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2 HE AND SHI
1. INTRODUCTION

Standard asset pricing models usually assume that ingestorectly perceive thebjective
probabilities of different states of nature underlyingei€ént market conditions. However, the
objective probabilities are likely to benknownto the investors ex-ante, and can only be es-
timated after observing a sufficient amount of data. Theegfthere is likely a disagreement
among the investors about the probabilities underlyind) state of nature, hence their optimal
portfolio/consumption policies may significantly diffeoi each other.

It has been argued that if investors’ expectationsaveragecoincide with the objective or
rational expectation, then the disagreement among ing@idgents has little or no effect on
equilibrium asset returns at the aggregate level; thisasatigregation argum@nﬂf the argu-
ment holds, then the effect of disagreement is canceledyaggregation and assets can be
priced in a framework with a representative agent who peectie objective probabilities (at
least when risk preferences are identical). However, ifapgregation does not hold, then one
should take the heterogeneity in beliefs into account inigogb tests of asset pricing modBaIs

The aggregation argument has been challenged recentlya &adFrench (2007) argue that
heterogeneity in beliefs cancels out in aggregation if amg b the mis-informed investors on
aggregate hold the market portfolio, so that the marketf@aytremains to be the tangency
portfolio. In a static model, Yan (2010) shows that investalisagreements about expected
returncancelout when they are on average unbiased, however, unbiasagresnents about
variance reduce the expected returns (under the objeatmpilities). This is due to the fact
that investors’ demand for a risky asset is linear in exmeoé¢urn but nonlinear in variance.
Duchin and Levy (2010) show that tiny fluctuations in the gre@ment about the variance lead
to substantial price fluctuations. In a dynamic equilibrisetting, expected stock return is re-
lated to the expected growth in dividends, if investors oaerage have unbiased expectations
about dividend growth, then they are also on average urdbeseut the expected return. Yan
(2010) shows in a two-period model that even when investgrses about the variance and
have heterogeneous but on average unbiased beliefs aleoexplcted dividend growth rate,
disagreements among agents do not cancel out over time. #tetfiat disagreement leads to
price overshootingandmean-reversiom stock returns. Intuitively, the stock price is a wealth-
share-weighted average of the stock prices that would prievaconomies in each of which
there is only one investor. If dividend growth is high (abdke true average), then the opti-
mistic investors would have larger wealth shares comparéldet pessimistic investors, hence
the stock would be overpriced compared to the market in wimegstors have homogeneous

1See Yan (2010) and Jouini and Napp (2011) for related liteesnd discussion.
2For example, Anderson, Ghysels and Juergens (2005) estarsatuctural model and show that analysts’ forecast
of earnings used as a proxy for investors’ beliefs can becngrfactor.
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unbiased beliefs. Similarly, when dividend growth is lovelgw the true average), the stock
price would overshoot in the opposite direction. When stogke is over(under)-priced, the
expected return of next period would be lower (higher) comagdo the market in which in-
vestors have homogeneous beliefs, which implies meantiegeof the expected returns. In
an infinite horizon continuous-time version of Yan’s modiuini and Napp (2011) assume
that all investors survive in the long, which requires thevant ofoptimismfor one investor to
exactly equal the amount pessimisnfior another investor. They find “waves of pessimism and
optimism that lead to countercyclical market prices of askl procyclical risk-free rates”.

Most of the dynamic disagreement models analyze an economich there is a single
risky asset, which is a claim to tteggregatedividend or the aggregate endowm@nﬂowever,
in reality, an investor's portfolio choice involves a rifilee asset andnultiple risky assets,
which are the claims tdifferentdividend processes. The question is how disagreementsaffec
stock return in multi-asset market differently compared single risky asset market. In a static
mean-variance framework, by assuming heterogeneity ieftabout the covariance matrix of
asset returns, He and Shi (2012) show that the effect of disatent on the risk-free rate and
market risk premium can be very different in a multi-riskssat market compared to a single-
risky-asset market.

In this paper, we consider a market with one risk-free agseéaultiple risky assets in con-
tinuous time. Investors agree about the expected growthafaihe aggregate endowment (as
in Yan (2010)) but disagree about the expected dividend groates of the risky assets. By
assuming a stationary econ(ﬂ‘nwe show that the fluctuations in the distribution of wealth o
consumption shares among investors depend on the distatweedn the subjective probability
measures among investors, which increases with the oviisaljreement in investors’ beliefs.
In a single risky asset market, although disagreement leatiime-variation in expected stock
returns and excess volatility caused by price overshoptimg effect isnegligibleif the dis-
persion in beliefs ismall which is likely to be the case given a long time-series ohdat
the aggregate stock returns. In comparison, when there altgpha stocks and dividend pro-
cesses, investors may have small disagreement about teetesdmlividend growth rate of each
stock, however, when the number of stocks is relativelyddgas in the real financial market),
the overall disagreements in investors beliefs could behnhigher compared to a market with
single risky asset. Consequently, we show that there camgh#isantly large time-variations
in expected stock returns and excess volatility even tholglamount of disagreement for each
stock is small. More importantly, we examine the impact cladireement on the dynamics of
m), the aggregate dividend is modeled separftaty the aggregate endowment, however, investors
are assumed to disagree about the expected growth rate ajginegate dividend only.

“An economy is stationary if all agents survive in the long,ahich require thelistancebetween the subjective
probability measure and the objective probability measuise equal, see Yan (2008).
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cross-sectional returns, including covariance of stotlrns (which cannot be examined in a
single risky asset market). We find that disagreement cahttea positive (negativegxcess
covariancewhen optimism/pessimism are positive (negatively) catesl between two stocks,
meaning that the investor who is relatively optimistic atitie dividend growth for one stock is
also relatively optimistic (pessimistic) about the dividegrowth for another stock. This finding
has strong implications for portfolio risk management. Wiravestors’ optimism/pessimism
are on average positively (negatively) correlated acrdafésrent stocks, the aggregate market
portfolio becomes more (less) risky. In addition, a higradieement can lead to low (high) ex-
pected return among otherwise similar assets when thévediabptimistic agents has a larger
(smaller) wealth share than the pessimistic agents. Funtre, when the number of risky
assets increases, the impact becomes more significant.

This paper is related to the literature of survival and stary economy. When agents are
not fully rational, it has been argued that irrational irtees would consistently lose money to
the rational investors and eventually be driven out of theketatherefore their beliefs have no
price impact in the long run and thus can be ignored. Thisasthcalled evolution argument or
the market selection hypothesis, first proposed by Friedii@®3). However, it has been shown
that market selection does not work in some cases. For exaBipime and Easley (2006) show
that market selection may not work in an incomplete markegt@nal investor may choose
to opt out of the market because he cannot arbitrage agaiastrational investors. Kogan,
Ross, Wang and Westerfield (2006) show that, without intdrate consumption, investors with
negligible wealth can have significant price impact. YarO@CGconsider a complete market and
show that incorrect beliefs are always disadvantageouarfanvestor’s survival, depending
on an investor’s survival index, which is defined by his Helgatience and risk aversion. An
investor with incorrect belief may survive because of ggepaitience or a lower risk aversion. In
this paper, we do not consider the survivability of investamd assume that all investors have the
same survival indices and survive in the long run. To focushenmpact of disagreement, we
assume a complete market and investors have the same rrsioavand patience, but different
beliefs about the expected dividend growth rates. Note hledefs can differ even though
investors have the same survival indices. This is also tipeoagh taken by Jouini and Napp
(2011).

This paper belongs to a growing literature on equilibriufiees of heterogeneous beliefs
started by Lintner (1969), Williams (1977) and Detemple &mharthy (1994). Recently, Li
(2007) analyzes the joint effect of heterogeneities indfgland patience parameters. Bhamra
and Uppal (2010) examines the joint pricing effect of hegerteity in beliefs and risk aver-
sions. Buraschi and Jiltsov (2006) model the open interegptions in an incomplete market
with heterogeneous beliefs. David (2008) tries to explaadverage level of equity premium
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with heterogeneous beliefs where there are recurrent jimtpe expected dividend and endow-
ment growth rates. Dumas, Kurshev and Uppal (2009) idettti#yoptimal portfolio strategy
in a market with investors who are driven by sentiment andges@xcess volatility in stock re-
turns. All of the above models are either static in natureyoiaghic but in a single-asset market.
Different from this literature, this paper examines theefffiof disagreement in a multi-asset dy-
namic equilibrium model. The framework used in this papd#ovtes the differences-in-opinion
approach, instead of asymmetric information appr%a‘c‘his paper is closely related to recent
literature on cross-sectional returns, see, for exammeaN (1985), Miller (1977), Bart and
Masse (1981); in particular, Diether, Malloy and Scherl@@02), Johnson (2004) and Ang,
Hodrick, Xing and Zhang (2006). In examining the cross4iseet returns, Diether et al. (2002)
provide empirical evidence that stocks with higher disjpers1 analysts earnings forecasts earn
lower future returns than otherwise similar stocks, inipatar for small cap stocks and stocks
that have performed poorly over the past year. Johnson j2fitets a simple explanation for
this phenomenon based on the interpretation of dispersan@oxy for un-priced informa-
tion risk arising when asset values are unobservable. Aat) €2006) examine the empirical
relation between cross-sectional volatility and expecttdrns and find that stocks with high
sensitivities to innovations in aggregate volatility hdaw average returns. This paper helps to
provide a theoretical understanding of these empiricalrigsl

This paper is organized as follows. With two heterogenegests, the model is presented
and equilibrium is obtained in Sectidnh 2; the cross-seeli@sset return dynamics are then
analyzed in Sectionl 3. Sectibh 4 extends the model to meltipterogeneous agents. Section
concludes. All proofs are provided in Appenfik A.

2. THE MODEL

We consider a continuous-time pure exchange economy wiinfamte time horizon and
two agents. indexed by= 1,2. The uncertainty is represented by a filtered probabiligcsp
(Q, F, F:, P) on which a multi-dimensional Wiener procés&) = (Zy(t), Z1(t), -+ , Zk(t))"
is defined. F; is the information generated by the Wiener proces&gs, and the correlation
matrix is denoted by = (p; 1) x+1)x(x+1). The rate of aggregate endowment follows

de(t) = e(t)[pedt + o.dZy(t)],

5The asymmetric information approach assumes that infoinvegtors receive private signals about future payoffs
of the asset and uninformed investors attempt to extracptivate information from the commonly observed
asset prices. Such models include Grossman and StigliB0j18lellwig (1980), Admati (1985), Wang (1993),
Watanabe (2008) and Biais, Bossaerts and Spatt (2010).
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wherep, ando, are constants. There akédividend stream®,(t),k = 1,2, --- , K, governed

by
de(t) = Dk (t) [/Lkadt + O'DJgde(t)],

whereup , andop j, are constants.

2.1. Beliefs. Agents receive the same informatid, but they agree to disagree about the ex-
pected dividend growth ra@sUnder the subjective probability measure of agetite dividend
processes follow

dDy(t) = Dp(t)[uydt + oprdZ (1)), k=1, K, =12,

where
@) _
d70(8) = dZ,u(t) — O,pdt and 0, = 2k IDE
0D,k

We treatP as theobjective probability measur& hend, , measures the amount of optimism in
agenti’'s subjective belief about the expected growth ratégft). To focus on the cross sec-
tional returns, we follow Yan (2010) and assume that agegrseaon the expected growth rate
of the aggregate endowment process, thétjs= 0 fori = 1,2. Letd; = (0;,0;1,- - ,0:x)".
By Girsanov’s theorem, agefis subjective probability measuf@ can be characterized by the

positive density process

. dP; o L r T _—1
M;(t) = P = exp{ 20i p 0t+6;p L), (2.1)
which is a martingale with respect to the objective meagusatisfying
=0, dZ(t).

2.2. Securities. There is a risk-free bond with pricg(t) following
dB(t) = r(t)B(t)dt,

wherer(t) is the risk-free interest rate. There dtet 1 risky assets indexed by=0,1,2,-- -,
K. Whenk = 0, the corresponding asset is a claim to the aggregate enduyared when
k # 0, the corresponding asset is a claim to t¥edividend process. The ex-dividend price for

6Following Merton (1980), high-frequency data allows agettt estimate volatilities to any desired precision.
However, the growth rate of a process is much harder to etggjreapecially for processes with large volatilities.
Accurate estimation of the growth rates requires a long-eres of data. This means that agents in the economy
may disagree about the growth rate of the dividend procaksegh they have the same information (observe the
same processes) given by the filtratibn
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asset: is denoted by5,(t) and the instantaneous return of agset defined as
dSy(t) + Dy(t)dt
Sk(t)
Let dR(t) = (dRo(t),dRy(t),--- ,dRk(t))" be the vector of instantaneous asset returns and

dZ(t) = (dZy(t),dZ;(t),- -+ ,dZk(t))T. Then the vector of instantaneous returns can be writ-
ten as

dRy(t)

dR(t) = p(t)dt + o (t)dZ(t),
wherep(t) = (uo(t), i (t) -+, ux(t)) ando(t) = (0;k(t))(x+1)x(x+1) are the vector of
expected returnand thevolatility matrix respectively. We assume that the volatility matrix is
invertible

2.3. Portfolio Optimization. To focus on the impact of disagreement, we assume that agents
have dogarithmicpreferences. Agentmaximizes his expected utility of life-time consumption
under his subjective probability measurg

ma§<E{/ Mi(t)e= In(e () dt |

c1 t

subjected to thelynamic budget constraint

dW;(t) = Wi(t) [r(t) + ()" (p(t) — r()1)]dt + (ei(t) — cilt))dt
+ W) [mi(t) o (£)dZ(1)], (2.2)
where is the subjective discount rate,(t) = (m;0(t), m1(t), -, m (1)), andm, 1 (¢) is
the proportion of agent's wealth invested in assét at timet. The market is dynamically

complete in the sense that any contingent claims on thesasaptbe replicated. This implies
the existence of a unique state price density (SPD) prageswith £(0) = 1 and

de(t) T
§(t) —r(t)dt — k(t)" dZ(t), (2.3)
where
k(1) = (ho(t), ki (t), - k()" = (a(t)p) ™" (u(t) — r()1) (2.4)

is the vector oimarket prices of riskThus, the dynamic budget constraint can be written as a
static one (see Cox and Huang (1989), Karatzas, Lehoczk$hreye (1987) and Cvitanic and

Zapatero (2004)),
E[/Ooof(t)ci(t)dt] < E{/OOO §(t)ei(t)dt}. (2.5)

We assume that each agent is endowed with half of the aggregdbwment, that is;(t) =
%e(t) fori = 1, 2. We first obtain the optimal consumptions and consumpti@neshof agents.
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Lemma 2.1. (Optimal Consumption) The optimal consumption of agengiven by

. . Mi(t)eiﬁt
Cﬂﬂ-——jyggy—a (2.6)

wheren, is agenti’s Lagrange multiplier and /n = $8E[ [;° £(t)e(t)dt], independent of. Let
A(t) and (1 — A(t)) be the consumption ratios of agentand?2 respectively. Then
ci(t) B M, (t)
cr(t) +co(t)  My(t) + My(t)
Lemmal2.1 shows that under a homogeneous logarithmic prefer agents’ optimal con-
sumptions only differ by their subjective belield;(¢). Furthermore, the consumption ratio

depends on the ratio of agents’ beliefs. This result is aest with Jouini and Napp (2007,
2011).

A(t) =

2.7)

2.4, Consensus Belief and Market Equilibrium. We now follow the approach in Jouini and
Napp (2007) to construct a consensus belief and to deterttnénmarket equilibrium. Firstly,
we present a modified version of the equilibrium definitioBasak (2005).

Definition 2.2. An equilibrium is a price systerf{.Si(¢)}, B(¢)) and consumption-portfolio
strategies ¢;(t), m;(t)) such that
(i) agents choose their optimal consumption-portfolio sgege given their perceived div-
idend processes;
(i) observed asset prices are consistent across agents, that is
Si(t) =E;; l/o e_B(S_t)%Dk(s) ds
forall k=0,1,2,---, K andi = 1,2; and
(i) goods and security markets clear,

Cl(t) + Cg(t) = €(t), Wl(t) + Wg(t) =0, and
Wl(t)ﬂ'l(t) + Wg(t)ﬂ'g(t) =0.

Secondly we follow Jouini and Napp (2007) to construct a easss consumer with loga-
rithmic preference and beliéf/ (¢) who is endowed with the total endowment in the economy.
The consensus belief in this case is given by

1
M(t) = 5 (Mi(t) + Ma(t)), (2.8)
which satisfies
dM(t)
M(t)

=0(t)" p 'dZ(t)  with  0(t) = A(1)0, + (1 — A(t))0s.
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Hered(t) measures the amount of optimism in the consensus beliet #imaxpected dividend
growth rates. The economy with a consensus consumer gesé¢nat same equilibrium prices
as the economy populated by agents with heterogeneoussbeliberefore, the SPD process
&(t) can be determined using the fact that the consensus consumsépptimally consume the
aggregate endowment and therefore

e Bt
(1) = % 2.9)

Thus, we can write the equilibrium price for aseds

Si(t) :Et{/ooo %Dk(s) ds} :Et{/ooo e_ﬂ(s_t)%—(é))%l?k(s) ds|. (2.10)

With the consensus belief, the characterizes of the macdkelilerium can be obtained.
Proposition 2.3. (Market Equilibrium) Denote
S; = 0?;)’10@-, €e=0,—0,, po=€p le>0, 1=1,2.

Then
(i) the market prices of risk are given by

K(t) = (Ko(t), k1(t), -, k()T = 0e(1,0,---,0)T + p~10(1). (2.11)
(ii) the equilibrium interest rate is a constant and given by
r =B+ — o (2.12)
(i) agentl’s share of aggregate consumption is given by
At) = [1 + eXp{ - %(32 — syt — eTplz(t)H _1, (2.13)
which follows

dA(t) = A(£)(1 — A(#)) K(l . A(t))@ + %(32 - sl))dt + eTple(t)} . (214)

2
(iv) the equilibrium price for asset is given by
Sk(t) = A(t)S1e(t) + (1 = A(t)) Sz, (2), (2.15)
where

Sik(t) =Ei,t[ /O N e—ms—w%m(s) ds} = Dé’;(kt)

is the equilibrium price of assét if the economy is populated by agerdlone, and
dik =T+ PokOD kTe — M%)k assuming thap%{k <1+ pokop o fori =1, 2.
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In Propositior 2.8, equation (ZJ11) shows that the impadtetérogeneity in beliefs on the
market prices of risk is positively related to the amount e§gimism in the consensus belief
augmented by the inverse of the correlation matrix of thédéd processes. Equation (2.12)
shows that the risk-free rate in the economy is constantiwisithe standard one under loga-
rithmic utility. This is due to that agents agree on the exp@@ggregate endowment growth.
As in Yan (2008) s; defines the survival index of agerfor i = 1, 2. Equation[(2.18) shows that
the long-run consumption shares of agents depend on tleeatiffes; — s;. Whens; —s; > 0,
agentl is in aggregate making a smaller error based onkikback-Leibler (KL) distan
between his subjective probability measeand the objective probability measuke thus
agentl survives and agerit vanishes in long run. Similarly, i§; — s; < 0, then agen®
survives and ageritvanishes. The market is stationary when both agents sumwivieh only
occurs whers, = s;. In this case, equation (2]13) shows thét) and1 — A(¢) are equal in
distribution, therefore thenconditional meanef consumption shares of two agents under their
objective probability measures are equi{)\ (¢)] = E[1 — A(¢)] = 1. This is also pointed outin
Jouini and Napp (2011). Note that [n (20.14), whgn= s; and\(t) = % the expected change
in agentl’s consumption share is zero. Moreover, the fluctuationoimsamption shares are
level dependent — fluctuations diminish wheft) approaches zero or one. It also depend on
the KL distance between agents’ subjective probabilitysnessy = Dy [P, P,]. More pre-
cisely,Var[d\(t)] = M(t)*(1 — A(t))?¢dt, hence the fluctuations in consumption shares are the
greatest when\(¢) = 1. The equilibrium price of assétis a consumption-share-weighted av-
erage of the prices that would prevail in economies in eaetho¢h there is only one agent, see
equation[(Z.15). In each economy with a single agent, thet &sevaluated under thgzividend
Discount Mode(DDM), where the expected returnis+ pop 0. and the expected dividend
growth rate isu%{k, and the price-dividend (PD) ratio is , = 1/, . In equilibrium, the PD
ratio of asset is given by

Pr(t) = At) o1 e + (1 — A(t)) P2,k (2.16)

Therefore, under heterogeneity in beliefs, PD ratios afenger constant but stochastic due to

the fluctuations in agents’ consumption shares, and tharitesteous return of asgetan be in

general decomposed into

_ doi(t) | dDi(t) | doi(t) dDk(1) 1
o(t)  Di(t) — ox(t) Di(t) — ox(t)

ARy (t) dt. (2.17)

The KL distance is a hon-symmetric measure of the differdratareen two probability distributions. If both
distributions are multivariate normal and have a commoradence matrix:, but different mean vectoys, and
L5, then the KL distance between the two distributions is givefig, — )7 X7 (g — ps).
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Moreover, since there is no disagreement about the expgotedh rate of the aggregate en-
dowment process, the instantaneous return of @ségdaim on the aggregate endowment) is
given by

dRo(t) = (r + o2)dt + 0.dZy(t). (2.18)
Note that if agents disagree about the expected aggregéweverent growth, then the expected
return and variance of asgeare no longer constant, and the risk-free rate would haeedst-
ing dynamics (see Xiong and Yan (2010) for a recent analygtssompact of disagreement on
the term structure of interest rates).

3. CROSSSECTION OFASSETRETURNS

Based on the market equilibrium results in the previousi@ectve examine the impact of
disagreement on the dynamics of cross sectional returrfgsrséction. First, from equation
(2.18), we can derive the instantaneous return of dssea closed form.

Corollary 3.1. (Instantaneous Return) The equilibrium return for agset given by

dey(t
R0 = 20 1 (4 porn = B0 + s Zi). (3.1)
k
Corollary[3.1 shows that the instantaneous return of dssipends on the growth in PD
ratio and the amount of optimism in the consensus belief. Mthere is no disagreement about
the expected dividend growth rate of assgthe PD ratio is a constant and the consensus belief
coincides with the objective belief, so thatt) = 0. Consequently the instantaneous return of

asset: under the objective beliefi;, is given by
de(t) = (7" + pokJ€UD7k)dt -+ O'kade(t). (32)

Therefore, the excess equilibrium return for agsender disagreement (from the return under

the objective belief) can be written d%,(t) — dR,(t) = dow(t)/dw(t) — op 0k (t)dt, which

increases when the market is pessimistic about the expdisieleénd growth rate of assét
Secondly, we can characterize the excess volatility duegaisagreement.

Corollary 3.2. (Excess Volatility) The variance of asget instantaneous return is given by
Var[dRy(t)] = 01237,9[1 + ye(t)]dt, (3.3)

where~,(t) represents the proportional excess variance of assetmetiwe to dispersion in
beliefs defined by
AOA=M) (3.4)

w(t) = &[GLAWNe +2G:AE)] 2 0 with GuAE) = == o )
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Corollary[3.2 implies that heterogeneity in beliefs leamlgxcess volatility in the instanta-
neous returns, that iar[dRy(t)] > o7, dt. Without disagreement about asét dividend,
er = 0, the variance of instantaneous return is a constant andseiguae variance of dividend
growth, that isVar[dRy(t)] = o7, ,dt. As pointed out in Yan (2010), the excess volatility is
caused by @ouble-kickeffect. When there is positive shock in dividend, that4g(¢) > 0, the
price of asset increases not only by the increase in dividendt), but also by the increase
in the PD ratio caused by the transfer of consumption shara the agent who is relatively
pessimistic about asskto the agent who is relatively optimistic. Equatién (3.49sf that the
excess volatility depends on the current distribution ef¢cbnsumption shares among agents.

FIGURE 3.1. The impact of unbiased disagreement on the levetxaess
volatility &, (t) of assetk in a stationary market with respect to the consump-
tion share\(t) of the agentl is and the number of the risky assdts Here

€ — 01,

In the case of multiple risky assets, we show that the levelxokss variance depends on
not only the dispersior? in beliefs about assét, but also depend on the overall dispersion
v = ep~Lein beliefs of all the assets, which leads to greater fluatmatin the distribution of
consumption shares. The overall dispersioim beliefs depends on theimber of risky assets
of which agents disagree about their expected dividend throates. To quantify the impact of
the number of assets on the excess volatility, we conductreenoal example. L&t

B=0.02, pe=0.02, o.=002, ppp=002 opr=015 pi,=00#k), (3.5)

wherek,j = 1,2,--- , K, and K is the total number of risky assets of which agents disagree
about their expected dividend growth raﬁeﬁ/.\/e assume thaverage squared disagreement

8The same set of parameter values apply to all the numeriefjsia unless specified otherwise.
9Note that asset is a claim to the aggregate endowment process which agems ajgout.
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among agents for each asset is given by

1 K
52;? & =0.01 for k=1,2,--- K,
k=1

which implies that on avera\g|¢tg?ﬁC - Mg?k = €opy = 0.015. Thus the overall effect of

dispersion in beliefs on the fluctuation in the distributminconsumption shares is given by
¢ = K. We defineexcess volatilityf asset: as

or(t) = opi[v/ (1 + (1)) — 1].

Suppose, = 0.1, that is agent is relatively more optimistic than ageftabout asset’s
dividend growth, Figl_3]1 shows that the excess volatilitydsset: increases with the number
of assetsk. In a market with a single risky asséi = 1, excess volatility can only reach a
maximum of1.99% p.a when\(¢) = 0.4. In comparison, whetik' = 100, the excess volatility
can reach a maximum dfl.08% p.a when\(t) = 0.4. Intuitively, even though agents may
have only limited amount of disagreement about the expeatitedend growth for each asset;
but when the number of assets is large, the overall effeasafydeement can lead to substantial
fluctuations in the distribution of consumption shares,chlthen causes excess volatility. Note
that the excess volatility, (t) = 0 when\(¢) approaches to either zero or one, because the fluc-
tuations in the consumption shares are close to zero, seti@q(2.14). Therefore, when the
market conditions arstronglyin favor of the agent who is relatively optimistic or pessstia
about asset, the level of excess volatility is relatively low. Howevdhe level of excess volatil-
ity peakswhen market conditions asightlyin favor of the agent who is relatively pessimistic
about asset as indicated by Fid. 3/1.

To examine thecross sectiorof excess volatilities when the level of disagreement diffe
between two assets, we assume that there is a greater @isegreamong agents about the
expected dividend growth for assethan for asset, more precisely,

& =e(1-A) and & =e(1+A), (3.6)

whereA > 0 measures the difference in the level of disagreement betasgetd and2. In
general, Fig[ 312 shows that there ip@sitiverelationship between the level of disagreement
and excess volatility, and the volatility is higher for titeck with higher disagreement (which
is stock 2). When optimism/pessimism are positively caiterl between assetand?2, that is

e; > 0 ande; > 0, Fig. [3.2 (a) shows that the difference in excess volatbgyween assets

1 and?2 is the highest af\(¢) = 0.4, which means that when market conditions are slightly
favoring agent who is relative pessimistic compared to agérdabout the dividend growth
of both assets. In comparison, when optimism/pessimisnrmegatively correlated between
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@e >0, e2>0 (b)e; >0, e <0

FIGURE 3.2. The difference imxcess volatilityr,(¢) — 7, (t) between assets
2 and1 in a stationary market with respect to the consumption shereof the
agentl and the difference in the level of disagreeméntHere the number of
assets( = 100.

the two assets, Fid. 3.2 (b) shows that the difference inssxwuelatility is the highest when
A(t) = 0.6, which means that when market conditions are slightly fiagpagentl who is
relatively optimistic about asséts dividend growth, and relative pessimistic about agset
dividend growth.

Next, we examine the impact on the excess covariance of amyisky assets about which
agents disagree.

Corollary 3.3. (Excess Covariance) The covariance between agsmtsl2 is given by
Cov[dR;(t), dR(t)] = op1opa[pi2 + 12(t)]dt,

where~, »(t) represents the excess covariance given by
N2(t) = ere2 [pGLA))G2(A()) + G1(A(1)) + G2(A(1))]-

Corollary[3.3 shows that the excess covariance dependseotothelation between agents’
optimism/pessimism about the two assets. When optimisseipsm are positively (negatively)
correlated between assédtand2, that ise;e; > (<)0, there is a positive (negative) excess co-
variance between the instantaneous returns, thabig[d R, (t), dRs(t)] > (<)p120p10p 2dt.
Intuitively, as already used to explain the excess varisapasitive shock in assés dividend
leads to a transfer of consumption shares from the agent svhelatively pessimistic about
assetl to the agent who is relatively optimistic, which then leadlsih increase in the PD ratio
of assetl. Now if the optimisim/pessimism is positively (negativetprrelated, the transfer of
consumption share also contributes to an increase (degriedake PD ratio of asgt Therefore,
although two assets may have independent dividend pradss&ever, with heterogeneity in
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beliefs, fluctuations in the distribution of consumptioms#s among agents can lead to corre-
lated returns of two assets. Note that, if agents have honsages beliefs about the expected
dividend growth rate for one asset, say for example, dsget= 0), then optimism/pessimism
is uncorrelated between assets and so the covariance Inetinegereturns is given by the co-
variance between their dividend processes. Hence the £xoeelation is generated by the
disagreements in both assets.

100

(a)€1>0, € >0 (b)61>0, €a < 0

FIGURE 3.3. The impact of disagreement on the levekgtess correlation
p12(t) between assetsand? in a stationary economy witef = €3 = € with
respect to the consumption shax&) of the agent who is relative optimistic
about asset and the total numbek’ of assets to which agents disagree.

We demonstrate the result numerically in Fig.]3.3, in whiah agsume the same level of
disagreement for both assets, more precisély: ¢2 = 2. We define the excess correlation
between the returns of assétand2 as

T1.2(1)
VI + 73 (0)(1 +72(8)
In Fig. [3.3 (a), we show that although the dividends betwessetsl and2 are uncorrelated,
whene; > 0, e > 0, the correlatiorp, »(¢) between the instantaneous returns of asseisd
2 is strictly positivefor all value of A(¢) € (0,1). In Fig. [3.3 (b), we show that when >
0, €2 <0, p12(2) is strictly negativefor A(t) € (0, 1). This demonstrates that there is a positive
(negative) excess covariance between the instantanetmusgavhen optimism/pessimsm are
positively (negatively) correlated between asdesasid2. Moreover, the absolute magnitude of
the correlation increases with the number of asets the market. In a market wittwo risky
assets, the absolute correlatign,(¢)| can reach a maximum 0223 (when\(t) = 0.5). In

pr2(t)
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comparison, in a market with® = 100 assets, the absolute correlation can reach a maximum
of 0.653 (whenA(t) = 0.5).

@e >0, e2>0 (b)e; >0, e <0

FIGURE 3.4. Theexcess correlatiotetween assetsand2, p; »(t), with re-
spect to the consumption shavg) of agentl and the difference in disagreement
level A. Here K = 100.

When the level of disagreement differs between assets, awe shFig.[3.4 that the absolute
magnitude of excess correlatia®ecreasesn the difference of disagreement level (measured
by A in equation[(3.6)). The intuition is that @sincreases, there is more disagreement about
asset’s dividend growth. However the beliefs about assstdividend growth are becoming
more homogeneous. Whex = 1, beliefs are homogeneous about ag&etlividend growth,
that ise; = 0, and according to Corollafy 3.3, in this case the excessrimnee between assets
is 112 = 0. When the dividend processes are uncorrelated, this mbarextess correlation
between assefs »(t) = 0.

Finally, we examine the impact of disagreement on the cresion of expected excess
returns.

Corollary 3.4. (Expected Excess Return) Assume= s,, then the expected excess return of
assetk is given by

Et[th - T’dt] = 0D,k [po,kae - (‘)k(t) + Eka(/\(t))[l/Q - )\(t)](p} dt.

In Corollary[3.4, the assumption ef = s, implies that both agents survive in the long-run
and thus heterogeneity in beliefs can persist. The resalwslthat when there is no disagree-
ment about asséts dividend growth rate, that is, = 0, the expected excess return is equal to
the covariance between the aggregate endowment proceassetds dividend process. How-
ever, with heterogeneity in beliefs, there is a negativeifpe) relation between dispersion in
beliefs and expected excess return whendhegively optimistic agentas a consumption share
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FIGURE 3.5. The impact of disagreement on the levebxbected excess return
ur(t) — r of asset: in a stationary market with respect to the consumption share
A(t) of the agent who is relative optimistic about agsend the total number of
assetdy to which agents disagree. Herie= 0.1.

less (greater) than a half. The level of the expected exetseris greater than the standard
one (o ko pkoe) Whene,Gr(A(1))(5 — A(t))¢ > 0i(t). When)(t) = 3, the expected excess
return is given by the standard one in a market with homogesbeliefs.

To quantify the effect of disagreement, in Hig.13.5, we assgm= 0.1, and|0; | = ¢, /2 for
1 = 1,2, so that when consumption shares are equal; agents on ayszecgive the objective
expected dividend growth for assetthat isd,(¢t) = 0 when\(t) = 1. Fig. [35 shows that
the absolute magnitude of the expected excess réttn) — | increases with the number of
assetsX. In a market with a single risky asset, the expected excéssre,(t) — r reaches a
maximum of0.75% p.a (when\(¢) = 0) and a minimum of-0.75% p.a (when\(¢) = 1). In
comparison, in a market with" = 100 risky assetsy(t) — r can reach a maximum 6£22%
p.a (when\(¢) = 0.2) and a minimum of-3.44% p.a (when\(¢) = 0.8). Intuitively, when the
dividend processes are uncorrelated, the expected exatess orequity premiums a product
of the MPR and stock volatility, that ig,(t) — r = ok (t)kk(t), Whereoy(t) = op i + ().
Therefore, the equity premium is large and positive whenMIRR and excess volatility are
both positive and reasonably large, which occurs when th&ehaonditions arenoderatelyin
favor of the agent who is pessimistic about agséis shown in Fig[_3]5), and the magnitude
increases with the total number of assets in the market. thatieequity premium does not
monotonicallydecrease with\(¢). This is because the stock volatility iscancavefunction of
A(t), although the MPR increases monotonically\&y decrease.

Next, we examine the relationship between the level of desgent and expected returns.
We consider two assets, same as in Figs 3.2 and 3.4, ageets hagher level of disagreement
about asse? than asset, and the difference in disagreement levels is measiefgig.[3.6 (a)
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05
A

@e >0, e2>0 (b)e; >0, e <0

FIGURE 3.6. The impact of difference in disagreement levk) On the differ-
ence inexpected returnbetween assetisand2, p; (t) — p2(t), wherei(t) is the
consumption share of agentAssume the number of asséts= 100.

shows that when optimism/pessimism are positively coredldetween the assets, asséas
a higher expected return than as&sb thatu, (t) > u2(t) whenA(t) > 0.5; and the difference
in expected returng, (t) — uo(t) increases with larger difference in disagreement levels
However, the opposite is true, thapis(t) < pq(t) whenA(t) > 0.5 andu, (t) —u2(t) decreases
in A. Intuitively, when\(¢) > 0.5, both assets are over-priced compared to the market under
homogeneous beliefs. However, asdé more over-price because of there is a greater level
of disagreement compared to as$etHence the expected future return of asset 2 is lower
than that of asset. Diether et al. (2002) find a negative relationship betweispatsion in
analysts’ forecasts and expected stock returns. If digpers analysts’ forecasts is a good
proxy for disagreemeu@,then our result is consistent with the finding in Diether e(2002)
when\(t) > 0.5, that is when the relatively optimistic agent has a largersconption/wealth
share than the pessimistic agent.

Note that since excess volatility is always increasing sadgreement level. In the case of
A(t) > 0.5, there is anegativerelationship between excess volatility and expected mstudow
we explain how is our result related to the empirical finding\ng et al. (2006). Suppose that
the average disagreement levglvhich is positively correlated with aggregate market tibitg
is time-varying intuitively, the expected return of assets with a reldyivegh disagreement
level are more sensitive to changes icompare to assets with a low disagreement levéind

1%930hnson (2004) suggests dispersion in analysts’ foregastieasure of uncertainty in signals about the firm’s
value. By separating the effect of uncertainty from thecftd disagreement, Doukas, Kim and Pantzalis (2006)
find a positive relationship between disagreement and ¢xgetock returns.

Uror example, when;, = 0, the expected return of asgets a constant and thus independent to the changes in
the average disagreement legel
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if A(t) > 0.5, which is case consistent with the finding of Diether et &0@2), high disagree-
ment assets which are more sensitive to changes in aggmegaket volatility is expected to
have lower future return compare to low disagreement as3étss, in this case, we are able
to reconcile the findings of Diether et al. (2002) and Ang et(2006). Furthermore, when
optimism/pessimism are positively correlated, there &halso be gositiveexcess correlation
between asset returns, which have not been tested emigirical

Alternatively, when optimism/pessimism are negativelyrelated between assets, that is
e1 > 0, e < 0, which is examined in Figl_3.6 (b). In this case, the diffesim expected
return i, (t) — uo(t) between assets and2 is positive when\(¢) < 0.5; that is when the
consumption share of the agent who is relatively optimigtessimistic) about the dividend
growth of assel (asset) is less than a half. Intuitively, in this case, since madatditions
are in favor of agen? who is pessimistic (optimistic) about assgasseR)’s dividend growth,
assefl is under-priced while assetis over-priced compared to the market under homogeneous
beliefs. Therefore the expected return is higher for as$iean for asse?2. However, Fig[ 3.6
(b) shows that the difference in expected return(g) — - (¢) is actuallydecreasingn A, which
howeverdoes nosupport the finding of Diether et al. (2002) that a greateglle¥disagreement
leads to a lower future return.

In summary, we have shown that the disagreement can havéicaghimpact on market
characteristics of cross sectional returns.

4. MULTIPLE AGENTS

In this section, we extend the analysis in the previous eestfor two agents to multi-
ple agents in the economy. We assume that therd agents in the economy indexed by
i =1,2,---, I with equal endowments, thatis(t) = e(t)/I fori = 1,2,--- 1. Agenti’'s
subjective probability measure is given by equationl(2Mlpreover, we assume that the KL
distances among agent’s subjective probability measuwtdlaobjective probability measure
are the same, that is = s for all 4, so that for anyi, h € I,

Mu(t) _ An(t)

M;(t) ()
wheree;,; = 6, — 6, measures the disagreement between agemaisd: about the expected
dividend growth rates and;(t) is the consumption share of agentlt can be shown that the
consensus belief with multiple agents is given by

= exp {ezip_1Z(t)},

— 0(t)"pdZ(t),

M(t) =Y M(t)My(t)  and
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whered(t) = >1_, \,(t)0, measures the amount optimismin the consensus belief. Note
that

&(t) =) M(t)en = 0(t) — 0 (4.1)

measures the disagreement in the expected dividend grawes between agefis subjective
belief and the consensus belief. Using the fact that

Ai(t) = % = L; %h((f))} T {gexp {e{iplz(t)H _1, (4.2)

we have the stochastic differential equation for the corngtion share\;(¢) of agent;,

d;(it)) - [%‘(” - 2 Ah@%} dt —&(t)" p (1), (4.3)

wherey;,; = €l.p~'€;,; measures the KL distance between the subjective prohatrigasures

of agentsh andi, and@;(t) = €(t)T p~'€;(t) measures the KL distance between agént
subjective probability measure with the consensus praibafieasure at time, which also de-
termines the amount of fluctuations in agéstonsumption share. Intuitively, agerg relative
changes in consumption shdtactuates more when his subjective belief deviates furfitoen

the consensus belief in the market. Furthermore, equati@) &lso shows that one can expect
a positive (negative) change in agéstconsumption share when (t) > (<) Zﬁzl An(t)Onis

that is when the distance between probability measuresasftagnd the consensus consumer
at timet is greater (less) thaa half of the average distance between the probability measures
of agenti with the rest the agents in the economy.

In the case of multiple agents, Equation {4.2) shows than éfvall agents survive in the
long run, their consumption shares may not be identicaliyridhuted. Therefore, in general the
unconditional means of their consumptions shares are eadme. They are only the same,
that isE[\;(t)] = 7 fori = 1,2,---, I wheny, is independent of, and, meaning that the
KL distances between agents’ subjective probability messsare all equal.

Similar, we can show that the equilibrium asset prices isrsemption-share-weighted av-
erage of the prices which would prevail in economies in edaebhich there is only one agent,

/\(;z(z)] Dy (t)

1

50 = 0D = | 3

=1

fork=1,---, K wherej,;, = r+ poocopi — M%)k > 0 andr = 8 + p. — o2 is the equilib-
rium interest rate (since agents agree on the expected lyrate of the aggregate endowment
process). Furthermore, we derive the equilibrium assetmen the following corollary.
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Corollary 4.1. (Instantaneous asset return) The equilibrium return faseds is given by

doy(t
dRy(t) = fk(i)) + (7 4 pok0eopi — opibk(t))dt + op rd Zy(t). (4.4)
k
The result in Corollary 411 is a general version of Coroll@r. The onlydifferenceis that
asset:'s PD ratio¢,(t) and the level of optimism in the consensus beligf) now depend on

the distribution of consumption shares amdnagents.

Corollary 4.2. (Expected excess return) Define for each assetonditional expectation oper-

ator By ,(X) = S0, w;x(t)z; of X = (x4, --- ,2;) based on the “price impact” of each agent
on asset,
o) = Puo 5 f AL, @5)
k(t) > h=1 An(t)/Onn

Then the expected excess instantaneous return of lassgtven by
Et [de(t) — Tdt] = (pokaeaD,k — O'ka(gk(t) —+ Em[u)\])dt, (46)

Where,u(;)(t) = [, [d\;(t)/\i(t)] is the expected instantaneous growth in agé&ntonsumption
share under the objective probability measure.

Corollary[4.2 shows that when there are multiple agentsénettonomy, the importance of
agenti’s subjective belief on assétis measured by hiprice impactw;(t) (which is strictly
positive and sum up to one across all agents). Equdiioh ¢h@ys that the expected excess
instantaneous return of asgeis positively related to thprice-impact-weighted average the
expected growth in agents’ consumption shares measuréj y,|. Note thatEy :[u,] = 0
when agents have homogeneous beliefs about Assexpected dividend growth rate. In this
case, the expected excess return is given by the standarghdes,o.. Agent:'s has a larger
price impact on assét if he is more optimistic about assktrelative to the other agents or he
has larger consumption share. Suppose agbkas a large consumption share, then according
to equation[(4.13), the expected growth of his consumpti@resis relatively small compared
to an agent with a small consumption share, which means ¢feattds belief is actually less
important in determinind, ;[1¢,]. Therefore, to obtain a higher level of expected excessiretu
for assett, there should be a negative correlation between agent€muevel of consumption
shares and their level of relative optimism of agseln other words, this is the case when the
agents who are relatively optimistic about agsetlividend growth have a smaller consumption
share than agents who are relatively pessimistic about Asse

Corollary 4.3. (Variance and Covariance)
(). The variance of assétis given by

VardRy(t)] = [0, + w(t)]dr, @.7)
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where the excess variance is given by
Ve(t) = By [€]" p ' Ey.[€] — 20p 1Ey[€] > 0.
(i). Consider assets and2, the covariance of their returns is given by
Cov[dRy(t),dRs(t)] = [p120p10Dp2 + Y1.2(t)]dL, (4.8)
where the excess covariance is given by
Y12(t) = E1s[€) p "By €] — opiEoy[e1] — 0p2Er e

In Corollary[4.3, equatiori(4.7) shows that the level of esceariance of asséts instan-
taneous return consists of two components. The first composehe variance of growth in
assetk’s PD ratio, that isV ar;[d¢y(t)/ox(t)] = Ex.[€]” p~ Ex.[€], which increases with the
price-impact-weighted disagreement between agentl the consensus consumer about the ex-
pected dividend growth of asset The second component is the covariance between the growth
in assetk’s PD ratio and its dividend process, thatG®uv,[dox(t)/or(t), dDy(t)/Di(t)] =
—op rEx €], which is positive (negative) if the price-impact-weigthtverage subjective be-
lief about assek’s dividend growth is relatively optimistic compared to tb@nsensus belief.
Intuitively, this is likely to be the case since agent who i&latively optimistic about assét
has a larger price-impact, which implies that the excesanee is positive.

Furthermore, equation (4.8) shows that the excess coeartagtween assetsand2 consists
of three components. The first component is the covarianwegea the growth in PD ratios of
the two assets; ov,[do: (t)/ 1 (L), dpa(t)/d2(t)] = Eq[€]” p~'Eq,[€], which is positive (nega-
tive) when agents’ price-impact-weighted optimism/pessim relative to the consensus belief
is positively (negatively) correlated between asseasd2. In other words, the growth in PD
ratios are positively (negative) correlated if subjecpvebability measures of agents who have
larger price impact on asseteviate more from that of the consensus consumer, and those s
agents who also have a larger (smaller) price impact on asSéie second and third compo-
nents are the covariance between the growth of PD ratio odsset and the growth of dividend
of the other agent. These two components are positive (reyétthe agents with large price
impact on one asset is relatively optimistic (pessimisimut the other asset compared to the
consensus belief.

5. CONCLUSION

In this paper, we analyze the impact of disagreement on @@sson of asset returns in a
market withmultiple dividend processes and risky assets. In general, the maitkemultiple
risky assets can be very different from a market with a simigky asset, although they share
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some common features. For example, in a market with a sirgke asset, the equity premium
is time-varying with the distribution of consumption sheaeenong agents and stock volatility is
stochastic and in excess of dividend volatility. Howeverimarket with multiple risky assets,
fluctuations in the distribution of consumption shares agryents increase proportionally with
the number of assets (to which agents disagree). As a regquity premium varies significantly
with the fluctuations in the distribution of consumption igsaeven when the disagreements
among agents are relatively small about each asset, whbeeaariation in the equity premium
isnegligiblein a market with a single risky asset. Moreover, the levekagss volatility in stock
return increases with the number of assets to which agesdagigie, and greatgkceedshe level

of excess volatility in a market with a single risky asset teaegligible when the disagreement
is relatively small. Lastly and most importantly, we modes impact of disagreement on the
covariancebetween the instantaneous returns of two different assaisitively, we find that
when optimism/pessimism are positively (negatively) elated between the two assets, there
IS a positive (negative) excess covariance between thtams When optimism/pessimism are
uncorrelated, the covariance is equal to the covariancedagt assets’ dividends. We show
a positive relation between the level of disagreement amgssxvolatility. We also provide
conditions for a negative relation between disagreemened knd the expected return among
similar stocks. The results obtained in this paper providexplanation to time variation of
cross sectional returns. They also provide some integestiplications to empirical literature
in cross-sectional returns.

APPENDIXA. PROOFS

A.1. Proof of Lemmal2.1. The agent’s first-order condition)/;(t) /c;(t) = nie P1£(t) leads
to equation[(2J6). Substituting(2.6) into the budget caist in equation[{2]5) obtains

Ly / PN, (1) dt] = - / e PEIM ()]t = ~E] / E(t)e(t)dt].
ni Jo i Jo 2 )y

SinceE[M;(t)] = M;(0) = 1, we obtain that- [~ e~dt = E[[]~ £(t)e(t)dt], which leads
to the explicit expression for the Lagrange multipligr The share of aggregate consumption
of agentl is then given by

)\(lf) _ 1 (t> _ 771M1 (t>
cr(t) +eo(t)  mMi(t) +naMa(t)
Note thaty, = 7, = 7. Hence we obtain equation (2.7). O

A.2. Proof of Proposition[2.3. To prove (i) and (ii), given that the state price density s
in equation[(2.9), we obtain

de(t

% = —[B+ pe — 02 — 0.0(t)|dt — [0.dZy(t) + O(t)" p~ dZ(1)].
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However, the SDE of the state price density process mustsasfy the form in equation
(2.3). Equating the diffusion coefficients leads the mapkites of risk in[(2.111), and equating
the drift coefficient leads to the equilibrium interest ratequation[(2,.12), given the assumption
thatd, o = 0 for all 7, which implies that),(¢) = 0.

To prove (iii), the aggregate consumption share of agem{2.13) is given by first re-writing
equation[(2.7) as

A(t) = (L + My(t) /My (1)~

and then substituting the expression for agents’ subjedisliefs in equation (2.1) into the
equation above. The SDE faKt) can be obtained by applying 1td’s lemma.

To prove (iv), the consensus belief [n_(2.8) satisfies

M(s)/M(t) = MNt)My(s) /My (t) + (1 — Mt))Ma(s) /My(t) for s > t.
Therefore, the equilibrium price of asgein (2.10) can be written as i (Z115), where

T[T e M) e Dils)
Lo = Ee U M,(2) e(s) Di(t)

= / exp{—(8 + pe — 02 + PokOeOD K — M%),k}(s — t)ds,
t

which givesd;, = r + poroeop i — Hip), asSUMINg thaky), < r + porTeop . O

A.3. Proof of Corollary B.Il The equilibrium return of assét is given by equation (2.17),
while the covariance between the PD ratio and dividend arengby

dor(t) dDg(t) _ Dk [L 1
()  Di(t) Ok(t) 01k Oap
From equation(2.14), we have
dNt)dZ,(t) = M) (1 — X(t)) el p  dZ(t)dZ(t) = A(t)(1 — A(t))exdt.
Furthermore, from the expression of the equilibrium PDoratiequation[(2.16), we can write
A1 = A1) = (01,5025 0k(t) — 014) (02,5 — 01 102,k Pk(1))

(09,1 — 1)

After simplifying and rearranging, we obtain
dow(t) dDy(t)
or(t)  Di(t)
Substituting this expression into equatidn (2.17), we iobtguation[(3.11). O

} AN(t)dZ(t) = (Z:(f) ;Dkgz’; AN()dZ(t).

= [r + pokoeop s + opk(t) — (pk + 1/ 0k (t))]dt.

A.4. Proof of Corollary B.2l Based on equation (3.1), we have the variance of the instanta
neous return of assétgiven by

VardRy(t)] = o3 dt + Var, [d(bk(t)} + 2Cov, {dm(t) ,opkdZ(t)]. (A.1)
’ or (1) or (1)
Following equation[(2.14) and the fact that
_ Ogp — 01y

IND) = 5= dAD),

d9lt) = 01 %02,k
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the variance of the PD ratio becomes

dm(t)} {A(t><1 - A@))F 2 o
Vv = |7 dt, A.2
o i) = seasmanty ) # obec (A2)
and the covariance between the PD ratio and asset’s dividehdn given by
de(t) _[AOA=AE)] 5
C’Ovt{ ) 70'D,k;de(t):| = {gbk(t) Sirtos op k€ dt. (A.3)

Substituting equation§ (A.2) and (A.3) info (A.1) leadshe volatility of assetk in (3.3) and
the excess volatility of assétin (3.4). O

A.5. Proof of Corollary B.4l The expected excess return of agsibm equation[(3]1) is given
by

Et [de(t) — ’I’dt] = P0,kOD,kO¢ + Et [d)\(t)] (1/5171g — 1/527]{)/(@9@) (A4)
Substitute the expression fia¢[d\(¢)] from equation[(2.14) intd (Al4) leads to result.(J

A.6. Proof of Corollary B.3l The covariance between the instantaneous returns of dsseds
2 can be written as

_ d(t) dos(t) d(t) dDs(t)
Covy[dRy(t),dRy(t)] = p120p10p2dt + Covt[ o) oald) } + Covt{ (1) Dalt) }
doo(t) le(t)}
+ Covt{ o) D) |’ (A.5)
Note that
[do (1) daﬁz(t)} _ { A (1= A1)? }
COUt_ o(t) " alt) | ¢1(t)P2()61,102,101,202,2 #oDATD seree0l,
[d(t) dDQ(t)} _ {A(t)(l —Mﬂ)}
COUt i ¢1(t) s Dz(t) = qﬁl(t)él’léz,l O'D71O'D72€1€2dt,
[deo(t) dDi(t)] _ [A()(A = A1)
and COUt _ ¢2(t) s Dl(t) :| = |: ¢2(t)5172(5272 :|O'D710'D72€1€2dt.
Substituting these expressions into equationl(A.5) leadse result. O
A.7. Proof of Corollary £.1l Since the PD ratio of assktfollows
Ldn()
dow(t) = 51 : (A.6)
i,k

=1

the covariance between ass&t PD ratio and its dividend process is given by
dex(t) dDy(t) _ ops [ L)

or(t) Di(t)  oul(t) (= din

which (using the definition in equation (4.1)) can be rewritas

dou(t)dDu(t) 1 [ =N o]
or(t) Di(t) — on(t) [2 Sk “D,k} (),

EM(t)} dt,
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Whereu%’f,l(t) = upx + oprbi(t). Therefore, the term

i D e )
[t ol £
o - Ai(t) @)
= {— opibi(t) + () [; " /‘Dk} + ¢ (t)}dt
Moreover,
1T D SN I T 1
Px(t) [121 b k] i or(t) S () /G " S Ai(t)/ 6

_ S NG T Ok N [Thes O
ZZ‘I=1 Ai(t) HfL;ﬁz Onk ZZ‘I=1 Ai(t) Hi;éz Onk
Using the fact thaf T, _, 6n.x = 321 Ai(t)d:4 [T Onk» We can obtain
! [Z M) o } L1 S MO + 0ia) T O
() [ 0in " T (D) 32t Mi(8) Tl O

=7+ PokOeOD, k,

i=1

Sinceu%),k + 0k =7+ poroeopy fori =1,2,--- 1. Therefore,
dey(t) dDy(t) 1
—_— —\|dt=| — 0, (t dt.
o(t) Det) PR T Gt [ = oDubilt) + (& puoeop.)]
Substitute the above expression into equafion {2.17) st result in[(44). O

A.8. Proof of Corollary .21 In the case of multiple agents, the expected excess retasset
k follows from equation[(3]1) that

I
Ai(t) {d)\i (1) }
Ei|dRy(t) — rdt| = poroproe — op ibi(t) + E , A.7
t[d Ry (t) | = PokOD.k D.kOk(t) ;5@]{%@) dbve (A.7)
which leads to the result given the definition)f, with probability weights defined in equation
4.5). O
A.9. Proof of Corollary £.3] The variance of the growth in asgés PD ratio is given by
V@Tt d¢k(t):| = Ekﬂg[é]TpilEk’t[é] 2 O, (A8)
L on(t)
and the covariance between the growth in assa®PD ratio and its dividend growth is given by
[doy(1) de(t)] _
Cov , = —op Ep¢|€x]. A.9

Substituting equation§(A.8) and (A.9) into equation (AeBds to equation (4.7).
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To show that the excess variance of agsginstantaneous return is non-negative, it is suf-
ficient to show from equatior (Al.9) tha, ;[e,] < 0. Using the definition of the expectation

operatorE,,; in (4.3),
I I
Eyi[éx] = Z Ai(t)0;1 — Zwi,k(t)ez’,k-
=1 =1

We define an expectation operafobased on the weightsl /7},,, across agents. Using the
fact thatE[ X Y] = E[X]E[Y] + Cov[X, Y], we obtain that
21‘1:1 wi7k(t)0i7k _ E[wk(t)ﬁk] _ E[Qk] + COU[wk(t),Qk] >1
S0 EX@O] B0+ Cov[A®), 0]
SinceE[wy(t)] = E[A(f)] = 1 by definition,Cov[A(t), 0;] < Cov|wg(t), 0] becausd /o, ;. is
positively related td, .
The covariance between returns of adsahd asse? is given by equatior (Al5). Using the

definition in (4.5), we have

[doy(t) dga(t)
L d1(t) T alt)
[doy(t) dDo(t)
| $1(t) " Daft)
[doo(t) dD(t) _

o B | Bl

which then lead to the result in equatidon (4.8). O

CO’Ut :| = ELt[é]TpilEQ,t[é]dt,

Cov, } = —op 2k ¢[é]dt,

Cov,




28 HE AND SHI

REFERENCES

Admati, A. (1985), ‘A noisy rational expectations equiliom for multi-asset security market&conometrica
53, 629-657.

Anderson, E., Ghysels, E. and Juergens, J. (2005), ‘Dodggteeous beliefs matter for asset pricing@yiew of
Financial Studied.8(3), 875-924.

Ang, A., Hodrick, R., Xing, Y. and Zhang, X. (2006), ‘The ceasection of volatility and expected returniurnal
of Finance61(1), 259-299.

Bart, J. and Masse, |. (1981), ‘Divergence of opinion anl'ridournal of Financial and Quantitative Analysis
16, 23-34.

Basak, S. (2005), ‘Asset pricing with heterogeneous t&li@burnal of Banking and Financ29, 2849-2881.

Bhamra, H. and Uppal, R. (2010), Asset prices with hetereifjgin preferences and beliefs. SSRN Working
Paper.

Biais, B., Bossaerts, P. and Spatt, C. (2010), ‘Equilibriasset pricing and portfolio choice under asymmetric
information’,Review of Financial Studie®3, 1503—1543.

Blume, L. and Easley, D. (2006), ‘If you are so smart, why drgau rich? belief selection in complete and
incomplete marketstconometric&’4, 929-966.

Buraschi, A. and Jiltsov, A. (2006), ‘Model uncertianty asgtion markets with heterogeneous beliefgurnal
of Finance61, 2814—-2897.

Cox, J. and Huang, C. F. (1989), ‘Optimal consumption antfplao policies when asset process follow a diffusion
process’Journal of Economic Theor9, 33-83.

Cvitanic, J. and Zapatero, F. (2004troduction to the Economics and Mathematics of FinanMalrkets The
MIT Press, Cambridge, Massachusetts.

David, A. (2008), ‘Heterogeneous beliefs, speculationl, e equity premium’Journal of Finances3, 41-83.

Detemple, J. and Murthy, S. (1994), ‘Intertemporal assetqy with heterogeneous beliefdournal of Economic
Theory62, 294-320.

Diether, K., Malloy, C. and Scherbina, A. (2002), ‘Diffeieas of opinion and cross section of stock returns’,
Journal of Finances7, 2113-2141.

Doukas, J., Kim, C. and Pantzalis, C. (2006), ‘Divergencapihion and equity returnsJournal of Financial and
Quantitative Analysig1, 573—-606.

Duchin, R. and Levy, M. (2010), ‘Disagreement, portfolidiogzation and excess volatilityJournal of Financial
and Quantitative Analysi45, 623—640.

Dumas, B., Kurshev, A. and Uppal, R. (2009), ‘Equilibriunribolio strategies in the presence of sentiment risk
and excess volatility’Journal of Finances4, 195-229.

Fama, E. and French, K. (2007), ‘Disagreement, tastes,ss@d prices’Journal of Financial Economic83, 667—
689.

Friedman, M. (1953)The case of flexible exchange ratesiv. Chicago Press. iBssays in Positive Economics

Grossman, S. and Stiglitz, J. (1980), ‘On the impossibiitynformationally efficient markets’American Eco-
nomic Review 0, 393-408.

He, X. and Shi, L. (2012), ‘Disagreement in a multi-assetkatyInternational Review of Finang¢éorthcoming.

Hellwig, M. (1980), ‘On the aggregation of information inropetitive markets’ Journal of Economic Theory

22, 477-498.
Johnson, T. (2004), ‘Forecast dispersion and the cros®reiftexpectated returnslpurnal of Finances9, 1957—
1978.

Jouini, E. and Napp, C. (2007), ‘Consensus consumer andéentporal asset pricing with heterogeneous beliefs’,
Review of Economic Studiéd, 1149-1174.

Jouini, E. and Napp, C. (2011), ‘Unbiased disagreement anfiral markets, waves of pessimism and the risk-
return trade-off’ Review of Financé5, 575-601.

Karatzas, I., Lehoczky, J. P. and Shreve, S. (1987), ‘Optpoafolio and consumption decisions for a small
investor on a finite horizon$IAM Journal of Control and Optimizatid?b, 1557—-1586.

Kogan, L., Ross, S., Wang, J. and Westerfield, M. (2006), ‘ptee impact and survival of irrational traders’,
Journal of Finances1, 195-229.



CROSS SECTIONAL RETURNS UNDER DISAGREEMENT 29

Li, T. (2007), ‘Heterogeneous beliefs, asset prices, addltiity in a pure exchange economylournal of Eco-
nomic Dynamics and Contr@l1, 1697-1727.

Lintner, J. (1969), ‘'The aggregation of investor’s divgtsggements and preferences in purely competitive security
markets’, Journal of Financial and Quantitative Analysis 347—-400.

Merton, R. (1980), ‘On estimating the expected return onnttagket: an exploratory investigationJpurnal of
Financial Economic$8, 323—-362.

Miller, E. (1977), ‘Risk, uncertainity, and divergence gdioion’, Journal of Finance32, 1151-1168.

Varian, H. (1985), ‘Divergence of opinion in complete maskeJournal of Financet0, 309-317.

Wang, J. (1993), ‘A model of intertemporal asset prices nadgmmetric information'Review of Economics and
Statistics60, 249-282.

Watanabe, M. (2008), ‘Price volatility and investor belwan an overlapping generations model with information
asymmetry’ Journal of Finances3, 229-272.

Williams, J. (1977), ‘Capital asset prices with heterogrrebeliefs’ Journal of Financial Economics, 219-239.

Xiong, W. and Yan, H. (2010), ‘Heterogeneous expectations laond markets’Review of Financial Studies
23,1433-1466.

Yan, H. (2008), ‘Natural selection in financial markets: Baevork?’, Management Sciené&al, 1935-1950.

Yan, H. (2010), ‘Is noise trading cancelled out by aggregeti, Management Scien&, 1047-1059.



