂t(p, ·, a) ∼ R̂t(p, a),

SGm r̆T (p, ·) ∼ R̆T (p), SGm r̂T (p, ·) ∼ R̂T (p)
(17)

for all t = 0, . . . , T − 1, p ∈ P and a ∈ A. Introdu
e the approximate value

fun
tions (vn,mt )Tt=0 whi
h possess the de
omposition

v
n,m
t = v̆

n,m
t − v̂

n,m
t (18)

where v̆
n,m
t (p, ·) and v̂

n,m
t (p, ·) are pie
ewise linear 
onvex fun
tions with ma-

trix representatives

v̆
n,m
t (p, ·) ∼ V̆t(p) and v̂

n,m
t (p, ·) ∼ V̂t(p) (19)

for t = 0, . . . , T , p ∈ P .

Initialization: Start with the matri
es

V̆T (p) = R̆T (p) and V̂T (p) = R̂T (p), for all p ∈ P.

10



Re
ursion: For t = T − 1, . . . , 1, 
al
ulate

Ψ̆t(p, a) = R̆t(p, a) +
∑n

k=1 νt+1(k)Υ[V̆t+1(α(p, a)) ·Wt+1(k)]

Ψ̂t(p, a) = R̂t(p, a) +
∑n

k=1 νt+1(k)Υ[V̂t+1(α(p, a)) ·Wt+1(k)]
(20)

and determine

V̂t(p) =
∑

a∈A Ψ̂t(p, a)

V̆t(p) =
⊔

a∈A(Ψ̆t(p, a)− Ψ̂t(p, a) + V̂t(p)).
(21)

for all p ∈ P .

6 An e�
ient approximation

Although numeri
al experiments indi
ate stable and reliable results, it seems

that the 
omputational performan
e su�ers from the fa
t that most of the


al
ulation time is being spent on matrix rearrangements required by the

operator Υ. We see from (13) that in order to 
al
ulate

n
∑

k=1

νt+1(k)Υ[Vt+1(α(p, a)) ·Wt+1(k)] (22)

at ea
h step of the re
ursion, row-rearrangement must be performed n times,

on
e for ea
h disturban
e matrix multipli
ation. This task be
omes in
reas-

ingly demanding for larger values of the disturban
e sampling sizes n, par-

ti
ularly in high dimensions. Before we pro
eed, let us omit the time index

t + 1 in (22) to ease notation. We then fo
us on the two major sour
es of


omputational e�ort in evaluation of this expression, namely

the rearrangement Υ[VW (k)] of
large matri
es V ·W (k)

(23)

and

the summation of matri
es Υ[V ·W (k)] over
a large index range k = 1, . . . , n.

(24)

The remainder of this se
tion will be divided into two parts. In Se
-

tion 7.1, we present a method that approximates (22), and addresses both

problems simultaneously. The improvement in 
omputational e�ort makes

it feasible to obtain approximate solutions for large grids and distribution

samples sizes. Furthermore, we will see that unlike (22), this approxima-

tion does not require V = Vt+1 to be 
onvex. In Se
tion 7.2, we derive a

suitable �rst order approximation that provides a e�
ient way of evaluating

11



fun
tions without having to de
ompose them into 
onvex 
omponents. By


ombining this approximation with the method in Se
tion 7.1, we obtain an

e�
ient algorithm where we are no longer en
umbered by the requirement

of 
onvexity.

6.1 Estimating the 
onditional expe
tation

The 
ru
ial point is that one 
an approximate the pro
edure in (23) by

repla
ing the row-rearrangement operation with an appropriate matrix mul-

tipli
ation. More pre
isely, for k = 1, . . . , n we


onstru
t a matrix Y (k) su
h that

Y (k)VW (k) approximates Υ[VW (k)].
(25)

Before we justify the approximation (25), let �rst us see how it 
an be used

to address the 
omputational problem asso
iated with (24). Given (25), we

now have the following approximation to (22)

n
∑

k=1

ν(k)Υ[VW (k)] ≈
n
∑

k=1

ν(k)Y (k)VW (k) (26)

and this in turn requires an e�
ient 
al
ulation of sums of matri
es. In

pra
ti
al examples, the distribution sample size n and the grid size m (row

number of V ) will typi
ally be orders of magnitude of the dimension d of

the disturban
e matri
es W (k). For instan
e, to a
hieve an a

eptable level

of numeri
al 
onvergen
e in typi
al appli
ations, the sample size n and the

grid size m must be 
hosen in the range of several thousands, whereas the

state size dimension d is typi
ally of several dozens. This insight shows that

a signi�
ant redu
tion in 
omputational e�ort 
an be a
hieved by an addi-

tive de
omposition of the disturban
e realizations. Assume that disturban
e

matrix W is represented as the linear 
ombination

W = W̄ +
J
∑

j=1

ǫjE(j) (27)

with non-random matri
es W̄ and (E(j))Jj=1, and random 
oe�
ients (εj)
J
j=1.

With this de
omposition, ea
h realization W (k) of the disturban
e matrix

W is obtained as

W (k) = W̄ +

J
∑

j=1

ǫj(k)E(j), k = 1, . . . , n. (28)

12



Utilizing this, we obtain the following inter
hange of summations on the

right-hand side of (26):

n
∑

k=1

ν(k)Y (k)VW (k) =

(

n
∑

k=1

ν(k)Y (k)

)

V W̄+
J
∑

j=1

(

n
∑

k=1

ν(k)ǫj(k)Y (k)

)

V E(j).

If one pre-
omputes the following matri
es

D0 =
n
∑

k=1

ν(k)Y (k), Dj =
n
∑

k=1

ν(k)ǫj(k)Y (k), j = 1, . . . , J, (29)

we then obtain a signi�
ant simpli�
ation to (26)

n
∑

k=1

ν(k)Y (k)VW (k) = D0V W̄ +

J
∑

j=1

DjV E(j) (30)

whi
h only involves a low number of matrix summations and multipli
ations.

We shall denote this e�
ient 
al
ulation of the 
onditional expe
tation by E
where

E(V ) := D0V W̄ +

J
∑

j=1

DjV E(j). (31)

We now address the justi�
ation of the approximation in (25). Suppose

that the grid {g1, . . . , gm} is represented by the matrix G where ea
h row i


ontains row ve
tor, representing the grid point gi. Thus G will 
onsist of

m rows with Gi,· = gi for i = 1, . . . , m. Now let L̃ = Υ[L] be the result the
appli
ation of Υ to a matrix L. The matrix L̃ is then 
hara
terized by the

following requirements:

L̃ = Υ[L] 
onsists of m rows whi
h are obtained

from the rows of L by a arrangement,

(32)

su
h that

L̃i,· ·G⊤
i,· ≥ Lj,· ·G⊤

i,· for all i, j = 1, . . . , m. (33)

A

ording to requirement (32), we therefore assume that

Υ[VW (k)] 
onsists of m rows whi
h are obtained

from the rows of VW (k) by row-rearrangement.

(34)

Sin
e any row rearrangement 
an be a
hieved by a left-multipli
ation with

appropriate matrix, there will always exist a permutation matrix YV (k) su
h
that

YV (k)VW (k) = Υ[VW (k)]. (35)

13



Computing ea
h YV (k) requires great e�ort sin
e it is not only dependent on
W (k), but also on ea
h V . We suggest determining a reasonable surrogate

Y (k) for YV (k) whi
h depends only on W (k) and not on V . Sin
e YV (k)
must satisfy (35), we observe with (33) in mind that

(YV (k)V )i,· · (W (k)G)⊤i,· ≥ Vj,· · (W (k)G)⊤i,· for i, j = 1, . . . , m. (36)

Now, for ea
h i = 1, . . . , m 
onsider the row (W (k)G)i,· and determine the


losest row Ghk(i),· in the original grid matrix by

hk(i) = argmin{j = 1, . . . , m : ‖(W (k)G)i,· −Gj,·‖}, i = 1, . . . , m. (37)

With this proximity fun
tion hk : {1, . . . , m} → {1, . . . , m}, we may 
onsider,

in pla
e of the relation (36), the 
ondition

(Y (k)V )i,· ·G⊤
hk(i),·

≥ Vj,· ·G⊤
hk(i),·

for all i, j = 1, . . . , m (38)

with an appropriate permutation matrix Y (k). While (38) is 
learly not

equivalent to (36), it does provide a reasonable approximation when the grid

is su�
iently dense. Now de�ne Y (k) to be su
h that

Y (k)i,j =

{

1, if j = hk(i)
0, otherwise

(39)

and observe that with this permutation matrix Y (k), the following assertion

Vhk(i),· ·G⊤
hk(i),·

≥ Vj,· ·G⊤
hk(i),·

for all i, j = 1, . . . , m

holds if V is in the normal form Υ[V ] = V . That is, the required approxi-

mation (25) is determined by (39).

The pre-
al
ulations involved in the approximation of (22) (i.e. 
omput-

ing D0, . . . , DJ) are 
omputationally demanding. Thus, a gain in 
omputa-

tion performan
e 
an only be realized if disturban
es (Wt)
T
t=1 are identi
ally

distributed whereby the pre-
al
ulations need only be done on
e. In this


ase, the ideas presented in this se
tion will be en
apsulated in the following

algorithm.

Pre-
al
ulations: Determine a sampling (W (k))nk=1 from the target dis-

tribution. For ea
h disturban
e W (k), �nd the 
orresponding permutation

matrix Y (k) as in (39) using the proximity fun
tion (37). Use these matri
es

and the 
omponents of the de
omposition des
ribed in (28) of ea
h W (k) to

ompute the matri
es (29).

Continuation: Exe
ute the algorithm (17) � (21) but repla
e (20) with

Ψ̆t(p, a) = R̆t(p, a) + E [V̆t+1(α(p, a))] and

Ψ̂t(p, a) = R̂t(p, a) + E [V̂t+1(α(p, a))].

by substituting the 
onditional expe
tations with its e�
ient 
ounterpart

(31).
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6.2 A dire
t approa
h

So far, we have worked with parallel pro
edures on 
onvex fun
tions. How-

ever, an important point to note is that in no part of the e�
ient 
onditional

expe
tation pro
edure was the 
onvexity of the target fun
tion required.

With this in mind, we shall now present a further simpli�
ation to this al-

gorithm based on a �rst-order approximation. Previously, we 
onsidered the


onvex de
omposition f = f̂ − f̆ of a non-
onvex fun
tion fun
tion f where

the two 
onvex pie
ewise linear fun
tions f̂ and f̆ with respe
tive matrix

representatives F̂ and F̆ . The value f(z) at point z is then 
al
ulated as

f(z) = max(F̂ z)−max(F̆ z).

However, if only the matrix di�eren
e F̂ − F̆ is known then it is possible to

use a �rst-order approximation

f(z) ≈ (F̂ − F̆ )(h(z)).

where h is the so-
alled host fun
tion of the underlying grid G

h(z) = argmin{‖z − g‖ : g ∈ G}

whi
h returns to ea
h argument z ∈ R
d
the so-
alled host - the point on the

grid with the smallest distan
e to z. The �rst-order approximation uses the

di�eren
e F̂ − F̆ dire
tly and unlike 
onvex de
omposition, does not require

a separate 
al
ulation of 
onvex and 
on
ave parts. If one de
ides to use this

�rst-order approximation to a

ess the fun
tions, then there is no need to

tra
e 
onvex and 
on
ave part separately. This gives a signi�
ant simpli�
a-

tion and results in the following dire
t algorithm:

Pre-
al
ulations: Determine the operator E as in (31), under the assump-

tions required therefore. Determine for p ∈ P , a ∈ A and t = 0, . . . , T − 1
the matri
es

Rt(p, a) = R̂t(p, a)− R̆t(p, a), RT (p) = R̂T (p)− R̆T (p), (40)

whi
h are obtained as in (17). Introdu
e the approximate value fun
tions,

their 
onvex de
omposition and representatives as in (18) and (19). The

matri
es

Vt(p) = V̆t(p)− V̂t(p) for t = 0, . . . , T , p ∈ P

are obtained via the following s
heme:

Initialization:Start with the matri
es

VT (p) = R̆T (p)− R̂T (p), for all p ∈ P

15



Re
ursion: For t = T − 1, . . . , 1 
al
ulate for p ∈ P

Vt(p) =
⊔

a∈A

(Rt(p, a) + E(Vt+1(p, a))) . (41)

Remark: Unlike in the 
onvex de
omposition 
ase (17) � (21), the dire
t

algorithm (40) � (41) merely returns the di�eren
e Vt(p) = V̆t(p) − V̂t(p).
That is, the a

ess to the approximate value fun
tions is provided via

v
m,n
t (p, z) ≈ Vt(p) · h(z),

using the host fun
tion z 7→ h(z) = argmin{‖z − g‖ : g ∈ Gm} of the

grid Gm
. In parti
ular, we suggest an approximation of the optimal poli
y

πm,n = (πm,n
t )T−1

t=0 as

π
m,n
t (p, z) = argmaxa∈A ((Rt(p, a) + E(Vt+1(p, a))) · h(z)) , (42)

for t = 0, . . . , T − 1, z ∈ R
d
, p ∈ P . To obtain an e�
ient implementation

of a host fun
tion h, a tree-like stru
ture on the grid 
an be used whi
h may

be established using hierar
hi
al 
lustering methods.

7 Solution diagnosti
s

In Se
tion 7.1, we derived a heuristi
 method to obtain an e�
ient approx-

imation to the 
onditional expe
tation in the Bellman re
ursion. In Se
tion

7.2, we saw that by 
ombining this with a �rst order approximation, we were

then able to obtain the approximation (42) for a given grid to the optimal pol-

i
y in (3). In order to address the distan
e to optimality of this approximate

solution, we �rst need to outline an appropriate measure for this distan
e.

Suppose we are given an arbitrary poli
y π = (πt)
T−1
t=0 . For su
h a poli
y

one 
an de�ne an asso
iated set of poli
y values (vπt (p, z))
T
t=0 that follow the

re
ursion

vπT (p, z) = rT (p, z) (43)

vπt (p, z) = rt(p, z, πt(p, z)) + E(vπt+1(α(p, πt(p, z)),Wt+1z)), (44)

for t = T − 1, . . . , 0. Let us 
onsider a swit
hing system whi
h starts in a

given initial position pπ0 = p0 ∈ P and state Z0 = z0 ∈ R
d
. At any time

t, the a
tions and new positions are determined re
ursively, following poli
y

π = (πt)
T−1
t=0 as

aπt := πt(p
π
t , Zt), pπt+1 := α(pπt , a

π
t ), t = 0, . . . , T − 1.
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These values de�ne a poli
y run Vπ
0 (p

π
0 , z0) where

Vπ
0 (p

π
0 , Z0) =

T−1
∑

s=0

rt(p
π
s , Zs, a

π
s ) + rT (p

π
T , ZT )

A

ording to the de�nition, vπ0 (p0, z0) is the expe
ted value of the poli
y run

vπ0 (p0, z0) = E(Vπ
0 (p0, z0)) p ∈ P, z ∈ R

d.

In pra
ti
e, one 
an use Monte Carlo to estimate this value sin
e given a

sequen
e (ωk)k∈N independent random draws,

vπ0 (p0, z0) = E(Vπ
0 (p0, z0)) = lim

k→∞

1

K

K
∑

k=1

Vπ
0 (p0, z0)(ωk) (45)

holds true due to the strong law of large numbers.

Su
h a Monte Carlo pro
edure may be useful estimating the performan
e

of a given strategy π. However, it does not 
larify how far the value vπ0 (p0, z0)
is from what is theoreti
ally possible vπ

∗

0 (p0, z0) is the optimal poli
y π∗
was

known.

In the reminder of the se
tion, we suggest a sound solution to this question

in terms of a diagnosti
 method. Given a starting point (p0, z0), we explain
how the gap

[vπ0 (p0, z0), v
π∗

0 (p0, z0)] (46)

between a given strategy π and the optimal strategy π∗

an be assessed. Our

methodology is based on a �nite sample {ω1, . . . , ωK} of traje
tory realiza-

tions and utilizes to a build-in varian
e redu
tion te
hnique to derive tight


on�den
e bounds for upper and lower estimates of the interval (46).

Let us fo
us on the upper bound �rst. Consider a sequen
e ϕ = (ϕt)
T
t=1

of random mappings

ϕt : P × R
d × A× Ω → R, (p, z, a, ω) 7→ ϕt(p, z, a)(ω), (47)

whi
h for t = 1, . . . , T satisfy

E(ϕt(p, z, a)) = 0, p ∈ P, z ∈ R
d, a ∈ A (48)

su
h that the σ-algebras

σ(ϕt(p, z, a),Wt; a ∈ A, z ∈ R
d), t = 1, . . . , T, (49)

are independent. Given these mappings ϕ = (ϕt)
T
t=1, we now introdu
e the

random fun
tions (v̄ϕt )
T
t=0

v̄
ϕ
t : P × R

d × Ω → R, t = 0, . . . , T

17



whi
h are re
ursively de�ned for t = T, . . . , 1 via

v̄
ϕ
T (p, z) = rT (p, z) (50)

v̄
ϕ
t (p, z) = max

a∈A

(

rt(p, z, a) + ϕt+1(p, z, a) + v̄
ϕ
t+1(α(p, a),Wt+1z)

)

. (51)

Using (v̄ϕt )
T
t=0, the following theorem holds:

Theorem 1. (i)For ea
h poli
y π = (πt)
T−1
t=0 , it holds that the poli
y values

(vπt )
T
t=0 are dominated from above

vπt (p, z) ≤ E(v̄ϕt (p, z)), for all t = 0, . . . , T , p ∈ P , z ∈ R
d
. (52)

(ii) Given the poli
y values (vπ
∗

t )Tt=0 asso
iated with the optimal poli
y π∗ =
(π∗

t )
T−1
t=0 , let (ϕ

∗
t )

T
t=1 be de�ned by

ϕ∗
t+1(p, z, a) = E(vπ

∗

t+1(α(p, a),Wt+1z))− vπ
∗

t+1(α(p, a),Wt+1z) (53)

for all p ∈ P , z ∈ R
d
, a ∈ A and t = 0, . . . , T − 1. It then holds that the

mappings (ϕ∗
t )

T
t=1 satisfy (47) � (49) and that (52) holds with equality

vπ
∗

t (p, z) = v̄
ϕ∗

t (p, z), for all t = 0, . . . , T , p ∈ P , z ∈ R
d
. (54)

Proof. (i) The value (vπt )
T
t=0 of the poli
y π = (πt)

T−1
t=0 satis�es the re
ursion

(44). Using this re
ursion and (48) we obtain

vπt (p, z) = E(rt(p, z, πt(p, z)) + ϕt+1(p, z, πt(p, z)))

+E(vπt+1(α(p, πt(p, z)),Wt+1z)). (55)

Now, let us prove the assertion (52) by indu
tion. For t = T , the inequality

(52) holds with equality be
ause of the initialization

vπT = rT = v̄
ϕ
T (56)

in (43) and (50). Given the indu
tion assumption

vπt+1(p, z) ≤ E(v̄ϕt+1(p, z)), for all p ∈ P , z ∈ R
d
,

we use (49) to 
on
lude that

vπt+1(α(p, πt(p, z)),Wt+1z) ≤ E(v̄ϕt+1(α(p, πt(p, z)),Wt+1z) |Wt+1)

holds for all p ∈ P , z ∈ R
d
. Using this, we obtain in (55) an estimate

vπt (p, z) ≤ E (rt(p, z, πt(p, z)) + ϕt+1(p, z, πt(p, z)))

+E
(

E(v̄ϕt+1(α(p, πt(p, z)),Wt+1z) |Wt+1)
)
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from whi
h the assertion follows

vπt (p, z) ≤ E

(

rt(p, z, πt(p, z)) + ϕt+1(p, z, πt(p, z)) + v̄
ϕ
t+1(α(p, πt(p, z)),Wt+1z)

)

≤ E

(

max
a∈A

[

rt(p, z, a) + ϕt+1(p, z, a) + v̄
ϕ
t+1(α(p, a),Wt+1z)

]

)

≤ E (v̄ϕt (p, z)) ,

where the last step results from the re
ursion (51).

(ii) Now suppose that π∗
is an optimal poli
y and de�ne ϕ∗ = (ϕ∗

t )
T
t=1 as

in (53), whi
h satis�es the assumption (48). Furthermore, the independen
e

(49) holds sin
e for t = 0, . . . , T −1 the random 
omponent in ϕ∗
t+1(p, z, a) is

vπ
∗

t+1(α(p, a),Wt+1z)

whi
h is in turn a fun
tion of Wt+1. Let us now verify the assertion (54). By

indu
tion whi
h is started as in (50) we 
an assume that vπ
∗

t+1 = v̄
ϕ∗

t+1 holds.

Using this, we 
on
lude for all p ∈ P , z ∈ R
d
and a ∈ A the assertion

rt(p, z, a) + ϕ∗
t+1(p, z, a) + v̄

ϕ∗

t+1(α(p, a),Wt+1z)

= rt(p, z, a) + ϕ∗
t+1(p, z, a) + vπ

∗

t+1(α(p, a),Wt+1z). (57)

On the other hand, using (53), we infer that for all p ∈ P , z ∈ R
d
and a ∈ A

it holds that

rt(p, z, a) + ϕ∗
t+1(p, z, a) + vπ

∗

t+1(α(p, a),Wt+1z)

= rt(p, z, a) + E(vπ
∗

t+1(α(p, a),Wt+1z)) (58)

−vπ
∗

t+1(α(p, a),Wt+1z) + vπ
∗

t+1(α(p, a),Wt+1z)

= rt(p, z, a) + E(vπ
∗

t+1(α(p, a),Wt+1z)) (59)

Now, in the re
ursion (51) we repla
e (57) by (59) to obtain the desired result

(54)

v̄
ϕ∗

t (p, z) = max
a∈A

(

rt(p, z, a) + ϕ∗
t+1(p, z, a) + v̄

ϕ∗

t+1(α(p, a),Wt+1z)
)

= max
a∈A

(

rt(p, z, a) + E(vπ
∗

t+1(α(p, a),Wt+1z))
)

= vπ
∗

t (p, z), p ∈ P, z ∈ R
d, a ∈ A.

Let us elaborate on a pra
ti
al appli
ation of this te
hnique. Suppose that

we attempt to assess the distan
e to optimality of an approximate poli
y π̃,
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obtained by a numeri
al pro
edures des
ribed previously. A

ording to (i)

of the Theorem 1, arbitrary (ϕt)
T
t=1 satisfying (48) and (49) yields an upper

bound

vπ̃0 (p, z) ≤ vπ
∗

0 (p, z) ≤ E(v̄ϕ0 (p, z)) p ∈ P, z ∈ R
d, (60)

Note that the expe
tation E(v̄ϕ0 (p, z)) will be estimated via Monte Carlo.

Thus, we obtain the following estimation pro
edure:

Upper bound estimation:

1) Given a swit
hing system, implement (ϕt)
T
t=1 whi
h ful�lls (47), (48)

and (49).

2) Chose a number K ∈ N of Monte-Carlo trials and obtain for k =
1, . . . , K independent realizations (Wt(ωk))

T
t=1 of disturban
es.

3) Starting at zk0 := z0 ∈ R
d
, de�ne for k = 1, . . . , K the traje
tories

(zkt )
T
t=0 re
ursively

zkt+1 = Wt+1(ωk)z
k
t , t = 0, . . . , T − 1

and determine realizations

ϕt+1(p, z
k
t , a)(ωk), t = 0, . . . , T − 1, k = 1, . . . , K.

4) For ea
h k = 1, . . . , K initialize the re
ursion at t = T as

v̄
ϕ
T (p, z

k
T ) = rT (p, z

k
T ) for all p ∈ P

and 
ontinue for t = T − 1, . . . , 0 by

v̄
ϕ
t (p, z

k
t ) = max

a∈A

(

rt(p, z
k
t , a) + ϕt+1(p, z

k
t , a)(ωk) + v̄

ϕ
t+1(α(p, a), z

k
t+1)

)

.

Store the value as v̄
ϕ
0 (p, z

k
0 ) for k = 1, . . . , K.

5) Determine the sample mean

1
K

∑K
k=1 v̄

ϕ
0 (p, z

k
0 ) and its upper 
on�den
e

bound to estimate vπ
∗

0 (p, z0) from above.

To obtain a tight upper bound, (ϕt)
T
t=1 must be 
hosen a

ordingly. Thereby,

the assertion (ii) of Theorem 1 suggests an appropriate 
hoi
e. Namely, in

the hypotheti
al 
ase that the optimal poli
y value fun
tions (vπ∗t )Tt=0 are

known, the (ϕ∗
t )

T
t=1 is obtained via (53) will give an exa
t and non-random

upper bound. In pra
ti
e, this situation is not feasible, sin
e an optimal

strategy π∗
is not known. Instead, we suggest using an approximate value

fun
tion (ϕ̃t)
T
t=0, returned by one of the algorithms des
ribed in this work.
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That is, following (53), a reasonable 
andidate for t = 0, . . . , T − 1 
ould be

given as

ϕt+1(p, z, a) = E(ṽt+1(α(p, a),Wt+1z))− ṽt+1(α(p, a),Wt+1z). (61)

However, note that this 
hoi
e involves an exa
t 
al
ulation of expe
tation

E(ṽt+1(α(p, a),Wt+1z)), whi
h is not possible in pra
ti
e. For this reason,

we suggest a modi�
ation. We introdu
e ϕt+1 as in (61), with the expe
ta-

tion repla
ed by an arithmeti
 mean over a number I of independent 
opies

(W
(i)
t+1)

I
i=1 of Wt+1. That is, given independent random variables Wt+1 and

W
(i)
t+1 for i = 1, . . . , I and t = 0, . . . , T − 1 su
h that the distribution of W

(i)
t+1

equals to that of Wt+1, we de�ne for all t = 0, . . . , T − 1, a ∈ A, p ∈ P , and

z ∈ R
d

ϕt+1(p, z, a) =
1

I

I
∑

i=1

ṽt+1(α(p, a),W
(i)
t+1z)− ṽt+1(α(p, a),Wt+1z). (62)

With this de�nition, (ϕt)
T
t=1 satis�es 
onditions (48) and (49), and we thus

obtain a valid and 
omputable upper bound.

Let us turn now to the estimation of the lower boundary of the interval

(46). Given a strategy π = (πt)
T−1
t=0 , the value vπ0 (p0, z0) 
an in prin
iple be

approa
hed as in (45) from test runs of the strategy in a series of independent

ba
k-testing experiments. However, it turns out that a slight adaptation of

the upper bound te
hnique provides far better results, due to a built-in vari-

an
e redu
tion te
hnique. Similar to part (ii) of the previous theorem, whi
h

indi
ates that the varian
e of the Monte Carlo trials redu
es if approximate

solution is 
lose to the optimal one, we establish a re
ursive pro
edure with

a 
ontrol variate built-in. The idea is simple: Given a nearly-optimal poli
y

π = (πt)
T−1
t=0 we alter the re
ursion (50), (51) repla
ing the maximization by

an exa
t 
hoi
e of the a
tion a

ording to the poli
y π = (πt)
T−1
t=0 .

Given a sequen
e ϕ = (ϕt)
T
t=1 satisfying (48) and (49) we introdu
e the

random fun
tions (vπ,ϕt )Tt=0

v
π,ϕ
t : P × R

d × Ω → R, t = 0, . . . , T

whi
h are re
ursively de�ned for t = T, . . . , 1 via

v
π,ϕ
T (p, z) = rT (p, z) (63)

v
π,ϕ
t (p, z) = rt(p, z, πt(p, z)) + ϕt+1(p, z, πt(p, z))

+v
π,ϕ
t+1(α(p, πt(p, z)),Wt+1z). (64)

The following theorem holds for (vπ,ϕt )Tt=0.
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Theorem 2. (i) Given ϕ = (ϕt)
T
t=1 as in (47) satisfying (49) and a poli
y

π = (πt)
T−1
t=0 , introdu
e (vπ,ϕt )Tt=0 by (63), (64). It holds that

vπt (p, z) = E(vπ,ϕt (p, z)), for all t = 0, . . . , T , p ∈ P , z ∈ R
d
. (65)

(ii) Given the value (vπ
∗

t )Tt=0 of the optimal poli
y π∗ = (π∗
t )

T−1
t=0 , de�ne (ϕ

∗
t )

T
t=1

ϕ∗
t+1(p, z, a) = E(vπ

∗

t+1(α(p, a),Wt+1z))− vπ
∗

t+1(α(p, a),Wt+1z) (66)

for all p ∈ P , z ∈ R
d
, a ∈ A and t = 0, . . . , T − 1. Then the mappings

(ϕ∗
t )

T
t=1 satisfy (47) � (49) su
h that (65) holds with equality:

vπ
∗

t (p, z) = v
π∗,ϕ∗

t (p, z), for all t = 0, . . . , T , p ∈ P , z ∈ R
d
. (67)

Proof. (i) The value (vπt )
T
t=0 of the poli
y π = (πt)

T−1
t=0 satis�es the re
ursion

(44). Using this re
ursion and (48) we obtain

vπt (p, z) = E(rt(p, z, πt(p, z)) + ϕt+1(p, z, πt(p, z)))

+E(vπt+1(α(p, πt(p, z)),Wt+1z). (68)

Now, let us prove the assertion (65) by indu
tion. For t = T the inequality

(65) holds with equality be
ause of the initialization

vπT = rT = v
π,ϕ
T (69)

in (43) and (63). Given the indu
tion assumption

vπt+1(p, z) = E(vπ,ϕt+1(p, z)), for all p ∈ P , z ∈ R
d
,

we use (49) to 
on
lude that

vπt+1(α(p, πt(p, z)),Wt+1z) = E(vπ,ϕt+1(α(p, πt(p, z))) |Wt+1)

holds for all p ∈ P , z ∈ R
d
. Using this, we obtain in (68) the equality

vπt (p, z) = E (rt(p, z, πt(p, z)) + ϕt+1(p, z, πt(p, z)))

+E
(

E(vπ,ϕt+1(α(p, πt(p, z))) |Wt+1)
)

= E
(

rt(p, z, πt(p, z)) + ϕt+1(p, z, πt(p, z)) + v
π,ϕ
t+1(α(p, πt(p, z)))

)

.

By using the re
ursion (64), the assertion (65) follows.

(ii) Let us now verify the assertion (67). By indu
tion whi
h is started as in

(63) we 
an assume that vπ
∗

t+1 = v
π∗,ϕ∗

t+1 holds. Using this, we 
on
lude for all

p ∈ P , z ∈ R
d
and a ∈ A the assertion

rt(p, z, a) + ϕ∗
t+1(p, z, a) + v

π∗,ϕ∗

t+1 (α(p, a),Wt+1z)

= rt(p, z, a) + ϕ∗
t+1(p, z, a) + vπ

∗

t+1(α(p, a),Wt+1z). (70)
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On the other hand, using (53), we infer that for all p ∈ P , z ∈ R
d
and a ∈ A

it holds that

rt(p, z, a) + ϕ∗
t+1(p, z, a) + vπ

∗

t+1(α(p, a),Wt+1z)

= rt(p, z, a) + E(vπ
∗

t+1(α(p, a),Wt+1z))

−vπ
∗

t+1(α(p, a),Wt+1z) + vπ
∗

t+1(α(p, a),Wt+1z)

= rt(p, z, a) + E(vπ
∗

t+1(α(p, a),Wt+1z)) (71)

Now, in the re
ursion (64) we repla
e (70) by (71) to obtain the desired 
laim

(54):

v
π∗,ϕ∗

t (p, z) = rt(p, z, π
∗
t (p, z)) + ϕ∗

t+1(p, z, π
∗
t (p, z))

+v
π∗,ϕ∗

t+1 (α(p, π∗
t (p, z)),Wt+1z)

= rt(p, z, π
∗
t (p, z)) + E(vπ

∗

t+1(α(p, π
∗
t (p, z)),Wt+1z)

= vπ
∗

t (p, z), p ∈ P, z ∈ R
d, a ∈ A.

The pra
ti
al implementation of the lower bound estimation is based

on the same realization of (ϕt)
T
t=1 as in (62), using independent 
opies of

disturban
es. Let us summarize this pro
edure as follows:

Lower bound estimation:

1) Given approximate value fun
tions (ṽt)
T
t=0 and a 
orresponding strategy

π̃ = (π̃t)
T−1
t=0 , 
hose ϕ = (ϕt)

T−1
t=0 as in (62).

2) Given K ∈ N Monte-Carlo trials, obtain for k = 1, . . . , K independent

realizations (Wt(ωk))
T
t=1 of disturban
es.

3) Starting at zk0 := z0 ∈ R
d
, de�ne for k = 1, . . . , K traje
tories (zkt )

T
t=0

re
ursively

zkt+1 = Wt+1(ωk)z
k
t , t = 0, . . . , T − 1

and determine realizations

ϕt+1(p, z
k
t , a)(ωk), t = 0, . . . , T − 1, k = 1, . . . , K.

4) For ea
h k = 1, . . . , K initialize the re
ursion at t = T as

v
π̃,ϕ
T (p, zkT ) = rT (p, z

k
T ) for all p ∈ P
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and 
ontinue for t = T − 1, . . . , 0 and for all p ∈ P by

v
π̃,ϕ
t (p, zkt ) = rt(p, z

k
t , π̃t(p, z

k
t )) + ϕt+1(p, z

k
t , π̃t(p, z

k
t ))(ωk)

+v
π̃,ϕ
t+1(α(p, π̃t(p, z

k
t )), z

k
t+1). (72)

Store the value as v
π̃,ϕ
0 (p, zk0 ) for k = 1, . . . , K, p ∈ P .

5) Cal
ulate the sample mean

1
K

∑K
k=1 v

π̃,ϕ
0 (p, zk0 ) and use its lower 
on�-

den
e bounds to estimate vπ
∗

0 (p, z0) for p ∈ P from below.

8 Examples

In the literature, the estimation of a 
omplementary upper bound for the

optimal stopping problem relies heavily on the 
on
ept of martingale duality

and has been addressed in [14℄, [24℄ and [16℄. From a 
omputational perspe
-

tive, a
hieving a su�
iently tight upper bound is equivalent to 
onstru
ting

a �good" martingale and tra
table algorithm to do so was given by [1℄. Upper

bound methods have sin
e been extended to the more general 
lass of opti-

mal multiple stopping problems by [19℄, [26℄ and [17℄. Finally, the work [25℄

generalizes this te
hnique to a wider 
lass of dis
rete-time sto
hasti
 
ontrol

problems. The 
ombination of upper and lower bound methods is known as

primal-dual simulation. In this se
tion, we 
ompare our te
hnique to results

a
hieved using standard least-squares regression method.

We will now perform value fun
tion approximations using the method

outlined in Se
tion 7 and the asso
iated diagnosti
s established in Se
tion

8 on two examples of Markov de
ision problems, an optimal stopping and

an optimal multiple exer
ise problem. Optimal stopping problems are an

important sub
lass of Markov de
ision problems (see Chapters 10 and 11

of [2℄), whose upper bound estimation using duality is well-studied. As an

illustration of our approa
h, we obtain in Se
tion 9.1 bounds on the pri
e

of the Bermudan put option, a pra
ti
ally important dis
rete time optimal

stopping problem. In Se
tion 9.2, we use these methods to obtain numeri
al

solutions to an optimal multiple stopping problem - the swing option (see [6℄).

A swing option allows the holder to buy a �xed quantity of the underlying

at a predetermined pri
e more than on
e before the maturity of the option.

However there is a limit to the maximum number of times this 
an be done.

Swing options are predominant in 
ommodity markets, parti
ularly in the

energy se
tor.

For both appli
ations, we will 
onsider the evolution of the dis
ounted

asset pri
e (St)
T
t=0 in dis
rete time, with respe
t to a risk-neutral measure.

The dynami
s (St)
T
t=0 of the dis
ounted pri
e depends on the asset type.
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For the Bermudan put, the dis
ounted pri
e pro
ess (St)
T
t=0 is modelled as

a martingale in the risk-neutral measure. For the swing option, we suppose

that the pri
e pro
ess (St)
T
t=0 is modeled by the exponential of an Ornstein-

Uhlenbe
k pro
ess to explain the mean-reverting pri
e property naturally

expe
ted for 
ommodity pri
es.

The logarithm (Z̃t)
T
t=0 of the pri
e forms the 
ontinuous 
omponent of our

state dynami
s. In pra
ti
e, a further transformation of the state spa
e is

usually required before linear state dynami
s 
an be a
hieved. In most 
ases,

an augmentation with 1 via

Zt =

[

Z̃t

1

]

, t = 0, . . . , T.

is needed to represent the evolution of the 
ontinuous state 
omponent. In

this representation, the system state follows a multipli
ative dynami


Zt+1 = Wt+1Zt, t = 0, . . . , T − 1

with independent and identi
ally distributed matrix-valued random variables

(Wt)
T
t=1. The entries of these disturban
e matri
es re�e
t the underlying

pro
ess model.

The grid 
hoi
e is a key ingredient in the algorithm. For multi-variate

state pro
esses, a 
onvenient way of grid 
onstru
tion is by simulation of

appropriate traje
tories. Thus, we 
reate a grid of a desired size by simulating

and storing a su�
ient number of paths of (Zt)
kpT
t=0 of an appropriate length

kpT ∈ N. In our examples, we have used a number of steps that is twi
e of

the time horizon (kp = 2). The distribution of disturban
es is approximated

by a dis
rete distribution. For this, a sample of (W (k))nk=1 of independent

realizations was generated and stored. All required steps from Se
tion 7 and

the Monte-Carlo simulation for diagnosti
s refer to this dis
rete distribution

approximation. For bound 
omputations, we use 
on�den
e intervals based

on K simulated traje
tories. More pre
isely, we quote the intervals as

[

µ− Φ−1(1− x

2
)

σ√
K

, µ+ Φ−1(1− x

2
)

σ√
K

]

(73)

where 1−x denotes the 
on�den
e level and (µ, σ) and (µ, σ) denote the sam-

ple mean and sample standard deviation of (vπ̃,ϕ0 (p, zk0 ))
K
k=1 and (v̄ϕ0 (p, z

k
0 ))

K
k=1

respe
tively.

8.1 The Bermudan put option

This option allows the holder to sell the underlying asset at a pre-spe
i�ed

strike pri
e on a dis
rete set of exer
ise dates up to and in
luding the ex-
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piry date of the option. The fair pri
e of a Bermudian put is given by the

supremum

sup
τ

E[(Ke−ρτ − Sτ )
+]

where τ runs through all {0, . . . , T}-valued stopping times. First let us ex-

press this 
ontrol problem as a swit
hing system. We use the position set

P = {1, 2} to indi
ate whether the option has been exer
ised (p = 1) or not
(p = 2). The a
tion set A = {1, 2} represents the 
hoi
e between exer
ising

(a = 1) or not exer
ising (a = 2). The 
ontrol α of the dis
rete 
omponent

of the state spa
e

(α(p, a))2p,a=1 ∼
[

α(1, 1) α(1, 2)
α(2, 1) α(2, 2)

]

=

[

1 1
1 2

]

ensures that p = 1 is absorbing. The 
ontinuous state spa
e 
omponent

follows

Z̃t+1 = Z̃t + γ + βǫt+1, Z̃0 = ln(S0) (74)

where (ε)Tt=1 are independent standard normally distributed random vari-

ables. We set the parameters as γ = −1
2
σ2∆ and β = σ

√
∆ where ∆ > 0 is

the time duration (in years) from time point t to t+ 1 and σ > 0 represents

the volatility of the pro
ess that is measured on yearly s
ale. Given this pri
e

pro
ess, the disturban
es are given as

Wt+1 =

[

1 γ + βǫt+1

0 1

]

, t = 0, ..., T − 1.

For the two-dimensional spa
e R
2
with the evolution of the 
ontinuous 
om-

ponent as above, let us now determine all reward and the s
rap fun
tions.

Consider a realization of the 
ontinuous 
omponent (z(1), z(2)) ∈ R
2
at the


urrent time t = 0, . . . T − 1, then, given a Bermudian put option, the a
tion

a ∈ {1, 2} leads to the reward

rt(p, (z
(1), z(2)), a) = (Ke−ρt − ez

(1)

)+
(

p− α(p, a)
)

(75)

for all p ∈ P and a ∈ A. At �nal time T , we suppose that the put option is

exer
ised automati
ally, whi
h gives the s
rap value

rT (p, (z
(1), z(2))) = (Ke−ρT − ez

(1)

)+
(

p− α(p, 1)
)

(76)

for all p ∈ P . Note that the reward and s
rap fun
tions are not 
onvex in

the 
ontinuous 
omponent z = (z(1), z(2)). Hen
e we de
ompose them into

the di�eren
e of two 
onvex fun
tions

rt(p, ·, a) = r̆t(p, ·, a)− r̂t(p, ·, a) (77)

rT (p, ·) = r̆T (p, ·)− r̂T (p, ·) (78)
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Table 1: Bermudan put option numeri
al results


on�den
e LSM LSM

S0 σ maturity interval mean se

36 0.2 1 [4.4763, 4.4768℄ 4.472 .0100

36 0.2 2 [4.8296, 4.8312℄ 4.821 .0120

36 0.4 1 [7.0989, 7.0992℄ 7.091 .0200

36 0.4 2 [8.4965, 8.4968℄ 8.488 .0240

38 0.2 1 [3.2481, 3.2489℄ 3.244 .0090

38 0.2 2 [3.7355, 3.7370℄ 3.735 .0110

38 0.4 1 [6.1451, 6.1452℄ 6.139 .0190

38 0.4 2 [7.6580, 7.6583℄ 7.669 .0220

40 0.2 1 [2.3119, 2.3129℄ 2.313 .0090

40 0.2 2 [2.8765, 2.8776℄ 2.879 .0100

40 0.4 1 [5.3093, 5.3094℄ 5.308 .0180

40 0.4 2 [6.9075, 6.9077℄ 6.921 .0220

42 0.2 1 [1.6150, 1.6158℄ 1.617 .0070

42 0.2 2 [2.2053, 2.2060℄ 2.206 .0100

42 0.4 1 [4.5797, 4.5798℄ 4.588 .0170

42 0.4 2 [6.2351, 6.2354℄ 6.243 .0210

44 0.2 1 [1.1081, 1.1087℄ 1.118 .0070

44 0.2 2 [1.6836, 1.6843℄ 1.675 .0090

44 0.4 1 [3.9449, 3.9450℄ 3.957 .0170

44 0.4 2 [5.6324, 5.6326℄ 5.622 .0210

These results were produ
ed using a grid size of m = 1024 and disturban
es

of size n = 4096. Diagnosti
s is based on K = 1024 sample paths and 99%


on�den
e bounds are 
al
ulated by setting x = 0.01 in (73). For


omparison, the means and standard errors obtained by least squares

Monte Carlo are given in the last two 
olumns LSM mean and LSM se

respe
tively, they are 
ited from [18℄, where numbers were quoted with

three de
imal points.

given by

r̆t(p, (z
(1), z(2)), a) = (ez

(1) −Ke−ρt)+
(

p− α(p, a)
)

r̂t(p, (z
(1), z(2)), a) = (ez

(1) −Ke−ρt)
(

p− α(p, a)
)

r̆T (p, (z
(1), z(2))) = (ez

(1) −Ke−ρT )+
(

p− α(p, 1)
)

r̂T (p, (z
(1), z(2))) = (ez

(1) −Ke−ρT )
(

p− α(p, 1)
)
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for all p ∈ P, a ∈ A and (z(1), z(2)) ∈ R
2
.

We 
ompare our results with the low-biased estimates given in the liter-

ature for the Bermudan put where the risk-free rate is 0.06 and the strike

is set at 40. The results are given in Table 9.1 for di�erent 
ombinations of

initial pri
es, volatilities and maturities.

8.2 The swing option

We 
onsider a spe
i�
 
ase of the swing option, referred to as a unit-time

refra
tion period 
ondition. This 
ondition limits the holder to exer
ise one

right at a any time. Given the dis
ounted asset pri
e (St)
T
t=0, the pri
e of a

swing option with N rights is given by the supremum

sup
0≤τ1<···<τN≤T

E

[

N
∑

k=1

(Sτk −Ke−ρτk)+
]

over all stopping times τ1, . . . , τN with values in {0, . . . , T}. In order to

represent this 
ontrol problem as a swit
hing system, we use the position

set P = {1, . . . , N + 1} to represent the number of rights remaining. That

is p ∈ P stands for the situation when there are p − 1 rights remaining to

be exer
ised. The a
tion set A = {1, 2} is the same as in the 
ase of the

Bermudan Put with 
ontrol matrix α given by

(α(p, a))p,a ∼









α(1, 1) α(1, 2)
α(2, 1) α(2, 2)
. . . . . .

α(N + 1, 1) α(N + 1, 2)









=









1 1
1 2
. . . . . .

N N + 1









.

Having modeled the dis
ounted sto
k pri
e pro
ess as an exponential mean-

reverting pro
ess with reversion parameter κ ∈ [0, 1[, long run mean µ > 0
and volatility σ > 0, we obtain the logarithm of the dis
ounted pri
e pro
ess

as

Z̃t+1 = (1− κ)(Z̃t − µ) + µ+ σǫt+1, Z̃0 = ln(S0). (79)

with the disturban
e matrix

Wt+1 =

[

(1− κ) κµ+ σǫt+1

0 1

]

, t = 0, ..., T − 1.

The reward and s
rap values are given by

rt(p, (z
(1), z(2)), a) = (ez

(1) −Ke−ρt)+
(

p− α(p, a)
)

t = 0, . . . , T − 1 (80)
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and

rT (p, (z
(1), z(2))) = (ez

(1) −Ke−ρT )+
(

p− α(p, 1)
)

(81)

respe
tively for all p ∈ P and a ∈ A.

In Table 9.2, we 
ompare our results to those given in [19℄ with bounds

on the swing option pri
e where the underlying pro
ess is assumed to follow

the dynami
s (79) with parameters

ρ = 0, κ = 0.9, µ = 0, σ = 0.5, S0 = 1, K = 0 and T = 1000.

Table 2: Swing option numeri
al results

CSS MH

Position 
on�den
e 
on�den
e

(Rights + 1) interval interval

2 [4.737, 4.761℄ [4.773, 4.794℄

3 [9.005, 9.031℄ [9.016, 9.091℄

4 [13.001, 13.026℄ [12.959, 13.100℄

5 [16.805, 16.830℄ [16.773, 16.906℄

6 [20.465, 20.491℄ [20.439, 20.580℄

11 [37.339, 37.363℄ [37.305, 37.540℄

16 [52.694, 52.718℄ [52.670, 53.009℄

21 [67.070, 67.095℄ [67.050, 67.525℄

31 [93.811, 93.835℄ [93.662, 94.519℄

41 [118.639, 118.663℄ [118.353, 119.625℄

51 [142.059, 142.084℄ [141.703, 143.360℄

61 [164.368, 164.392℄ [163.960, 166.037℄

71 [185.757, 185.781℄ [185.335, 187.729℄

81 [206.362, 206.386℄ [205.844, 208.702℄

91 [226.284, 226.308℄ [225.676, 228.985℄

101 [245.601, 245.625℄ [244.910, 248.651℄

Results were produ
ed using a grid size of m = 1024 and disturban
es of

size n = 1024. Diagnosti
s is based on K = 1024 sample paths and 99%


on�den
e bounds are 
al
ulated by setting x = 0.01. The 
olumns under

MH denote the results from [19℄.
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9 Con
lusion

In this work we present a novel 
lass of algorithms to solve sto
hasti
 swit
h-

ing problems whose pro
esses follow linear state spa
e dynami
s. Our method-

ology is dire
tly appli
able to high-dimensional problems and shows remark-

able numeri
al e�
ien
y and ex
ellent pre
ision. More importantly, we adapt

the primal-dual approa
h to estimate the distan
e to optimality of approxi-

mate solutions using Monte-Carlo te
hniques. With this, we establish a sound

and reliable diagnosti
s and quality assessment tool for a posterior justi�
a-

tion of the numeri
al approximation. The authors believe that su
h 
ombi-

nation of e�
ient numeri
al s
hemes with a subsequent diagnosti
 
he
k 
an

be very useful in pra
ti
al appli
ations. This approa
h may help in devel-

opment and justi�
ation of further approximate methods. In this 
ontext,

natural extensions of the present s
heme (say, from linear to pie
ewise linear

dynami
s) 
an be examined in detail. We address this promising dire
tion

in further resear
h.
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