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Abstract

We consider the problem of hedging a European-type option in a mar-
ket where asset prices have jump-diffusion dynamics. It is known that
markets with jumps are incomplete in the context of Harrison and
Pliska (1981) and that there are several risk-neutral measures one can
use to price and hedge options (Cont and Tankov, 2004; Miyahara,
2012). As in Jensen (1999) and Ledn et al. (2002), we approximate
such a market by discretizing the jumps in an averaged sense, and
complete it by including traded options in the model and hedge port-
folio as utilized in Cont et al. (2007) and He et al. (2006). Under
suitable conditions, we get a unique risk-neutral measure, which is
used to determine the option price partial differential equation, along
with the asset positions that will replicate the option payoff. This
procedure is then implemented on a particular set of stock and option
prices, and its performance is compared with the minimal variance
and delta hedging strategies.
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1 Introduction

The presence of relatively large movements, called jumps, in stock prices
(See Ball and Torous, 1985, for example) has led to the use of jump-diffusion
models to better capture asset returns. Merton (1976) originally introduced
lognormally-distributed Poisson jump components alongside the typical time
and Brownian motion factors used in the classical Black and Scholes (1973)
model. Given this shift in dynamics, updated option pricing and hedging re-
sults involving both Brownian motion and jumps driven by Poisson processes
are popular in the literature and are necessary if one is to use jump-diffusion
as the underlying assumption in making trading decisions.

Markets with jump components are known to be incomplete in the Harri-
son and Pliska (1981) sense. As such, there are many equivalent martingale
measures which one can use to price options. Naik and Lee (1990) and Ahn
(1992) provide option pricing formulas in jump-diffusion settings through
utility functions. Also working with utility, Kou (2002) gives the option
price when jumps follow an asymmetric double exponential distribution. An
alternative approach is to find the best equivalent martingale measure in the
sense of information theory, resulting in the Minimal Entropy Martingale
Measure (MEMM), which is examined by Frittelli (2000) in the context of
incomplete markets, and by Miyahara (1999) and Fujiwara and Miyahara
(2003) for Lévy processes, of which models involving Brownian motion and
Poisson processes are included.

The impossibility of perfectly replicating an option’s payoff using a bond
and the underlying asset (See Naik and Lee, 1990, for example) has led to
various hedging techniques for incomplete markets. Hedging based on util-
ity function arguments have been studied in Becherer (2004) and Ceci and
Gerardi (2011) for assets with jumps. Superhedging, which solves for a self-
financing strategy guaranteeing at least the same amount as the payoff at
expiry, is examined in Bellamy and Jeanblanc (2000) for jump-diffusion pro-
cesses. Another approach is finding the trading strategy which minimizes the
risk based on quadratic criteria (See Follmer and Sondermann, 1986; Follmer
and Schweizer, 1991, for example), such as the local risk-minimizing hedge
(Schweizer, 1991) or the minimal variance hedge (Cont et al., 2007).



Although traditionally one tries to find the best way to equal an option’s
payoff by trading only in its underlying asset, the inclusion of options in the
hedge portfolio has been suggested by Bates (1988) and also in Andersen and
Andreasen (2000). Hedging using the underlying stock and one extra option
has been studied in Cont et al. (2007) under a minimal variance criterion,
while He et al. (2006) utilize several options to obtain a dynamic hedge that
minimizes the jump risk.

This paper aims to address the pricing and hedging issues by utilizing an ap-
proximate complete market. Introducing extra assets such as term-structure
related securities in order to complete the market has been studied in Jarrow
and Madan (1995) and Bjork et al. (1997), and this approach is modified by
Jensen (1999) to approximately price options under jump-diffusion, while the
hedge portfolio is derived in Leén et al. (2002) through Malliavin calculus.
These previous approaches are related to ours in that by discretely estimating
the jump sizes of a stock, the inclusion of additional assets such as market-
traded options on the same underlying stock allows us to approximately
account for the uncertainty due to the jumps. Under certain conditions,
we get a unique risk-neutral measure with which we can price the option.
This risk-neutral measure, combined with the additional assets, allows the
construction of the hedge portfolio that replicates the option payoff in our
approximate market. Our hedging result is also related to that in Elliott and
Kopp (1990), who derive the hedge portfolio if an asset can only take jumps
on a finite set of values.

This work is motivated by ideas in Cheang and Chiarella (2012), who price
a European call option using the Esscher transform and examine the con-
struction of a hedge portfolio with the jumps averaged out. In this paper,
averaging the jumps is one of the choices by which we could discretize the
jump size distribution, and we employ a classical hedge portfolio construc-
tion argument to replicate the option payoff.

The paper develops as follows. Section 2 describes the procedure for ap-
proximate market completion and derives the conditions for an almost surely
unique risk-neutral measure. Section 3 details the construction of the hedge
portfolio along with a formula for the hedge positions on the assets. In Sec-
tion 4, we apply a simple approximation to a case study of Bank of America
stock and option prices, and compare the hedging performance with the min-



imal variance hedge and a traditional delta hedge. Section 5 concludes and
examines extensions to the procedure.

2 Approximate Market Completion

Let S(t) be the price of a financial asset with return dynamics given by

ds(t)
S(t=)

= (u(t) — Ak) dt + o(t) dW (t) + [e” — 1] dN(t), (1)

where pu(t) is the instantaneous expected return per unit time and o(t) is
the instantaneous volatility per unit time. We assume that p(t) and o(t)
are deterministic. The stochastic process W (t) is standard Brownian motion
under the market measure P and the process N(t) is a Poisson process, in-
dependent of W (t) and the jump factor J, with arrival intensity A per unit
time under the measure P. We further assume that A is constant.

The quantity J € R is the jump factor that affects the size of the jump in the
sense that the jump size is given by [e” — 1] S(t—). We calle’ —1 € (-1, 00)
the proportional jump size, and define the expected proportional jump size
to be

k= Ep [e‘] — 1} .

The solution to (1) involves the total number of jumps up to time ¢, given by
N(t), and the corresponding jump factors. Let J,, be the mth jump factor
affecting the size of the mth jump. We assume that the jump factors J,, are
independent for each m and that each has the same distribution as J.

Theorem 2.1. The stochastic differential equation (1) has a solution of the

form
S(t) = S(0) exp /Ot (u(s) P 22(3)) ds + /Ota(s) AW (s) + :Z(tj I,



Proof.  See Runggaldier (2003) or Theorem 11.7.3 of Shreve (2004). [

We work on a filtered probability measure space given by (Q, F,{F;},P),
where {F;} is the natural filtration generated by the Brownian motion W (t)
and the compound Poisson process Zgg Jm. For simplicity, we assume that
stocks pay no dividends, and that u(t) and o(t) are adapted to the filtration
{F:}. We also assume that p(t) and o(t) satisfy integrability conditions in

(2).

We seek the hedge portfolio of a European-type option on S(t). If the jump
factor J is discrete, then we can completely hedge the option using a finite
number of assets driven by the same simple Poisson processes that constitute
Zgg Jm. We are assuming, however, that J could have a continuous distri-
bution. If so, it would take an infinite number of assets to completely hedge
the option (See He et al., 2006, for example). In this paper, we derive the
hedge portfolio for the case when J has a continuous distribution by using

approximate market completion as introduced by Jensen (1999).

Let Ni(t), k =1,...,n, be independent Poisson processes, each with inten-
sity A, satisfying

For a partition A, = {4;,...,A,} over the values of the jump factor J,
choose d € A for k=1,... n.

There are several ways to choose di. A natural choice is to set di to be the
average over each partition, that is,

_ Ep [J1(jeay]
T P(A)

, k=1,...,n, (3)

where the notation 1z is used for the indicator function over a set B. An
alternative is to set di to be the largest magnitude value over each partition.
We could also view this partitioning as a discretization of the continuous
density for J. So, di can also be chosen based on methods for discretely ap-
proximating probability distributions (See Miller and Rice, 1983; Hammond
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and Bickel, 2013).

Now set
ap(t) = p(t) and by(t) = o(t).
We then have the approximation to (1) as

807—<t()> = ag(t) dt + bo(t) AW (£) + D [e™ — 1] (dNi(t) = Andt) . (4)
0O,n\t™ pt
Now we introduce n extra assets P;(t), ¢ = 1,...,n, to complete this market.

We propose that the extra assets be options on S(¢) so as to be driven by
the same Brownian motion and Poisson process. For the ith extra asset, we
let a;(t) = a;(t, S(t)) be its instantaneous expected return per unit time and
let b;(t) = b;(t,S(t)) be its instantaneous volatility per unit time. Suppose
these extra assets have return dynamics given by

0

Bi(t=)
where JO(t) = JO(¢,S(t—)) is the jump factor of P;(t). We assume that
J@(t) is predictable and we define

= (ai(t) — N&(t)) dt + by(t) AW (¢) + [e 0w _ 1} dN(1),  (5)

&) =&t SU-) =B [0 —1], i=1,m

We remark that if P;(t) are European-type options on S(t), then the repre-
sentation (5) follows from It6’s formula (Cont et al., 2007).

Now fori = 1,...,n, take a suitable partition AW (t,S(t—)) = {AY’, . ,Aﬁf)}
over the values of the jump factor J®(¢) such that

Ak
N

The above condition (6) is important for the matching of the Poisson pro-
cesses in our approximate market. Using a procedure similar to the construc-
tion of Sy, (t), we approximate P;(t) by S;,(t) for i = 1,...,n, respectively,
with dynamics given by

dS;n(t)
Sin(t—)

P(A,) =P <A,<j>> - k=1,...,n. (6)

= a;(t) dt 4 b;(t) dW (1) + i [ecx® — 1] (ANk(t) — e dt), (7)

k=1
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where ¢; x(t) = ¢; (¢, S(t—)) € A,(f) for k =1,...,n. Similar to dj, choosing
¢ix(t) can be done by the average over each partition, that is,

Ep |:J(i) (t) ]l{J(i) (t)eAg)}:|
Pa?)

by taking the largest magnitude values of each interval, or by existing meth-
ods of discrete approximations to continuous distributions (Miller and Rice,
1983; Hammond and Bickel, 2013).

Ci,k(t) =

Jensen (1999) calls the market containing S, ,(t), ¢ = 0,1,...,n, to be the
nth market. We omit the subscript n in (4) and (7) for ease in the succeeding
computations, but include it when necessary.

We introduce additional notation and discuss the probability structure of the
estimated jump factors. Let

et — 1 ifi=0
Yir(t) = yin(t, S(t—)) =

ek 1 ifi=1,....,n
for Kk =1,...,n and define the random variable

}/;(t) = Y;‘(ta S<t_)) S {yi,l(t)v s ayi,n(t)}a i=0,1,...,n.

We then set probabilities

P(dy) = P(A) = 2F if i =
P(yix(t)) =
P(c; () = P (A,(f)) - % ifi=1,...,n

for k=1,...,n. We also define

pit) = Bi(t, S(t-)) = Ep[Yi(t)] =



Although the jump sizes of the extra assets S;(t), . .., S,(t), which are options
on S(t), may be different from those of the approximate underlying Sy(t), it
appears natural to assume that the extra asset values jump at the same times,
and hence with the same approximate probabilities, as Sy(t). Therefore, the
nth market described by (4) and (7) can be written as

dS;(t)
Si(t—)

= a;(t) dt + bi(t +Zyzk ) (dNR(t) — Ay dt)

= (ai(t) = ABi(1)) dt + bi(t) dW (¢ +Zym )dN(t),  (8)

k=1

1=0,1,...,n

Our nth market approximation is motivated by the fact that our approxi-
mate primary asset converges in distribution to the true dynamics, that is,

So(t) 48 (t) under P. The same statement can be made for the extra assets

in that S;(¢) A Pi(t) for i = 1,...,n. Before we prove the convergence of
the underlying asset, we state the following lemma.

Lemma 2.1. Let J = J(w) be a random variable such that |J| < U for
all w € Q and for some U > 0. Partition J into A= A, = {A;,..., A}
represented by
Al - (_Oo7f1] ) A2 = (f17f2]7 et An—l = (fn—?afn—1]7 An = (fn_1,+OO)
where fi_1 < f; forl =2,...,n—1. Choose dj, € Ay fork =1,...,n and
define the random variable

D(n) = D(n)(w) € {dy, .., d,}
with P(dy) = P(Ag) fork=1,...,n. Let
a(n) = f1, b(n)=fu, and |A|=fi—fiii<eln) forl=2,....n—1.
If

a(n) = —oo, b(n) = +o0o, and €e(n)—0 asn— oo, 9)

then for all w € €,
D(n) —J asn— 0.



Proof. Given € > 0. There is M; > 0 such that
a(n) < =U for all n > M.
Also, there is M5 > 0 such that
b(n) > U for all n > M.
Finally, there is M3 > 0 such that
e(n) <e forall n > Ms.

Now choose M = max{M;, My, M3}. Then for n > M, each realization of
J(w) will be included in one of the A; for { =2,...,n— 1, and so

|ID(n)(w) — J(w)| < e(n) <e foralw e

This completes the proof. |

Theorem 2.2. Define the compound Poisson process

where J,, is the value of J at the mth jump time of N(t). Under the same
assumptions as Lemma 2.1, for a given n, let D = D(n) and define

where D,, is the value of D at the mth jump time of N(t). Then

Qalt) A Q(t) asn — 0.
Proof. We recall that the characteristic function of Q(¢) is given by

pq(u) = Ep [e™90] = exp{Mt (¢,(u) — 1)},



where ¢ (u) = Ep [e
given by

/] Similarly, the characteristic function of Q(t) is

Q. (u) = Ep [e™240] = exp{M (pp(u) — 1)},
where ¢p(u) = Ep [¢™P]. So Lemma 2.1 implies that
op(u) = @y(u) asn — oo
which implies that
Poa(u) = ¢q(u) asn — oo,

and the result follows. [ |

Corollary 2.1. Under the assumptions of Lemma 2.1, we have that
Solt) = Son(t) S S(t) asn — .

Proof. 'This follows from Theorem 2.1 and Theorem 2.2. [ |

We now state a version of Girsanov’s Theorem applicable to our nth market.
This result discusses the dynamics of changing from the real-world probabil-
ity measure P to an equivalent probability measure Q.

Theorem 2.3 (Girsanov, discrete jump factor, single-asset). Given a filtered
probability space (2, F,{F:} ,P) on which is defined a Brownian motion W (t)
and n independent Poisson processes Ni(t), ..., Ny(t), each with intensity Ay,

k=1,...,n. Let 0(t) be an adapted process and let \x(t) > 0 be predictable
fork=1,....,n. Also, let T}, be the time of the mth jump of Ni(t). Define

a@)Emm{—[Tm@mvgy-%AZﬂ@yw},

t Ni(t) 5\]4;(Tk; )
Zi(t) = et — [ A(s)d In | ——="2 k=1,...
k() €Xp k A k(s) 5+ Z n( )\k ) ’ ) , 1,

m=1

Z(t) = Zo(t) [ Ze(t),
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Q(A)E/AZ(T)dIP’ forall Ae F.

Suppose that

t
Ep[Zy(t)] =1, Ep =1, and / Ak(s)ds < o0.
0

H Zi(1)

Then under the probability measure Q, the process

W(t)=W(t) + /t9(s) ds

is a Brownian motion, each Ni(t) is a Poisson process with intensity \(t),
and W (t) and Ni(t), ..., N,(t) are independent of one another.

Proof.  See Theorem 2.5 of Runggaldier (2003). |

Now define

and probabilities

Q(yi k(1))

fori=0,1,...,n, k=1,...,n.

Under Q, the process N(t) = Y7, Ni(t) is Poisson with intensity A(t). We
also define

Bi(t) = Bilt, S(t=)) = EglYi(t)] = ﬁ S M wialt), i=0,1,....n.

The probability measure Q is risk-neutral if and only if the mean rate of
return of each asset is the instantaneous continuously compounded risk-free

11



interest rate r(t). That is,

gft(f)) = r(t) dt + by(t) AW (t) + ; o (de(t) — () dt)
= (r(t) — A(t) Bi(t) + bi(2) 9(t)> dt + b(t) dW (t) + Zn: yi () AN, (1),
. (10)
i=0,1,...,n.

From (8) and (10), we get the market price of risk equations given by

Theorem 2.4. The market price of risk equations (11) have an almost surely
unique solution for 0(t) and A\i(t), ..., \,(t) when

bg(t) —y071(t) Ce _yO,n (t)
0i(t)  —y1a(t) - —yun(t)
bult) —na(t) - —unlt)

is almost surely nonsingular. An almost surely unique solution implies an
almost surely unique risk-neutral measure Q, thereby giving a complete and
arbitrage-free approrimate market with probability 1.

Proof.  In matrix notation, we can write (11) as

ao(t) —r(t) — A Bo(t) bo(t) —wou(t) .. —voult)| | O(F)

a(t) —r(t) — Api(t) _ bi(t) —yia(t) ... —yin(t)| | M(P)

a® =10 =A80] |5l —pa® o —pa®] [alt)
and the result follows. |

Remark. The market price of risk equations (11) above are a generalization
of Example 11.7.4 in Shreve (2004). A different form of (11) is provided in
Jensen (1999). [ ]
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3 Approximate Complete Market Hedge

We now undertake the construction of the self-financing hedge portfolio that
replicates the option payoff at maturity time 7. Let ¢(t, So(t)) be the price
at time ¢ of a European-type option on Sy(t) and let Vg (¢) be the value of
the portfolio at time t. Suppose we have initial capital

Vi (0) = ¢(0, 5(0)).

We set H;(t) to be the number of units of asset S;(t) held in the portfolio at
time t. We assume that H;(t) is predictable, that is, H;(t) is F;_—measurable.
So, H;(t—) = H;(t). Also, we express the cash in the money market account
as

V(1) = S Hi(t) (1)

Then,

n

Vi (t) = Z H;(t) Si(t) +

=0

Vi (t) = Y Hi(t) Si(t)]

and B

=0

n

Vi(t) = Hi(t) Si(t)] dt. (12)

1=0

Our goal is to have
de(t, So(t)) = dVg(t).

To compute the differential of functions on stochastic processes, we use It6’s
formula. Standard references for cases that may involve jumps are Protter
(2004) and Applebaum (2009). For our purposes, we state the version in
Runggaldier (2003).

Theorem 3.1 (Generalized It6 formula). Let X (t) be a process of the form
dX (t) = X (t—) (a(t) dt + ((t) dW (t) + () AN (1)),

where a(t),((t) are adapted processes with

Ep VOT§2(t) dt} < 00
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and y(t) is predictable with v(t) > —1. Then given a function f(t,x) with
continuous partial derivatives f;, f. and f.., we have that

(X () = filts X)) de + (6 X(0) X(0)a(t) de
0 X(0) X30) (0 di 4 1.0 X(0) X(2) (1) W)
+ [f( (L +7(t) X (t=)) — f(t, X(t=))] dN(2).

Proof.  See Proposition 8.14 of Cont and Tankov (2004) or Theorem 11.5.1
of Shreve (2004). |

We now give the integro-partial differential equation which the price of a
European-type option must satisfy in our nth market. First, we define the
random variable

D e {dy,...,d,}

which represents our approximated jump factors.

Theorem 3.2. Let c¢(t,x) be the price of a European-type option with expiry
time T on a stock with dynamics given by (4). Suppose the partial derivatives
Cty Cy Cop €xist and are continuous. Then c(t,x) satisfies the integro-partial
differential equation given by

- 1

—r(t)c(t,z) + a(t, z) + (T(t) — A1) ﬂo(t)) e, (t,x) + 5 be (1) 22 Cun(t, )
+ A EG [e(t,ePz) —c(t,2)] =0, 0<t<T,x>0, (13)
and the terminal condition that c(T,x) is the payoff function at expiry, as-
suming (13) has a C*—solution, where C* is the set of all functions with con-

tinuous first and second-order derivatives. The expectation E(g 15 taken on
the discrete approximate jump factor D under the risk-neutral measure Q.

Proof.  From (10), we have that

dSo(t)
So(t—)

= (7)) = A1) Bo()) it + bo(t) AW (1) + > yo(t) ().

k=1

We apply It6’s formula (Theorem 3.1) to the option price ¢(t, So(t)) and get
de(t, So(t)) = ¢,(t, So(t)) dt + cu(t, So(t)) So(t) (r(t) @) Bo(t)> dt

14



+ gcm@ So(t)) SE(E) 2(E) dt + e (t, Solt)) So(t) bo(t) IV (1)

+Z 1+ y0(1) So(t—)) — ¢(t, So(t—))] dN(t)

= {Ct(ta So(t)) + cx(t, So(t)) So(t) <T(t) —A(t) 50(0)

+ % Cax (1, So(t)) S5/ (t) b5 ()

+ Z Ak(t) [e(t, (1 +you(1) So(t—=)) — c(t, So(t—))] } dt
+ cm<t So(t)) So(t) bo(t) AW ()

+ > [e(t (L4 904(8) So(t=)) = et Solt-))]

(de(t) ~ (D) dt) . (14)

We now consider the hedge portfolio V(). Applying (8) with

—~

AW (t) = dW (t) — 0(t) dt

on (12), we have

15



(15)

So setting Vi (t) = c(t, S(t)) and equating the di-term coefficients of (14)
and (15) results in the integro-partial differential equation given by

eu(t, (1)) + alt, So(1)) Solt) (r(6) = A(0) Bo(1)) + 5 caa(t, So(1)) S3(0) (1)

- Z Ae(t) [e(t, (14 yor(®) So(t=)) — c(t, So(t=))] = 7(t) c(t, So(t))-
(16)

Now the last term on the left-hand side of (16) can be written as

A(t) kz: AA ((tt)) [e(t, e%So(t—)) — c(t. So(t—))]

= A EF [e(t, ePSo(t—)) —c(t, So(t-))] .
where the expectation is taken on the discrete approximate jump factor D

using its density at time t. [ |

Remark. An alternative proof of Theorem 3.2 can be found in Theorem
11.7.7 of Shreve (2004). |

We now discuss the solution for the asset positions H;(t), i = 0,...,n, that
will replicate the option payoff at expiry.

Theorem 3.3. Let

b)) Solt=)  bu(B) Sult—) - bu(t) Sult—)
G = y071(t)50(t—) yl,l(t)sl<t_) yn,1<t>sn(t_)
Yo (1) Sot=) in(t)S1(t=) - yun(t) Salt—)

16



If G 1s almost surely nonsingular, then we have an almost surely unique
solution for the hedge positions given by

Ho(1) Ca(t, So(t—)) So(t—) bo(t)
H,(t) o c(t, (1 +yoa(t)) So(t—)) — c(t, So(t—))
H, (1) e(t, (1 + golt)) Solt=) — c(t, So(t—))

Proof.  We equate the coefficients of the dW(t) and (de(t) — (1) dt)
terms of (14) and (15). From the dWW (¢)-terms, we have

co(t, So(t—)) So(t—) bo(t) = Z H;(t) S;(t—) bi(t). (17)
For each k € {1,...,n}, we have from the (de(t) — (1) dt)—term that

c(t, (1 +yor(t)) So(t—)) — c(t, Solt ZH Vyr(t).  (18)

In matrix notation, we can write (17) and (18) as

(50 5 ) Ho(t
( <1+y01 t ) (t,S() ) :G H1<t>
(14 106 $o03) — e, 50) H,(1)

which has an almost surely unique solution for the hedge positions when G
is almost surely nonsingular. [ ]

Remark. We shall call (17) and (18) the hedge condition equations. If there
are no jumps, then no extra assets are required and the result of Theorem
3.3 reduces to the classical delta hedge of holding c¢,(t, So(t)) units of the
underlying asset at time . |
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4 Application

We consider the implementation of our proposed approximate complete mar-
ket hedge on actual data. We use Bank of America (BAC) hourly open stock
and option prices for the period 2 January 2013 to 7 March 2013 as our his-
torical data, and we examine hourly pricing and hedging of a call option for
the period 7 March 2013 to 15 March 2013. A comparison with the minimal
variance hedge in Cont et al. (2007) and the delta hedge suggested in Shreve
(2004) is included.

Suppose we write an at-the-money Bank of America call option at 9am of 7
March 2013, with expiry time 3pm of 15 March 2013. Such an option has
strike price K = $12. We assume no dividends during this period, so we can
apply the results of Section 3, which pertain to European options, to Amer-
ican options which are the commonly traded options in exchanges. We set
r(t) = 0 and by(t) = o(t) to be constant, but allow updating of this volatility
value at each hour when a new price becomes observable. We also assume
no transaction costs and that our assets could be liquidly traded at any point.

4.1 Approximate Complete Market Hedge

To construct our approximate complete market detailed in Section 2, we opt
for a simple approximation where n = 2. So, we partition J into

Ay = (—00,0) and Ay = (0,+00),

that is, we discretize J into either the downward or upward jump factors in
stock price movements. We now choose d; to be the average of the observed
negative jump factors until the current time ¢, and we let dy be the average
of the observed positive jump factors up to t. For a more realistic hedge,
we allow d; and dsy to take new values when new information becomes avail-
able. A conservative choice would be to choose d; to be the largest observed
negative jump factor and dy to be the largest observed positive jump factor,
although we do not include the results of this implementation in this paper.
Finally, our choice of n = 2 requires two extra assets S1(t) and Sy(t), which
we choose to be call options on Bank of America with strike prices K; = $10
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and Ky = $11, respectively, and with expiry 15 March 2013.

To implement our hedge, we first require a formula for the call option price.

Theorem 4.1. Let t=T —t and 5\1, 5\2 be constants. Assume that
r(t)=r o(t)=o, S\(t) =A=N\+ X, Bo(t) = fo
are constants. For n = 2, define
D(n,a) =ad; + (n— a)ds.

Then the price at time t of a European call option on Sy(t) with strike price

K is
o 7 (AT N\
wso- SE{EL0(3) (3)”
[Solt) €PN 0T @ (57%) — K e @ (67 }

where ® is the cumulative standard normal distribution and

lns‘)() (7"—)\50 )T—l—D(n, a)
o\/T '

Proof. ~ Without loss of generality, we derive the formula for ¢ = 0. We
recall that we had the random variable D € {d;, d>} with

o __
51 =

Q(dy) = % and Q(dy) = ﬁ

Now let D,, be the value of D at the mth jump time. By (10) and Theorem
2.1, we have that

o2 N(T)

So(T) = Sp(0) exp (7’ — Ay — 7) T+ UW(T) Z D,,

m=1
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First,

Eq [1so(1)> k)]

Now define the event

E= {50(0) exp Kr - %2) T + o W(T) + D(n, )

- K},

and introduce the probability measure space @ such that

— —~

W(t) = W(t) — ot

is Brownian motion under @ By Theorem 2.3, this new measure induces the
Radon-Nikodym derivative given by

dA . 2
% = exp [aW(T) - %T} .
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Now we have that

Eg [exp [a W(T) — %ZT] : ]1E]

= Q(E)

~ | — lngo(o)_(T_S\BO_%2>T_D(777Q)
=Q | W(T) > >

o In 2755 — (7‘—5\50+%>T—D(77,a)
=Q | W(T) > -
=d (6.

So,

By the risk-neutral valuation principle, the European call option price is then
given by

c(0,50(0)) = e " Eq [(So(T) — K)7]
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= ¢ " Eq [(So(T) — K) Lisy(1)>k}]
= ¢ Eq [So(T) - Lisyry=xy] — Ke™" Eq [L{sy(m)>x1]

and the result follows. [ ]
Corollary 4.1. Under the same assumptions as Theorem 4.1, we have that

- Sl (Y ()

n=0 a=0

eD(?’],Oé)—S\B()T ) (51,11) }

Proof.  This follows from differentiating c¢(t, So(t)) in Theorem 4.1. |

Table A1 illustrates the application of the hedge portfolio result, Theorem
3.3, over the life (9am, 7 March 2013 — 3pm, 15 March 2013) of our target
option with strike price K = $12. We observe that on the first hour (9am, 7
March 2013), our hedge portfolio needs to hold 1.88 units of Bank of America
(BAC) shares, —2.23 units of S1(¢), 1.14 units of Sy(¢), and —$18.95 in our
money market account. Applying the hedge at each hour eventually leads to
a position, one hour before expiry, of 1 unit of stock, none of the extra assets,
and —$12.01 in cash. This provides a portfolio value of $0.63 at expiry time,
which we observe is the exact target option’s payoff given that the stock price
at expiry is $12.63.

We include the evolution of the hedge portfolio’s value at each time point.
The pre-adjust column shows the new portfolio value once the assets change
price, given the positions during the previous hour. The post-adjust column
shows the portfolio value after adjusting positions given the current hour’s
asset prices. The value in the post-adjust column should also just be equal
to the call option price at that time, whose formula is given by Theorem 4.1.

We also examine the hedging errors at each hour, which could be interpreted
as the profit/loss of the hedge portfolio relative to the current price of the
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target option. Each entry in the Error column is done by taking the differ-
ence of the corresponding pre-adjusted and post-adjusted portfolio values.
For a perfectly self-financing portfolio, the errors at each hour should be
zero. It turns out that the approximate complete market hedge is not, in
reality, perfectly self-financing, but we observe that in this case study, our
hedge generally gives a profit when the stock price goes up. This does com-
pensate for the losses of the call option writer due to rises in the stock’s value.

4.2 Minimal Variance Hedge

We now consider the minimal variance hedge studied in Cont et al. (2007),
whose results we state in the notation of Sections 2 and 3. Suppose V(¢)
is the value of the hedge portfolio at time ¢ where H;(t) is the number of
units of the ¢th asset held at this time. We recall our approximate market
whose dynamics under the risk-neutral measure Q were given by (10). We
also defined random variables

)/z(t) c {yi,l(t)a'”;yi,n(t)}; 1=0,1,...,n.

- bolt) Solt-) Yalt) Solt—)
b(t) = bilt) Si(t= and y(t) = Yit) i)
bn(t> Sn(t_) Yn<t) Sn(t_>
Also, define
H(t) = [Ho(t) Hi(t) o]’
S(t) = [So(t) Si(t) Su®)]"
VO(t) = cu(t, So(t—)) bo(t) So(t—)
Y(t) = clt, (14 Yo(t)) So(t—)) — c(t, So(t—)).

Theorem 4.2. Suppose the matrix
M(t) = b(t) -b(t) " + At EY [v(8) - ~()T]

23



is almost surely nonsingular for all t € [0,T]. Then under some general as-
sumptions (See Cont et al., 2007), the minimal variance hedge is the solution
to

inf Eg {C(T,S(T))— <V(0)+ /OTH(t)TdS(t)>F

(V(0), H(t))
which is given by
V(0) = Bole(T. S(1))]
A(t) = M() ™ (B0 b(1) + A EY () ()] )

where the expectation is taken using the probability structure of Y;(t) for
1=0,1,...,n under the risk-neutral measure Q.

Proof.  See Cont et al. (2007). |

Table A2 shows the construction of the minimal variance hedge applied to
our Bank of America (BAC) scenario. Compared to the approximate com-
plete market hedge, the minimal variance hedge mostly employs positions on
the extra assets, which are our call options with strike prices K; = $10 and
K5 = $11, and virtually no position in the underlying stock. As indicated by
the cash position column, the minimal variance hedge involves considerably
less cash to implement. We observe, however, that the minimal variance
hedge does not do that well in replicating our target option during the im-
mediate hours prior to expiry.

4.3 Delta Hedge

We also consider the performance of a traditional delta-hedge on the under-
lying stock only. Shreve (2004) suggests holding ¢, (t, So(t)) units of stock at
time ¢ in order to hedge our call option on average. This proposal is moti-
vated by the fact that the convexity of the call option value c(t, Sy(t)) allows
the hedge portfolio to outperform the option between jumps. At jump times,
however, the option outperforms the hedge portfolio.

24



Table A3 shows the implementation of the delta hedge in our Bank of Amer-
ica (BAC) scenario. Like the approximate complete market hedge, the delta
hedge indicates that as we get closer to maturity, we need to hold 1 unit of
the underlying asset. Replication of the target option’s payoff at maturity
is also accurate. We do observe, however, that very large changes in the
underlying stock price negatively affect the hedge portfolio’s performance.

4.4 Comparison

We summarize and compare some statistics from the three hedging strategies
considered in this case study. These are presented in Table 1. Taking the
sum of the values in the Error columns of each strategy yields the Sum of
Errors, which is interpreted as the net profit/loss from the implementation.
Although all three strategies are profitable, we find that for this scenario, an
approximate complete market hedge gives the most profit, followed by the
delta hedge, then the minimal variance hedge.

Table 1: Comparison of Approximate Complete Market Hedge (ACMH),
Minimal Variance Hedge (MVH), and Delta Hedge
| | ACMH | MVH | Delta Hedge |
Mean Error | 0.00620 | 0.00039 0.00203
Std Dev of Errors | 0.06012 | 0.04055 0.01079
Sum of Errors | 0.29748 | 0.01859 0.09749

We also study the self-financing property by taking the mean of the errors
for each strategy. A strategy that is self-financing on average would have a
mean error of zero. Hence, we conclude that in our case study, the minimal
variance hedge comes closest to being self-financing on average, followed by
the delta hedge.

Possibly the best balance between profitability, replication, and the self-

financing property is the delta hedge. For a moderate amount of net profit
($0.09749), the delta hedge is close to being self-financing with a mean er-
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ror of 0.00203 along with error values that vary the least with a standard
deviation of 0.01079.

5 Conclusion

This paper has extended the complete market approximation proposed by
Jensen (1999) to hedging a European option on a single asset. Aided by a
discrete approximation of the jump factors, introducing extra assets driven
by the same noise processes as the underlying allows the specification of a
unique risk-neutral measure which we can use to approximately price the
option. In addition, a classical replicating portfolio argument gives a for-
mula for the asset positions in our hedge portfolio. We then compare the
performance of our approximate complete market hedge to some existing
hedging strategies for jump-diffusion models, such as minimal variance and
delta hedging.

We have not examined risk-neutral measure calibration nor volatility smile
fitting in our work. Procedures for calibrating or fitting the local volatility
(See Andersen and Andreasen, 2000; He et al., 2006, for example) could pro-
duce an approximate market that is closer to the actual realizations of stock
and option prices, and hence could result in more accurate prices and hedges.
We also have not experimented on the impact of using more than two extra
assets, although Andersen and Andreasen (2000) and He et al. (2006) notice
improvements in hedging performance if more options are included in the
hedge portfolio.

The tractability of our approximate complete market permits its extension
to options on several assets, such as exchange or basket options. Although
this approach would require the use of considerably more extra single-asset
options to complete the market, discretizing the jumps could allow for rea-
sonable pricing and hedging of multi-asset options in jump-diffusion settings.

26



Appendix: Hedge Portfolio Implementations

Table Al: Approximate Complete Market Hedge

BAC Data Hedge Positions Portfolio Value Error

Stock | Calll | Call2 || Units | Units | Units Pre- Post-

So(t) | S1(t) | Sa2(t) || Stock | Calll | Call2 | Cash | Adjust | Adjust | Pre—Post
11.99 | 2.00 | 1.01 1.88 | -2.23 | 1.14 | -18.95 NA | 0.32312 NA
12.15 | 2.15 | 1.19 1.62 | -1.46 | 0.61 | -16.90 || 0.50180 | 0.37454 0.12725
12.19 | 2.18 | 1.20 1.64 | -1.44 | 0.60 | -17.15 || 0.39346 | 0.39246 0.00101
12.19 | 2.20 | 1.23 1.65 | -1.44 | 0.59 | -17.23 || 0.38335 | 0.39113 || -0.00778
12.21 | 2.18 | 1.23 1.69 | -1.50 | 0.61 | -17.75 || 0.45120 | 0.39158 0.05962
12.16 | 2.15 | 1.18 1.67 | -1.54 | 0.66 | -17.42 | 0.31974 | 0.36388 || -0.04414
12.19 | 2.19 | 1.22 1.69 | -1.52 | 0.63 | -17.68 || 0.38193 | 0.37989 0.00203
1244 | 241 | 1.44 1.50 | -0.91 | 0.31 | -16.40 || 0.60846 | 0.53598 0.07248
12.18 | 2.16 | 1.16 1.76 | -1.42 | 0.46 | -18.56 || 0.28563 | 0.36198 | -0.07635
12.07 | 2.08 | 1.13 1.74 | -1.54 | 0.51 | -18.03 || 0.26800 | 0.29932 | -0.03133
12.10 | 2.05 | 1.09 1.80 | -1.63 | 0.55 | -18.78 || 0.37717 | 0.30417 0.07300
12.07 | 2.05 | 1.09 1.79 | -1.64 | 0.56 | -18.55 || 0.25006 | 0.28864 | -0.03858
12.05 | 2.05 | 1.07 1.78 | -1.64 | 0.58 | -18.38 || 0.24164 | 0.27856 | -0.03692
12.09 | 2.11 | 1.11 1.69 | -1.51 | 0.57 | -17.59 || 0.27414 | 0.30120 || -0.02706
12.08 | 2.05 | 1.06 1.85 | -1.68 | 0.57 | -19.20 || 0.34657 | 0.28325 0.06331
12.17 | 2.14 | 1.20 1.91 | -1.65 | 0.54 | -19.99 || 0.37804 | 0.32948 0.04857
12.15 | 2.15 | 1.16 1.88 | -1.64 | 0.56 | -19.68 || 0.24387 | 0.31845 || -0.07458
12.11 | 2.07 | 1.12 1.95 | -1.77 | 0.58 | -20.27 || 0.36143 | 0.28512 0.07631
12.13 | 2.07 | 1.15 2.00 | -1.83 | 0.59 | -20.90 || 0.34153 | 0.28850 0.05303
12.14 | 2.14 | 1.15 1.96 | -1.68 | 0.54 | -20.54 || 0.18041 | 0.30023 || -0.11981
1217 | 2.17 | 1.17 1.99 | -1.67 | 0.53 | -20.88 || 0.31928 | 0.31450 0.00478
12.10 | 2.09 | 1.07 2.00 | -1.82 | 0.62 | -20.81 || 0.25606 | 0.27015 || -0.01409
12.15 | 2.13 | 1.15 2.06 | -1.83 | 0.60 | -21.53 || 0.34706 | 0.29241 0.05466
12.09 | 2.01 | 1.03 2.13 | -2.04 | 0.67 | -22.12 || 0.31219 | 0.24444 0.06775
12.00 | 1.99 | 1.00 2.04 | -2.09 | 0.77 | -20.85 || 0.07313 | 0.20358 || -0.13045
12.01 | 2.00 1.02 2.09 -2.14 0.77 | -21.41 || 0.22243 | 0.20406 0.01837
12.00 | 1.98 1.01 2.13 -2.23 0.80 | -21.78 || 0.21620 | 0.19235 0.02385
12.00 | 2.04 | 1.01 2.10 | -2.09 | 0.75 | -21.44 || 0.05430 | 0.19489 || -0.14058
12.04 | 2.03 | 1.03 2.23 | -2.24 | 0.79 | -22.89 || 0.32085 | 0.20537 0.11549
12.03 | 2.05 | 1.01 2.22 | -2.22 | 0.81 | -22.77 || 0.11809 | 0.19908 || -0.08099
12.06 | 2.03 | 1.02 2.35 | -2.38 | 0.84 | -24.19 || 0.32264 | 0.20470 0.11794
12.02 | 2.02 1.04 2.36 -2.47 0.88 | -24.16 || 0.15129 | 0.18013 -0.02884
12.07 | 2.07 | 1.07 245 | -2.45 | 0.85 | -25.15 || 0.20107 | 0.20221 || -0.00114
12.07 | 2.07 | 1.08 2.52 | -2.54 | 0.87 | -25.86 || 0.21074 | 0.19630 0.01445
12.05 | 2.03 | 1.04 2.60 | -2.72 | 0.95 | -26.63 || 0.21251 | 0.17797 0.03453
12.12 | 2.11 | 1.11 2.66 | -2.58 | 0.86 | -27.54 || 0.20926 | 0.21389 || -0.00463
12.17 | 2.16 | 1.14 2.68 | -2.46 | 0.80 | -27.92 || 0.23035 | 0.23812 || -0.00777

Continued on next page
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Table A1 — continued from previous page

BAC Data Hedge Positions Portfolio Value Error

Stock | Calll | Call2 || Units | Units | Units Pre- Post-
So(t) | S1(t) | Sa2(t) || Stock | Calll | Call2 | Cash | Adjust | Adjust | Pre—Post

12.14 | 214 | 1.14 2.80 | -2.66 | 0.86 | -29.04 || 0.22041 | 0.21562 0.00479
12.14 | 2.15 | 1.14 2.88 | -2.73 | 0.88 | -29.88 || 0.19462 | 0.21163 || -0.01701
12.15 | 2.15 | 1.14 297 | -2.81 | 0.89 | -30.91 || 0.23467 | 0.21029 0.02438
12.12 | 213 | 1.13 3.16 | -3.11 | 0.99 | -32.63 || 0.17430 | 0.18523 || -0.01093
12.16 | 2.16 | 1.15 3.18 | -2.97 | 091 | -33.04 || 0.23205 | 0.20442 0.02764
12,50 | 2.49 1.48 1.28 | -0.25 | 0.02 | -14.88 || 0.60477 | 0.50168 0.10310
12.49 | 249 | 1.48 1.23 | -0.20 | 0.01 | -14.39 || 0.48889 | 0.49109 || -0.00220
12.57 | 2.57 | 1.57 1.06 | -0.05 | 0.00 | -12.65 || 0.57419 | 0.57018 0.00402
12,51 | 2,52 | 1.50 1.07 | -0.05 | 0.00 | -12.72 | 0.50899 | 0.51015 | -0.00117
12,59 | 2.60 | 1.58 1.01 0.00 0.00 | -12.07 || 0.59544 | 0.59401 0.00144
12.57 | 2.56 1.56 1.00 0.00 0.00 | -12.01 || 0.57004 | 0.57000 0.00004
12.63 | 2.65 | 1.63 NA NA NA NA 0.62999 | 0.63000 || -0.00001

Table A2: Minimal Variance Hedge

BAC Data Hedge Positions Portfolio Value Error
Stock | Calll | Call2 || Units | Units | Units Pre- Post-
So(t) | Si(t) | Sa2(t) || Stock | Calll | Call2 | Cash || Adjust | Adjust || Pre-Post
11.99 | 2.00 | 1.01 0.00 1.34 | -1.00 | -1.37 NA | 0.32312 NA

12.15 | 2.15 | 1.19 0.00 1.32 | -0.83 | -1.52 || 0.34476 | 0.37454 || -0.02979
12.19 | 2.18 | 1.20 0.00 1.33 | -0.84 | -1.55 || 0.40586 | 0.39246 0.01340
12.19 | 2.20 | 1.23 0.00 1.34 | -0.84 | -1.57 || 0.39383 | 0.39113 0.00270
12.21 | 2.18 | 1.23 0.00 1.35 | -0.83 | -1.59 || 0.36449 | 0.39158 || -0.02709
12.16 | 2.15 | 1.18 0.00 1.35 | -0.87 | -1.57 || 0.39219 | 0.36388 0.02831
12,19 | 219 | 1.22 0.00 1.37 | -0.87 | -1.61 || 0.38322 | 0.37989 0.00333
12.44 | 241 1.44 0.01 1.60 | -0.96 | -2.04 || 0.49106 | 0.53598 | -0.04491
12.18 | 2.16 | 1.16 0.01 142 | -0.94 | -1.68 || 0.40316 | 0.36198 0.04118
12.07 | 2.08 | 1.13 0.01 1.38 | -0.93 | -1.58 || 0.27600 | 0.29932 || -0.02333
12.10 | 2.05 | 1.09 0.01 1.40 | -0.94 | -1.60 || 0.29527 | 0.30417 || -0.00889
12.07 | 2.05 | 1.09 0.01 1.40 | -0.96 | -1.59 || 0.30400 | 0.28864 0.01536
12.05 | 2.05 1.07 0.01 1.40 | -0.99 | -1.59 || 0.30770 | 0.27856 0.02914
12.09 | 2.11 1.11 0.01 1.42 | -1.00 | -1.66 || 0.32304 | 0.30120 0.02184
12.08 | 2.05 | 1.06 0.01 1.39 | -0.97 | -1.60 || 0.26575 | 0.28325 || -0.01751
12.17 | 2.14 | 1.20 0.01 1.53 | -1.00 | -1.81 || 0.27282 | 0.32948 || -0.05665
12.15 | 2.15 | 1.16 0.01 1.54 | -1.07 | -1.82 || 0.38474 | 0.31845 0.06629
12.11 | 2.07 | 1.12 0.01 1.51 | -1.04 | -1.75 || 0.23773 | 0.28512 || -0.04739
12.13 | 2.07 | 1.15 0.01 1.54 | -1.03 | -1.79 || 0.25413 | 0.28850 || -0.03437

Continued on next page
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Table A2 — continued from previous page

BAC Data Hedge Positions Portfolio Value Error

Stock | Calll | Call2 || Units | Units | Units Pre- Post-
So(t) | S1(t) | Sa2(t) || Stock | Calll | Call2 | Cash || Adjust | Adjust || Pre—Post

12.14 | 2.14 | 1.15 0.01 1.52 | -1.05 | -1.82 || 0.39627 | 0.30023 0.09604
12.17 | 217 | 1.17 0.01 1.54 | -1.05 | -1.87 || 0.32498 | 0.31450 0.01048
12.10 | 2.09 | 1.07 0.01 1.56 | -1.16 | -1.82 || 0.29624 | 0.27015 0.02609
12.15 | 213 | 1.15 0.01 1.64 | -1.16 | -1.95 || 0.24015 | 0.29241 || -0.05226
12.09 | 2.01 1.03 0.01 1.64 | -1.23 | -1.86 || 0.23397 | 0.24444 || -0.01047
12.00 | 1.99 1.00 0.01 1.62 | -1.30 | -1.79 || 0.24794 | 0.20358 0.04436
12.01 | 2.00 | 1.02 0.01 1.65 | -1.31 | -1.84 || 0.19382 | 0.20406 || -0.01024
12.00 | 1.98 | 1.01 0.01 1.66 | -1.32 | -1.83 || 0.18403 | 0.19235 || -0.00832
12.00 | 2.04 | 1.01 0.01 1.65 | -1.37 | -1.86 || 0.29173 | 0.19489 0.09684
12.04 | 2.03 | 1.03 0.01 1.70 | -1.35 | -1.93 || 0.15120 | 0.20537 || -0.05417
12.03 | 2.05 1.01 0.01 1.72 | -1.43 | -1.96 || 0.26641 | 0.19908 0.06733
12.06 | 2.03 | 1.02 0.01 1.76 | -1.41 | -2.01 || 0.15060 | 0.20470 || -0.05410
12.02 | 2.02 | 1.04 0.01 1.76 | -1.42 | -1.99 || 0.15876 | 0.18013 || -0.02137
12.07 | 2.07 | 1.07 0.01 1.82 | -1.44 | -2.12 || 0.22616 | 0.20221 0.02395
12.07 | 2.07 | 1.08 0.01 1.86 | -1.46 | -2.16 || 0.18781 | 0.19630 || -0.00849
12.05 | 2.03 | 1.04 0.01 1.87 | -1.51 | -2.14 || 0.18033 | 0.17797 0.00236
12.12 | 2.11 1.11 0.01 1.97 | -1.53 | -2.35 || 0.22241 | 0.21389 0.00852
12.17 | 2.16 | 1.14 0.01 2.02 | -1.53 | -2.46 || 0.26699 | 0.23812 0.02887
12.14 | 2.14 | 1.14 0.01 2.06 | -1.58 | -2.49 || 0.19761 | 0.21562 || -0.01801
12.14 | 2.15 | 1.14 0.01 2.12 | -1.65 | -2.57 || 0.23627 | 0.21163 0.02464
12.15 | 2.15 | 1.14 0.01 2.19 | -1.70 | -2.66 || 0.21170 | 0.21029 0.00141
12.12 | 2.13 1.13 0.01 2.26 | -1.80 | -2.71 || 0.18331 | 0.18523 || -0.00192
12.16 | 2.16 | 1.15 0.01 2.35 | -1.84 | -2.87 || 0.21747 | 0.20442 0.01305
12.50 | 249 | 1.48 0.01 1.81 | -1.01 | -2.61 || 0.37588 | 0.50168 || -0.12579
12.49 | 249 | 1.48 0.01 1.79 | -0.99 | -2.60 || 0.50160 | 0.49109 0.01051
12.57 | 2.57 | 1.57 0.01 1.62 | -0.81 | -2.41 || 0.54620 | 0.57018 | -0.02398
12.51 | 2.52 | 1.50 0.01 1.69 | -0.88 | -2.49 || 0.54545 | 0.51015 0.03529
12.59 | 2.60 | 1.58 0.01 1.58 | -0.78 | -2.36 || 0.57507 | 0.59401 || -0.01894
12.57 | 2.56 | 1.56 0.01 1.59 | -0.78 | -2.36 || 0.54615 | 0.57000 || -0.02385
12.63 | 2.65 | 1.63 NA NA NA NA || 0.65912 | 0.63000 0.02912
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Table A3: Delta Hedge

BAC Data Hedge Positions Portfolio Value Error
Stock | Calll | Call2 || Units | Units | Units Pre- Post-
So(t) | S1(t) | Sa2(t) || Stock | Calll | Call2 | Cash | Adjust | Adjust || Pre—Post
11.99 | 2.00 1.01 0.51 0.00 0.00 -5.74 NA | 0.32312 NA

12.15 | 2.15 | 1.19 0.59 0.00 | 0.00 | -6.83 || 0.40601 | 0.37454 0.03147
12.19 | 2.18 | 1.20 0.61 0.00 | 0.00 | -7.07 || 0.39529 | 0.39246 0.00283
12.19 | 2.20 | 1.23 0.61 0.00 | 0.00 | -7.08 || 0.39307 | 0.39113 0.00194
12.21 | 2.18 | 1.23 0.63 0.00 | 0.00 | -7.27 || 0.40278 | 0.39158 0.01120
12.16 | 2.15 | 1.18 0.60 0.00 | 0.00 | -6.91 || 0.35957 | 0.36388 || -0.00431
12.19 | 219 | 1.22 0.62 0.00 | 0.00 | -7.14 || 0.38302 | 0.37989 0.00313
12.44 | 241 | 1.44 0.76 0.00 | 0.00 | -8.88 || 0.53413 | 0.53598 || -0.00185
12.18 | 2.16 | 1.16 0.61 0.00 | 0.00 | -7.13 || 0.33912 | 0.36198 || -0.02286
12.07 | 2.08 | 1.13 0.55 0.00 | 0.00 | -6.34 || 0.29434 | 0.29932 || -0.00498
12.10 | 2.05 | 1.09 0.57 0.00 | 0.00 | -6.59 || 0.31582 | 0.30417 0.01165
12.07 | 2.05 | 1.09 0.55 0.00 | 0.00 | -6.36 || 0.28707 | 0.28864 || -0.00157
12.05 | 2.05 | 1.07 0.54 0.00 | 0.00 | -6.21 || 0.27762 | 0.27856 || -0.00094
12.09 | 2.11 | 1.11 0.56 0.00 | 0.00 | -6.51 || 0.30008 | 0.30120 || -0.00111
12.08 | 2.05 | 1.06 0.56 0.00 | 0.00 | -6.47 | 0.29557 | 0.28325 0.01231
12.17 | 2.14 | 1.20 0.62 0.00 | 0.00 | -7.22 || 0.33354 | 0.32948 0.00407
12.15 | 2.15 | 1.16 0.60 0.00 | 0.00 | -6.99 || 0.31398 | 0.31845 || -0.00447
12.11 | 2.07 | 1.12 0.58 0.00 | 0.00 | -6.77 || 0.29739 | 0.28512 0.01227
12.13 | 2.07 | 1.15 0.60 0.00 | 0.00 | -6.99 || 0.29678 | 0.28850 0.00828
12.14 | 2.14 | 1.15 0.60 0.00 | 0.00 | -7.03 || 0.29449 | 0.30023 || -0.00573
12.17 | 217 | 1.17 0.63 0.00 | 0.00 | -7.31 || 0.31835 | 0.31450 0.00385
12.10 | 2.09 | 1.07 0.58 0.00 | 0.00 | -6.72 || 0.27064 | 0.27015 0.00050
12.15 | 213 | 1.15 0.62 0.00 | 0.00 | -7.21 || 0.29902 | 0.29241 0.00661
12.09 | 2.01 | 1.03 0.57 0.00 | 0.00 | -6.69 || 0.25415 | 0.24444 0.00971
12.00 | 1.99 | 1.00 0.50 0.00 | 0.00 | -5.81 || 0.19280 | 0.20358 || -0.01077
12.01 | 2.00 | 1.02 0.51 0.00 | 0.00 | -5.93 | 0.20960 | 0.20406 0.00554
12.00 | 1.98 | 1.01 0.50 0.00 | 0.00 | -5.83 || 0.19844 | 0.19235 0.00609
12.00 | 2.04 | 1.01 0.50 0.00 | 0.00 | -5.80 || 0.19134 | 0.19489 || -0.00354
12.04 | 2.03 | 1.03 0.54 0.00 | 0.00 | -6.25 || 0.21637 | 0.20537 0.01101
12.03 | 2.05 | 1.01 0.53 0.00 | 0.00 | -6.12 || 0.19893 | 0.19908 || -0.00015
12.06 | 2.03 | 1.02 0.56 0.00 | 0.00 | -6.50 | 0.21589 | 0.20470 0.01119
12.02 | 2.02 | 1.04 0.52 0.00 | 0.00 | -6.07 || 0.18246 | 0.18013 0.00233
12.07 | 2.07 | 1.07 0.57 0.00 | 0.00 | -6.65 || 0.20611 | 0.20221 0.00390
12.07 | 2.07 | 1.08 0.57 0.00 | 0.00 | -6.69 | 0.20221 | 0.19630 0.00591
12.05 | 2.03 | 1.04 0.55 0.00 | 0.00 | -6.47 || 0.18489 | 0.17797 0.00692
12.12 | 211 | 1.11 0.63 0.00 | 0.00 | -7.41 || 0.21661 | 0.21389 0.00272
12.17 | 2.16 | 1.14 0.68 0.00 | 0.00 | -8.04 || 0.24218 | 0.23812 0.00406
12.14 | 214 | 1.14 0.66 0.00 | 0.00 | -7.82 || 0.22110 | 0.21562 0.00548
12.14 | 2.15 | 1.14 0.67 0.00 | 0.00 | -7.93 || 0.21695 | 0.21163 0.00531

Continued on next page
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Table A3 — continued from previous page

BAC Data Hedge Positions Portfolio Value Error

Stock | Calll | Call2 || Units | Units | Units Pre- Post-
So(t) | S1(t) | Sa2(t) || Stock | Calll | Call2 | Cash | Adjust | Adjust | Pre—Post

12.15 | 2.15 | 1.14 0.69 0.00 | 0.00 | -8.17 || 0.21699 | 0.21029 0.00671
12.12 | 213 | 1.13 0.66 0.00 | 0.00 | -7.87 || 0.19097 | 0.18523 0.00574
12.16 | 2.16 | 1.15 0.73 0.00 | 0.00 | -8.64 || 0.21048 | 0.20442 0.00607
12.50 | 249 | 148 0.98 0.00 | 0.00 | -11.78 || 0.45185 | 0.50168 || -0.04983
12.49 | 249 | 148 0.99 0.00 | 0.00 | -11.84 || 0.49185 | 0.49109 0.00076
12.57 | 2.57 | 1.57 1.00 0.00 | 0.00 | -11.97 || 0.57010 | 0.57018 || -0.00007
12,51 | 2.52 | 1.50 1.00 0.00 | 0.00 | -11.97 || 0.51032 | 0.51015 0.00016
12.59 | 2.60 | 1.58 1.00 0.00 | 0.00 | -12.00 || 0.59396 | 0.59401 || -0.00004
12.57 | 2.56 | 1.56 1.00 0.00 | 0.00 | -12.00 || 0.57001 | 0.57000 0.00001
12.63 | 2.65 | 1.63 NA NA NA NA 0.63000 | 0.63000 0.00000
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