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shown that the effect of their trades does not cancel out in general and can lead to time variations

in market price of risk and volatility. In this paper, we follow the differences-in-opinionapproach

and show that the impact of unbiased disagreement on market equilibrium is much stronger in

a multi-asset market than in a single-asset market, in whichthe impact of small disagreement

may be negligible. More importantly, we show that differenttype of disagreement contribute

significantly to explain the cross-section of expected returns, volatility and covariance between

asset returns. In particular, disagreement can lead to excess volatility, a positive (negative) excess

covariance when optimism/pessimism are positively (negatively) correlated between assets and

the level of disagreement is negatively (positively) related to expected future returns when the

relatively optimistic agent has a larger (smaller) wealth share than the pessimistic agent.
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1. INTRODUCTION

Standard asset pricing models usually assume that investors correctly perceive theobjective

probabilities of different states of nature underlying different market conditions. However, the

objective probabilities are likely to beunknownto the investors ex-ante, and can only be es-

timated after observing a sufficient amount of data. Therefore, there is likely a disagreement

among the investors about the probabilities underlying each state of nature, hence their optimal

portfolio/consumption policies may significantly differ from each other.

It has been argued that if investors’ expectationson averagecoincide with the objective or

rational expectation, then the disagreement among individual agents has little or no effect on

equilibrium asset returns at the aggregate level; this is the aggregation argument1. If the argu-

ment holds, then the effect of disagreement is canceled out by aggregation and assets can be

priced in a framework with a representative agent who perceive the objective probabilities (at

least when risk preferences are identical). However, if theaggregation does not hold, then one

should take the heterogeneity in beliefs into account in empirical tests of asset pricing models2.

The aggregation argument has been challenged recently. Fama and French (2007) argue that

heterogeneity in beliefs cancels out in aggregation if and only if the mis-informed investors on

aggregate hold the market portfolio, so that the market portfolio remains to be the tangency

portfolio. In a static model, Yan (2010) shows that investors’ disagreements about expected

returncancelout when they are on average unbiased, however, unbiased disagreements about

variance reduce the expected returns (under the objective probabilities). This is due to the fact

that investors’ demand for a risky asset is linear in expected return but nonlinear in variance.

Duchin and Levy (2010) show that tiny fluctuations in the disagreement about the variance lead

to substantial price fluctuations. In a dynamic equilibriumsetting, expected stock return is re-

lated to the expected growth in dividends, if investors on average have unbiased expectations

about dividend growth, then they are also on average unbiased about the expected return. Yan

(2010) shows in a two-period model that even when investors agrees about the variance and

have heterogeneous but on average unbiased beliefs about the expected dividend growth rate,

disagreements among agents do not cancel out over time. He finds that disagreement leads to

priceovershootingandmean-reversionin stock returns. Intuitively, the stock price is a wealth-

share-weighted average of the stock prices that would prevail in economies in each of which

there is only one investor. If dividend growth is high (abovethe true average), then the opti-

mistic investors would have larger wealth shares compared to the pessimistic investors, hence

the stock would be overpriced compared to the market in whichinvestors have homogeneous

1See Yan (2010) and Jouini and Napp (2011) for related literature and discussion.
2For example, Anderson, Ghysels and Juergens (2005) estimate a structural model and show that analysts’ forecast
of earnings used as a proxy for investors’ beliefs can be a pricing factor.
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unbiased beliefs. Similarly, when dividend growth is low (below the true average), the stock

price would overshoot in the opposite direction. When stockprice is over(under)-priced, the

expected return of next period would be lower (higher) compared to the market in which in-

vestors have homogeneous beliefs, which implies mean-reverting of the expected returns. In

an infinite horizon continuous-time version of Yan’s model,Jouini and Napp (2011) assume

that all investors survive in the long, which requires the amount ofoptimismfor one investor to

exactly equal the amount ofpessimismfor another investor. They find “waves of pessimism and

optimism that lead to countercyclical market prices of riskand procyclical risk-free rates”.

Most of the dynamic disagreement models analyze an economy in which there is a single

risky asset, which is a claim to theaggregatedividend or the aggregate endowment.3 However,

in reality, an investor’s portfolio choice involves a risk-free asset andmultiple risky assets,

which are the claims todifferentdividend processes. The question is how disagreement affects

stock return in multi-asset market differently compared toa single risky asset market. In a static

mean-variance framework, by assuming heterogeneity in belief about the covariance matrix of

asset returns, He and Shi (2012) show that the effect of disagreement on the risk-free rate and

market risk premium can be very different in a multi-risky-asset market compared to a single-

risky-asset market.

In this paper, we consider a market with one risk-free asset and multiple risky assets in con-

tinuous time. Investors agree about the expected growth rate of the aggregate endowment (as

in Yan (2010)) but disagree about the expected dividend growth rates of the risky assets. By

assuming a stationary economy4, we show that the fluctuations in the distribution of wealth or

consumption shares among investors depend on the distance between the subjective probability

measures among investors, which increases with the overalldisagreement in investors’ beliefs.

In a single risky asset market, although disagreement leadsto time-variation in expected stock

returns and excess volatility caused by price overshooting, the effect isnegligible if the dis-

persion in beliefs issmall, which is likely to be the case given a long time-series of data on

the aggregate stock returns. In comparison, when there are multiple stocks and dividend pro-

cesses, investors may have small disagreement about the expected dividend growth rate of each

stock, however, when the number of stocks is relatively large (as in the real financial market),

the overall disagreements in investors beliefs could be much higher compared to a market with

single risky asset. Consequently, we show that there can be significantly large time-variations

in expected stock returns and excess volatility even thoughthe amount of disagreement for each

stock is small. More importantly, we examine the impact of disagreement on the dynamics of

3In Yan (2010), the aggregate dividend is modeled separatelyfrom the aggregate endowment, however, investors
are assumed to disagree about the expected growth rate of theaggregate dividend only.
4An economy is stationary if all agents survive in the long run, which require thedistancebetween the subjective
probability measure and the objective probability measureto be equal, see Yan (2008).
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cross-sectional returns, including covariance of stock returns (which cannot be examined in a

single risky asset market). We find that disagreement can lead to a positive (negative)excess

covariancewhen optimism/pessimism are positive (negatively) correlated between two stocks,

meaning that the investor who is relatively optimistic about the dividend growth for one stock is

also relatively optimistic (pessimistic) about the dividend growth for another stock. This finding

has strong implications for portfolio risk management. When investors’ optimism/pessimism

are on average positively (negatively) correlated across different stocks, the aggregate market

portfolio becomes more (less) risky. In addition, a high disagreement can lead to low (high) ex-

pected return among otherwise similar assets when the relatively optimistic agents has a larger

(smaller) wealth share than the pessimistic agents. Furthermore, when the number of risky

assets increases, the impact becomes more significant.

This paper is related to the literature of survival and stationary economy. When agents are

not fully rational, it has been argued that irrational investors would consistently lose money to

the rational investors and eventually be driven out of the market, therefore their beliefs have no

price impact in the long run and thus can be ignored. This is the so-called evolution argument or

the market selection hypothesis, first proposed by Friedman(1953). However, it has been shown

that market selection does not work in some cases. For example, Blume and Easley (2006) show

that market selection may not work in an incomplete market, arational investor may choose

to opt out of the market because he cannot arbitrage against the irrational investors. Kogan,

Ross, Wang and Westerfield (2006) show that, without intermediate consumption, investors with

negligible wealth can have significant price impact. Yan (2008) consider a complete market and

show that incorrect beliefs are always disadvantageous foran investor’s survival, depending

on an investor’s survival index, which is defined by his belief, patience and risk aversion. An

investor with incorrect belief may survive because of greater patience or a lower risk aversion. In

this paper, we do not consider the survivability of investors and assume that all investors have the

same survival indices and survive in the long run. To focus onthe impact of disagreement, we

assume a complete market and investors have the same risk aversion and patience, but different

beliefs about the expected dividend growth rates. Note thatbeliefs can differ even though

investors have the same survival indices. This is also the approach taken by Jouini and Napp

(2011).

This paper belongs to a growing literature on equilibrium effects of heterogeneous beliefs

started by Lintner (1969), Williams (1977) and Detemple andMurthy (1994). Recently, Li

(2007) analyzes the joint effect of heterogeneities in beliefs and patience parameters. Bhamra

and Uppal (2010) examines the joint pricing effect of heterogeneity in beliefs and risk aver-

sions. Buraschi and Jiltsov (2006) model the open interest in options in an incomplete market

with heterogeneous beliefs. David (2008) tries to explain the average level of equity premium



CROSS SECTIONAL RETURNS UNDER DISAGREEMENT 5

with heterogeneous beliefs where there are recurrent jumpsin the expected dividend and endow-

ment growth rates. Dumas, Kurshev and Uppal (2009) identifythe optimal portfolio strategy

in a market with investors who are driven by sentiment and causes excess volatility in stock re-

turns. All of the above models are either static in nature or dynamic but in a single-asset market.

Different from this literature, this paper examines the effect of disagreement in a multi-asset dy-

namic equilibrium model. The framework used in this paper follows the differences-in-opinion

approach, instead of asymmetric information approach5. This paper is closely related to recent

literature on cross-sectional returns, see, for example, Varian (1985), Miller (1977), Bart and

Masse (1981); in particular, Diether, Malloy and Scherbina(2002), Johnson (2004) and Ang,

Hodrick, Xing and Zhang (2006). In examining the cross-sectional returns, Diether et al. (2002)

provide empirical evidence that stocks with higher dispersion in analysts earnings forecasts earn

lower future returns than otherwise similar stocks, in particular for small cap stocks and stocks

that have performed poorly over the past year. Johnson (2004) offers a simple explanation for

this phenomenon based on the interpretation of dispersion as a proxy for un-priced informa-

tion risk arising when asset values are unobservable. Ang etal. (2006) examine the empirical

relation between cross-sectional volatility and expectedreturns and find that stocks with high

sensitivities to innovations in aggregate volatility havelow average returns. This paper helps to

provide a theoretical understanding of these empirical findings.

This paper is organized as follows. With two heterogeneous agents, the model is presented

and equilibrium is obtained in Section 2; the cross-sectional asset return dynamics are then

analyzed in Section 3. Section 4 extends the model to multiple heterogeneous agents. Section

5 concludes. All proofs are provided in Appendix A.

2. THE MODEL

We consider a continuous-time pure exchange economy with aninfinite time horizon and

two agents. indexed byi = 1, 2. The uncertainty is represented by a filtered probability space

(Ω,F ,Ft,P) on which a multi-dimensional Wiener processZ(t) ≡ (Z0(t), Z1(t), · · · , ZK(t))
T

is defined.Ft is the information generated by the Wiener processesZ(t), and the correlation

matrix is denoted byρ ≡ (ρj,k)(K+1)×(K+1). The rate of aggregate endowment follows

de(t) = e(t)[µedt+ σedZ0(t)],

5The asymmetric information approach assumes that informedinvestors receive private signals about future payoffs
of the asset and uninformed investors attempt to extract theprivate information from the commonly observed
asset prices. Such models include Grossman and Stiglitz (1980), Hellwig (1980), Admati (1985), Wang (1993),
Watanabe (2008) and Biais, Bossaerts and Spatt (2010).
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whereµe andσe are constants. There areK dividend streamsDk(t), k = 1, 2, · · · , K, governed

by

dDk(t) = Dk(t)[µD,kdt+ σD,kdZk(t)],

whereµD,k andσD,k are constants.

2.1. Beliefs. Agents receive the same informationFt, but they agree to disagree about the ex-

pected dividend growth rates6. Under the subjective probability measure of agenti, the dividend

processes follow

dDk(t) = Dk(t)[µ
(i)
D,kdt+ σD,kdZ

(i)
k (t)], k = 1, · · · , K, i = 1, 2,

where

dZ
(i)
k (t) ≡ dZk(t)− θi,kdt and θi,k ≡

µ
(i)
D,k − µD,k

σD,k

.

We treatP as theobjective probability measure. Thenθi,k measures the amount of optimism in

agenti’s subjective belief about the expected growth rate ofDk(t). To focus on the cross sec-

tional returns, we follow Yan (2010) and assume that agents agree on the expected growth rate

of the aggregate endowment process, that isθi,0 = 0 for i = 1, 2. Letθi ≡ (θi,0, θi,1, · · · , θi,K)
T .

By Girsanov’s theorem, agenti’s subjective probability measurePi can be characterized by the

positive density process

Mi(t) =
dPi

dP
= exp

{

−
1

2
θT
i ρ

−1θit+ θT
i ρ

−1
Z(t)

}

, (2.1)

which is a martingale with respect to the objective measureP satisfying

dMi(t)

Mi(t)
= θT

i ρ
−1dZ(t).

2.2. Securities. There is a risk-free bond with priceB(t) following

dB(t) = r(t)B(t)dt,

wherer(t) is the risk-free interest rate. There areK+1 risky assets indexed byk = 0, 1, 2, · · · ,

K. Whenk = 0, the corresponding asset is a claim to the aggregate endowment, and when

k 6= 0, the corresponding asset is a claim to thekth dividend process. The ex-dividend price for

6Following Merton (1980), high-frequency data allows agents to estimate volatilities to any desired precision.
However, the growth rate of a process is much harder to estimate, especially for processes with large volatilities.
Accurate estimation of the growth rates requires a long time-series of data. This means that agents in the economy
may disagree about the growth rate of the dividend processesthough they have the same information (observe the
same processes) given by the filtrationFt.
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assetk is denoted bySk(t) and the instantaneous return of assetk is defined as

dRk(t) ≡
dSk(t) +Dk(t)dt

Sk(t)
.

Let dR(t) ≡ (dR0(t), dR1(t), · · · , dRK(t))
T be the vector of instantaneous asset returns and

dZ(t) = (dZ0(t), dZ1(t), · · · , dZK(t))
T . Then the vector of instantaneous returns can be writ-

ten as

dR(t) = µ(t)dt + σ(t)dZ(t),

whereµ(t) ≡ (µ0(t), µ1(t) · · · , µK(t))
T andσ(t) ≡ (σj,k(t))(K+1)×(K+1) are the vector of

expected returnsand thevolatility matrix respectively. We assume that the volatility matrix is

invertible.

2.3. Portfolio Optimization. To focus on the impact of disagreement, we assume that agents

have alogarithmicpreferences. Agenti maximizes his expected utility of life-time consumption

under his subjective probability measurePi,

max
ci(t)

E

[
∫ ∞

0

Mi(t)e
−βt ln(ci(t))dt

]

,

subjected to thedynamic budget constraint,

dWi(t) = Wi(t)
[

r(t) + πi(t)
T (µ(t)− r(t)1)

]

dt+ (ei(t)− ci(t))dt

+Wi(t)
[

πi(t)
Tσ(t)dZ(t)

]

, (2.2)

whereβ is the subjective discount rate,πi(t) ≡ (πi,0(t), πi,1(t), · · · , πi,K(t))
T , andπi,k(t) is

the proportion of agenti’s wealth invested in assetk at time t. The market is dynamically

complete in the sense that any contingent claims on the assets can be replicated. This implies

the existence of a unique state price density (SPD) processξ(t) with ξ(0) = 1 and

dξ(t)

ξ(t)
= −r(t)dt− κ(t)TdZ(t), (2.3)

where

κ(t) ≡ (κ0(t), κ1(t), · · · , κK(t))
T = (σ(t)ρ)−1 (µ(t)− r(t)1) (2.4)

is the vector ofmarket prices of risk. Thus, the dynamic budget constraint can be written as a

static one (see Cox and Huang (1989), Karatzas, Lehoczky andShreve (1987) and Cvitanic and

Zapatero (2004)),

E

[
∫ ∞

0

ξ(t)ci(t)dt

]

≤ E

[
∫ ∞

0

ξ(t)ei(t)dt

]

. (2.5)

We assume that each agent is endowed with half of the aggregate endowment, that isei(t) =
1
2
e(t) for i = 1, 2. We first obtain the optimal consumptions and consumption shares of agents.
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Lemma 2.1. (Optimal Consumption) The optimal consumption of agenti is given by

ci(t) =
Mi(t)e

−βt

η ξ(t)
, (2.6)

whereη is agenti’s Lagrange multiplier and1/η = 1
2
βE

[ ∫∞

0
ξ(t)e(t)dt

]

, independent ofi. Let

λ(t) and(1− λ(t)) be the consumption ratios of agents1 and2 respectively. Then

λ(t) ≡
c1(t)

c1(t) + c2(t)
=

M1(t)

M1(t) +M2(t)
. (2.7)

Lemma 2.1 shows that under a homogeneous logarithmic preference, agents’ optimal con-

sumptions only differ by their subjective beliefsMi(t). Furthermore, the consumption ratio

depends on the ratio of agents’ beliefs. This result is consistent with Jouini and Napp (2007,

2011).

2.4. Consensus Belief and Market Equilibrium. We now follow the approach in Jouini and

Napp (2007) to construct a consensus belief and to determinethe market equilibrium. Firstly,

we present a modified version of the equilibrium definition inBasak (2005).

Definition 2.2. An equilibrium is a price system({Sk(t)}, B(t)) and consumption-portfolio

strategies (ci(t),πi(t)) such that

(i) agents choose their optimal consumption-portfolio strategies given their perceived div-

idend processes;

(ii) observed asset prices are consistent across agents, that is,

Sk(t) = Ei,t

[
∫ ∞

0

e−β(s−t) ci(t)

ci(s)
Dk(s) ds

]

for all k = 0, 1, 2, · · · , K andi = 1, 2; and

(iii) goods and security markets clear,

c1(t) + c2(t) = e(t), W1(t) +W2(t) = 0, and

W1(t)π1(t) +W2(t)π2(t) = 0.

Secondly we follow Jouini and Napp (2007) to construct a consensus consumer with loga-

rithmic preference and beliefM(t) who is endowed with the total endowment in the economy.

The consensus belief in this case is given by

M(t) =
1

2
(M1(t) +M2(t)), (2.8)

which satisfies

dM(t)

M(t)
= θ(t)Tρ−1dZ(t) with θ(t) = λ(t)θ1 + (1− λ(t))θ2.
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Hereθ(t) measures the amount of optimism in the consensus belief about the expected dividend

growth rates. The economy with a consensus consumer generates the same equilibrium prices

as the economy populated by agents with heterogeneous beliefs. Therefore, the SPD process

ξ(t) can be determined using the fact that the consensus consumermust optimally consume the

aggregate endowment and therefore

ξ(t) =
M(t)e−βt

e(t)
. (2.9)

Thus, we can write the equilibrium price for assetk as

Sk(t) = Et

[
∫ ∞

0

ξ(s)

ξ(t)
Dk(s) ds

]

= Et

[
∫ ∞

0

e−β(s−t)M(s)

M(t)

e(t)

e(s)
Dk(s) ds

]

. (2.10)

With the consensus belief, the characterizes of the market equilibrium can be obtained.

Proposition 2.3. (Market Equilibrium) Denote

si = θT
i ρ

−1θi, ǫ ≡ θ1 − θ2, ϕ ≡ ǫρ−1ǫ > 0, i = 1, 2.

Then

(i) the market prices of risk are given by

κ(t) = (κo(t), κ1(t), · · · , κK(t))
T = σe(1, 0, · · · , 0)

T + ρ−1θ(t). (2.11)

(ii) the equilibrium interest rate is a constant and given by

r = β + µe − σ2
e . (2.12)

(iii) agent1’s share of aggregate consumption is given by

λ(t) =

[

1 + exp

{

−
1

2
(s2 − s1)t− ǫTρ−1

Z(t)

}]−1

, (2.13)

which follows

dλ(t) = λ(t)(1− λ(t))

[((

1

2
− λ(t)

)

ϕ+
1

2
(s2 − s1)

)

dt+ ǫTρ−1dZ(t)

]

. (2.14)

(iv) the equilibrium price for assetk is given by

Sk(t) = λ(t)S1,k(t) + (1− λ(t))S2,k(t), (2.15)

where

Si,k(t) = Ei,t

[
∫ ∞

0

e−β(s−t) e(t)

e(s)
Dk(s) ds

]

=
Dk(t)

δi,k

is the equilibrium price of assetk if the economy is populated by agenti alone, and

δi,k = r + ρ0kσD,kσe − µ
(i)
D,k assuming thatµ(i)

D,k < r + ρ0kσD,kσe for i = 1, 2.
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In Proposition 2.3, equation (2.11) shows that the impact ofheterogeneity in beliefs on the

market prices of risk is positively related to the amount of pessimism in the consensus belief

augmented by the inverse of the correlation matrix of the dividend processes. Equation (2.12)

shows that the risk-free rate in the economy is constant, which is the standard one under loga-

rithmic utility. This is due to that agents agree on the expected aggregate endowment growth.

As in Yan (2008),si defines the survival index of agenti for i = 1, 2. Equation (2.13) shows that

the long-run consumption shares of agents depend on the differences2−s1. Whens2−s1 > 0,

agent1 is in aggregate making a smaller error based on theKullback-Leibler (KL) distance7

between his subjective probability measureP1 and the objective probability measureP, thus

agent1 survives and agent2 vanishes in long run. Similarly, ifs2 − s1 < 0, then agent2

survives and agent1 vanishes. The market is stationary when both agents survive, which only

occurs whens2 = s1. In this case, equation (2.13) shows thatλ(t) and1 − λ(t) are equal in

distribution, therefore theunconditional meansof consumption shares of two agents under their

objective probability measures are equal,E[λ(t)] = E[1−λ(t)] = 1
2
. This is also pointed out in

Jouini and Napp (2011). Note that in (2.14), whens2 = s1 andλ(t) = 1
2
, the expected change

in agent1’s consumption share is zero. Moreover, the fluctuations in consumption shares are

level dependent – fluctuations diminish whenλ(t) approaches zero or one. It also depend on

the KL distance between agents’ subjective probability measuresϕ = DKL[P1,P2]. More pre-

cisely,V art[dλ(t)] = λ(t)2(1−λ(t))2ϕdt, hence the fluctuations in consumption shares are the

greatest whenλ(t) = 1
2
. The equilibrium price of assetk is a consumption-share-weighted av-

erage of the prices that would prevail in economies in each ofwhich there is only one agent, see

equation (2.15). In each economy with a single agent, the asset is evaluated under theDividend

Discount Model(DDM), where the expected return isr + ρσD,kσe and the expected dividend

growth rate isµ(i)
D,k, and the price-dividend (PD) ratio isφi,k ≡ 1/δi,k. In equilibrium, the PD

ratio of assetk is given by

φk(t) = λ(t)φ1,k + (1− λ(t))φ2,k. (2.16)

Therefore, under heterogeneity in beliefs, PD ratios are nolonger constant but stochastic due to

the fluctuations in agents’ consumption shares, and the instantaneous return of assetk can be in

general decomposed into

dRk(t) =
dφk(t)

φk(t)
+

dDk(t)

Dk(t)
+

dφk(t)

φk(t)

dDk(t)

Dk(t)
+

1

φk(t)
dt. (2.17)

7The KL distance is a non-symmetric measure of the differencebetween two probability distributions. If both
distributions are multivariate normal and have a common covariance matrixΣ, but different mean vectorsµ

1
and

µ
2
, then the KL distance between the two distributions is givenby (µ

1
− µ

2
)TΣ−1(µ

1
− µ

2
).
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Moreover, since there is no disagreement about the expectedgrowth rate of the aggregate en-

dowment process, the instantaneous return of asset0 (claim on the aggregate endowment) is

given by

dR0(t) = (r + σ2
e)dt+ σedZ0(t). (2.18)

Note that if agents disagree about the expected aggregate endowment growth, then the expected

return and variance of asset0 are no longer constant, and the risk-free rate would have interest-

ing dynamics (see Xiong and Yan (2010) for a recent analysis of the impact of disagreement on

the term structure of interest rates).

3. CROSSSECTION OF ASSETRETURNS

Based on the market equilibrium results in the previous section, we examine the impact of

disagreement on the dynamics of cross sectional returns in this section. First, from equation

(2.15), we can derive the instantaneous return of assetk in a closed form.

Corollary 3.1. (Instantaneous Return) The equilibrium return for assetk is given by

dRk(t) =
dφk(t)

φk(t)
+ (r + ρ0kσeσD,k − σD,kθk(t))dt+ σD,kdZk(t). (3.1)

Corollary 3.1 shows that the instantaneous return of assetk depends on the growth in PD

ratio and the amount of optimism in the consensus belief. When there is no disagreement about

the expected dividend growth rate of assetk, the PD ratio is a constant and the consensus belief

coincides with the objective belief, so thatθk(t) = 0. Consequently the instantaneous return of

assetk under the objective belief,dR̂k, is given by

dR̂k(t) = (r + ρ0kσeσD,k)dt+ σD,kdZk(t). (3.2)

Therefore, the excess equilibrium return for assetk under disagreement (from the return under

the objective belief) can be written asdRk(t) − dR̂k(t) = dφk(t)/φk(t) − σD,kθk(t)dt, which

increases when the market is pessimistic about the expecteddividend growth rate of assetk.

Secondly, we can characterize the excess volatility due to the disagreement.

Corollary 3.2. (Excess Volatility) The variance of assetk’s instantaneous return is given by

V art[dRk(t)] = σ2
D,k[1 + γk(t)]dt, (3.3)

whereγk(t) represents the proportional excess variance of asset return due to dispersion in

beliefs defined by

γk(t) ≡ ǫ2k
[

G2
k(λ(t))ϕ+ 2Gk(λ(t))

]

≥ 0 with Gk(λ(t)) ≡
λ(t)(1− λ(t))

φk(t)δ
(1)
k δ

(2)
k

> 0. (3.4)
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Corollary 3.2 implies that heterogeneity in beliefs leads to excess volatility in the instanta-

neous returns, that isV art[dRk(t)] ≥ σ2
D,kdt. Without disagreement about assetk’s dividend,

ǫk = 0, the variance of instantaneous return is a constant and equals to the variance of dividend

growth, that isV art[dRk(t)] = σ2
D,kdt. As pointed out in Yan (2010), the excess volatility is

caused by adouble-kickeffect. When there is positive shock in dividend, that isdZk(t) > 0, the

price of assetk increases not only by the increase in dividendDk(t), but also by the increase

in the PD ratio caused by the transfer of consumption share from the agent who is relatively

pessimistic about assetk to the agent who is relatively optimistic. Equation (3.4) shows that the

excess volatility depends on the current distribution of the consumption shares among agents.

0.0
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FIGURE 3.1. The impact of unbiased disagreement on the level ofexcess
volatility σ̄k(t) of assetk in a stationary market with respect to the consump-
tion shareλ(t) of the agent1 is and the number of the risky assetsK. Here
ǫk = 0.1,

In the case of multiple risky assets, we show that the level ofexcess variance depends on

not only the dispersionǫ2k in beliefs about assetk, but also depend on the overall dispersion

ϕ = ǫρ−1ǫ in beliefs of all the assets, which leads to greater fluctuations in the distribution of

consumption shares. The overall dispersionϕ in beliefs depends on thenumber of risky assets

of which agents disagree about their expected dividend growth rates. To quantify the impact of

the number of assets on the excess volatility, we conduct a numerical example. Let8

β = 0.02, µe = 0.02, σe = 0.02, µD,k = 0.02, σD,k = 0.15, ρj,k = 0(j 6= k), (3.5)

wherek, j = 1, 2, · · · , K, andK is the total number of risky assets of which agents disagree

about their expected dividend growth rates.9 We assume theaverage squared disagreement

8The same set of parameter values apply to all the numerical analysis unless specified otherwise.
9Note that asset0 is a claim to the aggregate endowment process which agents agree about.
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among agents for each asset is given by

ǫ2 ≡
1

K

K
∑

k=1

ǫ2k = 0.01 for k = 1, 2, · · · , K,

which implies that on average|µ(1)
D,k − µ

(2)
D,k| = ǫσD,k = 0.015. Thus the overall effect of

dispersion in beliefs on the fluctuation in the distributionof consumption shares is given by

ϕ = Kǭ2. We defineexcess volatilityof assetk as

σ̄k(t) ≡ σD,k[
√

(1 + γk(t))− 1].

Supposeǫk = 0.1, that is agent1 is relatively more optimistic than agent2 about assetk’s

dividend growth, Fig. 3.1 shows that the excess volatility for assetk increases with the number

of assetsK. In a market with a single risky assetK = 1, excess volatility can only reach a

maximum of1.99% p.a whenλ(t) = 0.4. In comparison, whenK = 100, the excess volatility

can reach a maximum of11.08% p.a whenλ(t) = 0.4. Intuitively, even though agents may

have only limited amount of disagreement about the expecteddividend growth for each asset;

but when the number of assets is large, the overall effect of disagreement can lead to substantial

fluctuations in the distribution of consumption shares, which then causes excess volatility. Note

that the excess volatilitȳσk(t) = 0 whenλ(t) approaches to either zero or one, because the fluc-

tuations in the consumption shares are close to zero, see equation (2.14). Therefore, when the

market conditions arestronglyin favor of the agent who is relatively optimistic or pessimistic

about assetk, the level of excess volatility is relatively low. However,the level of excess volatil-

ity peakswhen market conditions areslightly in favor of the agent who is relatively pessimistic

about assetk as indicated by Fig. 3.1.

To examine thecross sectionof excess volatilities when the level of disagreement differs

between two assets, we assume that there is a greater disagreement among agents about the

expected dividend growth for asset2 than for asset1, more precisely,

ǫ21 = ǫ2(1−∆) and ǫ22 = ǫ2(1 + ∆), (3.6)

where∆ ≥ 0 measures the difference in the level of disagreement between assets1 and2. In

general, Fig. 3.2 shows that there is apositiverelationship between the level of disagreement

and excess volatility, and the volatility is higher for the stock with higher disagreement (which

is stock 2). When optimism/pessimism are positively correlated between assets1 and2, that is

ǫ1 > 0 andǫ2 > 0, Fig. 3.2 (a) shows that the difference in excess volatilitybetween assets

1 and2 is the highest atλ(t) = 0.4, which means that when market conditions are slightly

favoring agent2 who is relative pessimistic compared to agent1 about the dividend growth

of both assets. In comparison, when optimism/pessimism arenegatively correlated between
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(a) ǫ1 > 0, ǫ2 > 0 (b) ǫ1 > 0, ǫ2 < 0

FIGURE 3.2. The difference inexcess volatilitȳσ2(t) − σ̄1(t) between assets
2 and1 in a stationary market with respect to the consumption shareλ(t) of the
agent1 and the difference in the level of disagreement∆. Here the number of
assetsK = 100.

the two assets, Fig. 3.2 (b) shows that the difference in excess volatility is the highest when

λ(t) = 0.6, which means that when market conditions are slightly favoring agent1 who is

relatively optimistic about asset1’s dividend growth, and relative pessimistic about asset2’s

dividend growth.

Next, we examine the impact on the excess covariance of any two risky assets about which

agents disagree.

Corollary 3.3. (Excess Covariance) The covariance between assets1 and2 is given by

Covt[dR1(t), dR2(t)] = σD,1σD,2

[

ρ12 + γ1,2(t)
]

dt,

whereγ1,2(t) represents the excess covariance given by

γ1,2(t) = ǫ1ǫ2
[

ϕG1(λ(t))G2(λ(t)) +G1(λ(t)) +G2(λ(t))
]

.

Corollary 3.3 shows that the excess covariance depends on the correlation between agents’

optimism/pessimism about the two assets. When optimism/pessimsm are positively (negatively)

correlated between assets1 and2, that isǫ1ǫ2 > (<)0, there is a positive (negative) excess co-

variance between the instantaneous returns, that isCovt[dR1(t), dR2(t)] > (<)ρ12σD,1σD,2dt.

Intuitively, as already used to explain the excess variance, a positive shock in asset1’s dividend

leads to a transfer of consumption shares from the agent who is relatively pessimistic about

asset1 to the agent who is relatively optimistic, which then leads to an increase in the PD ratio

of asset1. Now if the optimisim/pessimism is positively (negatively) correlated, the transfer of

consumption share also contributes to an increase (decrease) in the PD ratio of asst2. Therefore,

although two assets may have independent dividend processes, however, with heterogeneity in
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beliefs, fluctuations in the distribution of consumption shares among agents can lead to corre-

lated returns of two assets. Note that, if agents have homogeneous beliefs about the expected

dividend growth rate for one asset, say for example, asset1 (ǫ1 = 0), then optimism/pessimism

is uncorrelated between assets and so the covariance between their returns is given by the co-

variance between their dividend processes. Hence the excess correlation is generated by the

disagreements in both assets.
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(a) ǫ1 > 0, ǫ2 > 0 (b) ǫ1 > 0, ǫ2 < 0

FIGURE 3.3. The impact of disagreement on the level ofexcess correlation
ρ̄1,2(t) between assets1 and2 in a stationary economy withǫ21 = ǫ22 = ǫ2 with
respect to the consumption shareλ(t) of the agent who is relative optimistic
about assetk and the total numberK of assets to which agents disagree.

We demonstrate the result numerically in Fig. 3.3, in which we assume the same level of

disagreement for both assets, more precisely,ǫ21 = ǫ22 = ǫ2. We define the excess correlation

between the returns of assets1 and2 as

ρ̄1,2(t) ≡
γ1,2(t)

√

(1 + γ1(t))(1 + γ2(t))
.

In Fig. 3.3 (a), we show that although the dividends between assets1 and2 are uncorrelated,

whenǫ1 > 0, ǫ2 > 0, the correlation̄ρ1,2(t) between the instantaneous returns of assets1 and

2 is strictly positivefor all value ofλ(t) ∈ (0, 1). In Fig. 3.3 (b), we show that whenǫ1 >

0, ǫ2 < 0, ρ̄1,2(t) is strictlynegativefor λ(t) ∈ (0, 1). This demonstrates that there is a positive

(negative) excess covariance between the instantaneous returns when optimism/pessimsm are

positively (negatively) correlated between assets1 and2. Moreover, the absolute magnitude of

the correlation increases with the number of assetsK in the market. In a market withtwo risky

assets, the absolute correlation|ρ̄1,2(t)| can reach a maximum of0.223 (whenλ(t) = 0.5). In
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comparison, in a market withK = 100 assets, the absolute correlation can reach a maximum

of 0.653 (whenλ(t) = 0.5).
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FIGURE 3.4. Theexcess correlationbetween assets1 and2, ρ̄1,2(t), with re-
spect to the consumption shareλ(t) of agent1 and the difference in disagreement
level∆. HereK = 100.

When the level of disagreement differs between assets, we show in Fig. 3.4 that the absolute

magnitude of excess correlationdecreasesin the difference of disagreement level (measured

by ∆ in equation (3.6)). The intuition is that as∆ increases, there is more disagreement about

asset2’s dividend growth. However the beliefs about asset1’s dividend growth are becoming

more homogeneous. When∆ = 1, beliefs are homogeneous about asset1’s dividend growth,

that isǫ1 = 0, and according to Corollary 3.3, in this case the excess covariance between assets

is γ1,2 = 0. When the dividend processes are uncorrelated, this means the excess correlation

between assets̄ρ1,2(t) = 0.

Finally, we examine the impact of disagreement on the cross section of expected excess

returns.

Corollary 3.4. (Expected Excess Return) Assumes1 = s2, then the expected excess return of

assetk is given by

Et[dRt − rdt] = σD,k

[

ρ0,kσe − θk(t) + ǫkGk(λ(t))[1/2− λ(t)]ϕ
]

dt.

In Corollary 3.4, the assumption ofs1 = s2 implies that both agents survive in the long-run

and thus heterogeneity in beliefs can persist. The result shows that when there is no disagree-

ment about assetk’s dividend growth rate, that isǫk = 0, the expected excess return is equal to

the covariance between the aggregate endowment process andassetk’s dividend process. How-

ever, with heterogeneity in beliefs, there is a negative (positive) relation between dispersion in

beliefs and expected excess return when therelatively optimistic agenthas a consumption share



CROSS SECTIONAL RETURNS UNDER DISAGREEMENT 17

0.0

0.5

1.0
ΛHtL

0

50

100

K

-0.02

0.00

0.02

0.04

FIGURE 3.5. The impact of disagreement on the level ofexpected excess return
µk(t)− r of assetk in a stationary market with respect to the consumption share
λ(t) of the agent who is relative optimistic about assetk and the total number of
assetsK to which agents disagree. Hereǫk = 0.1.

less (greater) than a half. The level of the expected excess return is greater than the standard

one (ρ0,kσD,kσe) whenǫkGk(λ(t))(
1
2
− λ(t))ϕ > θk(t). Whenλ(t) = 1

2
, the expected excess

return is given by the standard one in a market with homogeneous beliefs.

To quantify the effect of disagreement, in Fig. 3.5, we assumeǫk = 0.1, and|θi,k| = ǫk/2 for

i = 1, 2, so that when consumption shares are equal; agents on average perceive the objective

expected dividend growth for assetk, that isθk(t) = 0 whenλ(t) = 1
2
. Fig. 3.5 shows that

the absolute magnitude of the expected excess return|µk(t) − r| increases with the number of

assetsK. In a market with a single risky asset, the expected excess returnµk(t) − r reaches a

maximum of0.75% p.a (whenλ(t) = 0) and a minimum of−0.75% p.a (whenλ(t) = 1). In

comparison, in a market withK = 100 risky assets,µk(t)− r can reach a maximum of5.22%

p.a (whenλ(t) = 0.2) and a minimum of−3.44% p.a (whenλ(t) = 0.8). Intuitively, when the

dividend processes are uncorrelated, the expected excess return orequity premiumis a product

of the MPR and stock volatility, that isµk(t) − r = σk(t)κk(t), whereσk(t) = σD,k + σ̄k(t).

Therefore, the equity premium is large and positive when theMPR and excess volatility are

both positive and reasonably large, which occurs when the market conditions aremoderatelyin

favor of the agent who is pessimistic about assetk (as shown in Fig. 3.5), and the magnitude

increases with the total number of assets in the market. Notethat equity premium does not

monotonicallydecrease withλ(t). This is because the stock volatility is aconcavefunction of

λ(t), although the MPR increases monotonically asλ(t) decrease.

Next, we examine the relationship between the level of disagreement and expected returns.

We consider two assets, same as in Figs 3.2 and 3.4, agents have a higher level of disagreement

about asset2 than asset1, and the difference in disagreement levels is measured∆. Fig. 3.6 (a)
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FIGURE 3.6. The impact of difference in disagreement level (∆) on the differ-
ence inexpected returnsbetween assets1 and2, µ1(t)−µ2(t), whereλ(t) is the
consumption share of agent1. Assume the number of assetsK = 100.

shows that when optimism/pessimism are positively correlated between the assets, asset1 has

a higher expected return than asset2 so thatµ1(t) > µ2(t) whenλ(t) > 0.5; and the difference

in expected returnsµ1(t) − µ2(t) increases with larger difference in disagreement levels∆.

However, the opposite is true, that isµ1(t) < µ2(t) whenλ(t) > 0.5 andµ1(t)−µ2(t) decreases

in ∆. Intuitively, whenλ(t) > 0.5, both assets are over-priced compared to the market under

homogeneous beliefs. However, asset2 is more over-price because of there is a greater level

of disagreement compared to asset1. Hence the expected future return of asset 2 is lower

than that of asset1. Diether et al. (2002) find a negative relationship between dispersion in

analysts’ forecasts and expected stock returns. If dispersion in analysts’ forecasts is a good

proxy for disagreement,10 then our result is consistent with the finding in Diether et al. (2002)

whenλ(t) > 0.5, that is when the relatively optimistic agent has a larger consumption/wealth

share than the pessimistic agent.

Note that since excess volatility is always increasing in disagreement level. In the case of

λ(t) > 0.5, there is anegativerelationship between excess volatility and expected returns. Now

we explain how is our result related to the empirical finding in Ang et al. (2006). Suppose that

the average disagreement levelǭ, which is positively correlated with aggregate market volatility

is time-varying, intuitively, the expected return of assets with a relatively high disagreement

level are more sensitive to changes inǭ compare to assets with a low disagreement level.11 And

10Johnson (2004) suggests dispersion in analysts’ forecast is a measure of uncertainty in signals about the firm’s
value. By separating the effect of uncertainty from the effect of disagreement, Doukas, Kim and Pantzalis (2006)
find a positive relationship between disagreement and expected stock returns.
11For example, whenǫk = 0, the expected return of assetk is a constant and thus independent to the changes in
the average disagreement levelǭ.
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if λ(t) > 0.5, which is case consistent with the finding of Diether et al. (2002), high disagree-

ment assets which are more sensitive to changes in aggregatemarket volatility is expected to

have lower future return compare to low disagreement assets. Thus, in this case, we are able

to reconcile the findings of Diether et al. (2002) and Ang et al. (2006). Furthermore, when

optimism/pessimism are positively correlated, there should also be apositiveexcess correlation

between asset returns, which have not been tested empirically.

Alternatively, when optimism/pessimism are negatively correlated between assets, that is

ǫ1 > 0, ǫ2 < 0, which is examined in Fig. 3.6 (b). In this case, the difference in expected

returnµ1(t) − µ2(t) between assets1 and 2 is positive whenλ(t) < 0.5; that is when the

consumption share of the agent who is relatively optimistic(pessimistic) about the dividend

growth of asset1 (asset2) is less than a half. Intuitively, in this case, since marketconditions

are in favor of agent2 who is pessimistic (optimistic) about asset1 (asset2)’s dividend growth,

asset1 is under-priced while asset2 is over-priced compared to the market under homogeneous

beliefs. Therefore the expected return is higher for asset1 than for asset2. However, Fig. 3.6

(b) shows that the difference in expected returnsµ1(t)−µ2(t) is actuallydecreasingin ∆, which

howeverdoes notsupport the finding of Diether et al. (2002) that a greater level of disagreement

leads to a lower future return.

In summary, we have shown that the disagreement can have significant impact on market

characteristics of cross sectional returns.

4. MULTIPLE AGENTS

In this section, we extend the analysis in the previous sections for two agents to multi-

ple agents in the economy. We assume that there areI agents in the economy indexed by

i = 1, 2, · · · , I with equal endowments, that isei(t) = e(t)/I for i = 1, 2, · · · , I. Agent i’s

subjective probability measure is given by equation (2.1).Moreover, we assume that the KL

distances among agent’s subjective probability measure and the objective probability measure

are the same, that issi = s for all i, so that for anyi, h ∈ I,

Mh(t)

Mi(t)
=

λh(t)

λi(t)
= exp

{

ǫThiρ
−1
Z(t)

}

,

whereǫhi ≡ θh − θi measures the disagreement between agentsh andi about the expected

dividend growth rates andλi(t) is the consumption share of agenti. It can be shown that the

consensus belief with multiple agents is given by

M(t) =
I

∑

h=1

λh(t)Mh(t) and
dM(t)

M(t)
= θ(t)Tρ−1dZ(t),
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whereθ(t) =
∑I

h=1 λh(t)θh measures the amount ofoptimismin the consensus belief. Note

that

ǭi(t) ≡
I

∑

h=1

λh(t)ǫhi = θ(t)− θi (4.1)

measures the disagreement in the expected dividend growth rates between agenti’s subjective

belief and the consensus belief. Using the fact that

λi(t) =
Mi(t)

∑I

h=1Mh(t)
=

[ I
∑

h=1

Mh(t)

Mi(t)

]−1

=

[ I
∑

h=1

exp

{

ǫThiρ
−1
Z(t)

}]−1

, (4.2)

we have the stochastic differential equation for the consumption shareλi(t) of agenti,

dλi(t)

λi(t)
=

[

ϕ̄i(t)−
1

2

I
∑

h=1

λh(t)ϕhi

]

dt− ǭi(t)
Tρ−1dZ(t), (4.3)

whereϕhi ≡ ǫThiρ
−1ǫhi measures the KL distance between the subjective probability measures

of agentsh and i, and ϕ̄i(t) ≡ ǭi(t)
Tρ−1ǭi(t) measures the KL distance between agenti’s

subjective probability measure with the consensus probability measure at timet, which also de-

termines the amount of fluctuations in agenti’s consumption share. Intuitively, agenti’s relative

changes in consumption sharefluctuates more when his subjective belief deviates furtherfrom

the consensus belief in the market. Furthermore, equation (4.3) also shows that one can expect

a positive (negative) change in agenti’s consumption share when̄ϕi(t) > (<)1
2

∑I

h=1 λh(t)ϕhi,

that is when the distance between probability measures of agenti and the consensus consumer

at timet is greater (less) thana half of the average distance between the probability measures

of agenti with the rest the agents in the economy.

In the case of multiple agents, Equation (4.2) shows that, even if all agents survive in the

long run, their consumption shares may not be identically distributed. Therefore, in general the

unconditional means of their consumptions shares are not the same. They are only the same,

that isE[λi(t)] =
1
I

for i = 1, 2, · · · , I whenϕhi is independent ofh andi, meaning that the

KL distances between agents’ subjective probability measures are all equal.

Similar, we can show that the equilibrium asset prices is a consumption-share-weighted av-

erage of the prices which would prevail in economies in each of which there is only one agent,

Sk(t) = φk(t)Dk(t) =

[ I
∑

i=1

λi(t)

δi,k

]

Dk(t)

for k = 1, · · · , K whereδi,k = r + ρ0kσeσD,k − µ
(i)
D,k > 0 andr = β + µe − σ2

e is the equilib-

rium interest rate (since agents agree on the expected growth rate of the aggregate endowment

process). Furthermore, we derive the equilibrium asset return in the following corollary.
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Corollary 4.1. (Instantaneous asset return) The equilibrium return for assetk is given by

dRk(t) =
dφk(t)

φk(t)
+ (r + ρ0kσeσD,k − σD,kθk(t))dt+ σD,kdZk(t). (4.4)

The result in Corollary 4.1 is a general version of Corollary3.4. The onlydifferenceis that

assetk’s PD ratioφk(t) and the level of optimism in the consensus beliefθk(t) now depend on

the distribution of consumption shares amongI agents.

Corollary 4.2. (Expected excess return) Define for each assetk a conditional expectation oper-

atorEk,t(X) =
∑I

i=1 ωi,k(t)xi ofX = (x1, · · · , xI) based on the “price impact” of each agent

on assetk,

{ωi,k(t)} =

{

λi(t)
1/δi,k
φk(t)

}

=

{

λi(t)/δi,k
∑I

h=1 λh(t)/δh,k

}

. (4.5)

Then the expected excess instantaneous return of assetk is given by

Et[dRk(t)− rdt] =
(

ρ0kσeσD,k − σD,kθk(t) + Ek,t[µλ]
)

dt, (4.6)

whereµ(i)
λ (t) ≡ Et[dλi(t)/λi(t)] is the expected instantaneous growth in agenti’s consumption

share under the objective probability measure.

Corollary 4.2 shows that when there are multiple agents in the economy, the importance of

agenti’s subjective belief on assetk is measured by hisprice impactωi(t) (which is strictly

positive and sum up to one across all agents). Equation (4.6)shows that the expected excess

instantaneous return of assetk is positively related to theprice-impact-weighted averageof the

expected growth in agents’ consumption shares measured byEk,t[µλ]. Note thatEk,t[µλ] = 0

when agents have homogeneous beliefs about assetk’s expected dividend growth rate. In this

case, the expected excess return is given by the standard term ρσD,kσe. Agenti’s has a larger

price impact on assetk if he is more optimistic about assetk relative to the other agents or he

has larger consumption share. Suppose agenti has a large consumption share, then according

to equation (4.3), the expected growth of his consumption share is relatively small compared

to an agent with a small consumption share, which means that agenti’s belief is actually less

important in determiningEk,t[µλ]. Therefore, to obtain a higher level of expected excess return

for assetk, there should be a negative correlation between agents’ current level of consumption

shares and their level of relative optimism of assetk. In other words, this is the case when the

agents who are relatively optimistic about assetk’s dividend growth have a smaller consumption

share than agents who are relatively pessimistic about asset k.

Corollary 4.3. (Variance and Covariance)

(i). The variance of assetk is given by

V art[dRk(t)] = [σ2
D,k + γk(t)]dt, (4.7)
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where the excess variance is given by

γk(t) = Ek,t[ǭ]
Tρ−1

Ek,t[ǭ]− 2σD,kEk,t[ǭk] > 0.

(ii). Consider assets1 and2, the covariance of their returns is given by

Covt[dR1(t), dR2(t)] = [ρ12σD,1σD,2 + γ1,2(t)]dt, (4.8)

where the excess covariance is given by

γ1,2(t) = E1,t[ǭ]
Tρ−1

E2,t[ǭ]− σD,1E2,t[ǭ1]− σD,2E1,t[ǭ2].

In Corollary 4.3, equation (4.7) shows that the level of excess variance of assetk’s instan-

taneous return consists of two components. The first component is the variance of growth in

assetk’s PD ratio, that isV art[dφk(t)/φk(t)] = Ek,t[ǭ]
Tρ−1

Ek,t[ǭ], which increases with the

price-impact-weighted disagreement between agenti and the consensus consumer about the ex-

pected dividend growth of assetk. The second component is the covariance between the growth

in assetk’s PD ratio and its dividend process, that isCovt[dφk(t)/φk(t), dDk(t)/Dk(t)] =

−σD,kEk,t[ǭk], which is positive (negative) if the price-impact-weighted average subjective be-

lief about assetk’s dividend growth is relatively optimistic compared to theconsensus belief.

Intuitively, this is likely to be the case since agent who arerelatively optimistic about assetk

has a larger price-impact, which implies that the excess variance is positive.

Furthermore, equation (4.8) shows that the excess covariance between assets1 and2 consists

of three components. The first component is the covariance between the growth in PD ratios of

the two assets,Covt[dφ1(t)/φ1(t), dφ2(t)/φ2(t)] = E1,t[ǭ]
Tρ−1

E2,t[ǭ], which is positive (nega-

tive) when agents’ price-impact-weighted optimism/pessimism relative to the consensus belief

is positively (negatively) correlated between assets1 and2. In other words, the growth in PD

ratios are positively (negative) correlated if subjectiveprobability measures of agents who have

larger price impact on asset1 deviate more from that of the consensus consumer, and those same

agents who also have a larger (smaller) price impact on asset2. The second and third compo-

nents are the covariance between the growth of PD ratio of oneasset and the growth of dividend

of the other agent. These two components are positive (negative) if the agents with large price

impact on one asset is relatively optimistic (pessimistic)about the other asset compared to the

consensus belief.

5. CONCLUSION

In this paper, we analyze the impact of disagreement on crosssection of asset returns in a

market withmultipledividend processes and risky assets. In general, the marketwith multiple

risky assets can be very different from a market with a singlerisky asset, although they share
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some common features. For example, in a market with a single risky asset, the equity premium

is time-varying with the distribution of consumption shares among agents and stock volatility is

stochastic and in excess of dividend volatility. However, in a market with multiple risky assets,

fluctuations in the distribution of consumption shares among agents increase proportionally with

the number of assets (to which agents disagree). As a result,equity premium varies significantly

with the fluctuations in the distribution of consumption shares even when the disagreements

among agents are relatively small about each asset, whereasthe variation in the equity premium

isnegligiblein a market with a single risky asset. Moreover, the level of excess volatility in stock

return increases with the number of assets to which agents disagree, and greatlyexceedsthe level

of excess volatility in a market with a single risky asset that is negligible when the disagreement

is relatively small. Lastly and most importantly, we model the impact of disagreement on the

covariancebetween the instantaneous returns of two different assets.Intuitively, we find that

when optimism/pessimism are positively (negatively) correlated between the two assets, there

is a positive (negative) excess covariance between their returns. When optimism/pessimism are

uncorrelated, the covariance is equal to the covariance between assets’ dividends. We show

a positive relation between the level of disagreement and excess volatility. We also provide

conditions for a negative relation between disagreement level and the expected return among

similar stocks. The results obtained in this paper provide an explanation to time variation of

cross sectional returns. They also provide some interesting implications to empirical literature

in cross-sectional returns.

APPENDIX A. PROOFS

A.1. Proof of Lemma 2.1. The agenti’s first-order condition,Mi(t)/ci(t) = ηie
−βtξ(t) leads

to equation (2.6). Substituting (2.6) into the budget constraint in equation (2.5) obtains

1

ηi
E[

∫ ∞

0

e−βtMi(t)dt] =
1

ηi

∫ ∞

0

e−βt
E[Mi(t)]dt =

1

2
E[

∫ ∞

0

ξ(t)e(t)dt].

SinceE[Mi(t)] = Mi(0) = 1, we obtain that1
ηi

∫∞

0
e−βtdt = 1

2
E[
∫∞

0
ξ(t)e(t)dt], which leads

to the explicit expression for the Lagrange multiplierηi. The share of aggregate consumption
of agent1 is then given by

λ(t) =
c1(t)

c1(t) + c2(t)
=

η1M1(t)

η1M1(t) + η2M2(t)
.

Note thatη1 = η2 = η. Hence we obtain equation (2.7). �

A.2. Proof of Proposition 2.3. To prove (i) and (ii), given that the state price density process
in equation (2.9), we obtain

dξ(t)

ξ(t)
= −

[

β + µe − σ2
e − σeθ0(t)

]

dt−
[

σedZ0(t) + θ(t)Tρ−1dZ(t)
]

.
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However, the SDE of the state price density process must alsosatisfy the form in equation
(2.3). Equating the diffusion coefficients leads the marketprices of risk in (2.11), and equating
the drift coefficient leads to the equilibrium interest ratein equation (2.12), given the assumption
thatθi,0 = 0 for all i, which implies thatθ0(t) = 0.

To prove (iii), the aggregate consumption share of agent1 in (2.13) is given by first re-writing
equation (2.7) as

λ(t) = (1 +M2(t)/M1(t))
−1

and then substituting the expression for agents’ subjective beliefs in equation (2.1) into the
equation above. The SDE forλ(t) can be obtained by applying Itô’s lemma.

To prove (iv), the consensus belief in (2.8) satisfies

M(s)/M(t) = λ(t)M1(s)/M1(t) + (1− λ(t))M2(s)/M2(t) for s > t.

Therefore, the equilibrium price of assetk in (2.10) can be written as in (2.15), where

1/δi,k = Et

[
∫ ∞

t

e−β(s−t)Mi(s)

Mi(t)

e(t)

e(s)

Dk(s)

Dk(t)
ds

]

=

∫ ∞

t

exp{−(β + µe − σ2
e + ρ0kσeσD,k − µ

(i)
D,k}(s− t)ds,

which givesδi,k = r + ρ0kσeσD,k − µ
(i)
D,k assuming thatµ(i)

D,k < r + ρ0kσeσD,k. �

A.3. Proof of Corollary 3.1. The equilibrium return of assetk is given by equation (2.17),
while the covariance between the PD ratio and dividend are given by

dφk(t)

φk(t)

dDk(t)

Dk(t)
=

σD,k

φk(t)

[

1

δ1,k
−

1

δ2,k

]

dλ(t)dZk(t) =
σD,k

φk(t)

σD,kǫk
δ1,kδ2,k

dλ(t)dZk(t).

From equation (2.14), we have

dλ(t)dZk(t) = λ(t)(1− λ(t))ǫTρ−1dZ(t)dZk(t) = λ(t)(1− λ(t))ǫkdt.

Furthermore, from the expression of the equilibrium PD ratio in equation (2.16), we can write

λ(t)(1− λ(t)) =
(δ1,kδ2,kφk(t)− δ1,k)(δ2,k − δ1,kδ2,kφk(t))

(δ2,k − δ1,k)2
.

After simplifying and rearranging, we obtain

dφk(t)

φk(t)

dDk(t)

Dk(t)
= [r + ρ0kσeσD,k + σD,kθk(t)− (µD,k + 1/φk(t))]dt.

Substituting this expression into equation (2.17), we obtain equation (3.1). �

A.4. Proof of Corollary 3.2. Based on equation (3.1), we have the variance of the instanta-
neous return of assetk given by

V art[dRk(t)] = σ2
D,kdt+ V art

[

dφk(t)

φk(t)

]

+ 2Covt

[

dφk(t)

φk(t)
, σD,kdZk(t)

]

. (A.1)

Following equation (2.14) and the fact that

dφk(t) =
δ2,k − δ1,k
δ1,kδ2,k

dλ(t) =
ǫk

δ1,kδ2,k
dλ(t),



CROSS SECTIONAL RETURNS UNDER DISAGREEMENT 25

the variance of the PD ratio becomes

V art

[

dφk(t)

φk(t)

]

=

[

λ(t)(1− λ(t))

δ1,kδ2,kφk(t)

]2

ϕ σ2
D,kǫ

2
k dt, (A.2)

and the covariance between the PD ratio and asset’s dividendis then given by

Covt

[

dφk(t)

φk(t)
, σD,kdZk(t)

]

=

[

λ(t)(1− λ(t))

φk(t) δ1,kδ2,k

]

σ2
D,kǫ

2
k dt. (A.3)

Substituting equations (A.2) and (A.3) into (A.1) leads to the volatility of assetk in (3.3) and
the excess volatility of assetk in (3.4). �

A.5. Proof of Corollary 3.4. The expected excess return of assetk from equation (3.1) is given
by

Et[dRk(t)− rdt] = ρ0,kσD,kσe + Et[dλ(t)](1/δ1,k − 1/δ2,k)/φk(t). (A.4)
Substitute the expression forEt[dλ(t)] from equation (2.14) into (A.4) leads to result.�

A.6. Proof of Corollary 3.3. The covariance between the instantaneous returns of assets1 and
2 can be written as

Covt[dR1(t), dR2(t)] = ρ1,2σD,1σD,2dt+ Covt

[

dφ1(t)

φ1(t)
,
dφ2(t)

φ2(t)

]

+ Covt

[

dφ1(t)

φ1(t)
,
dD2(t)

D2(t)

]

+ Covt

[

dφ2(t)

φ2(t)
,
dD1(t)

D1(t)

]

. (A.5)

Note that

Covt

[

dφ1(t)

φ1(t)
,
dφ2(t)

φ2(t)

]

=

[

λ(t)2(1− λ(t))2

φ1(t)φ2(t)δ1,1δ2,1δ1,2δ2,2

]

ϕσD,1σD,2ǫ1ǫ2dt,

Covt

[

dφ1(t)

φ1(t)
,
dD2(t)

D2(t)

]

=

[

λ(t)(1− λ(t))

φ1(t)δ1,1δ2,1

]

σD,1σD,2ǫ1ǫ2dt,

and Covt

[

dφ2(t)

φ2(t)
,
dD1(t)

D1(t)

]

=

[

λ(t)(1− λ(t))

φ2(t)δ1,2δ2,2

]

σD,1σD,2ǫ1ǫ2dt.

Substituting these expressions into equation (A.5) leads to the result. �

A.7. Proof of Corollary 4.1. Since the PD ratio of assetk follows

dφk(t) =

I
∑

i=1

dλi(t)

δi,k
, (A.6)

the covariance between assetk’s PD ratio and its dividend process is given by

dφk(t)

φk(t)

dDk(t)

Dk(t)
=

σD,k

φk(t)

[ I
∑

i=1

λi(t)

δi,k
ǭi,k(t)

]

dt,

which (using the definition in equation (4.1)) can be rewritten as

dφk(t)

φk(t)

dDk(t)

Dk(t)
=

1

φk(t)

[ I
∑

i=1

λi(t)

δi,k
µ
(i)
D,k

]

− µ
(m)
D,k(t),
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whereµ(m)
D,k(t) ≡ µD,k + σD,kθk(t). Therefore, the term

dφk(t)

φk(t)

dDk(t)

Dk(t)
+

[

µD,k +
1

φk(t)

]

dt

=

[

(µD,k − µ
(m)
D,k(t)) +

1

φk(t)

[ I
∑

h=1

λi(t)

δi,k
µ
(i)
D,k

]

+
1

φk(t)

]

dt

=

[

− σD,kθk(t) +
1

φk(t)

[ I
∑

h=1

λi(t)

δi,k
µ
(i)
D,k

]

+
1

φk(t)

]

dt.

Moreover,

1

φk(t)

[ I
∑

i=1

λi(t)

δi,k
µ
(i)
D,k

]

+
1

φk(t)
=

∑I

i=1 λi(t)µ
(i)
D,k/δi,k

∑I

i=1 λi(t)/δi,k
+

1
∑I

i=1 λi(t)/δi,k

=

∑I

i=1 λi(t)µ
(i)
D,k

∏I

h 6=i δh,k
∑I

i=1 λi(t)
∏I

h 6=i δh,k
+

∏I

h=1 δh,k
∑I

i=1 λi(t)
∏I

h 6=i δh,k
.

Using the fact that
∏I

h=1 δh,k =
∑I

i=1 λi(t)δi,k
∏I

h 6=i δh,k, we can obtain

1

φk(t)

[ I
∑

i=1

λi(t)

δi,k
µ
(i)
D,k

]

+
1

φk(t)
=

∑I

i=1 λi(t)(µ
(i)
D,k + δi,k)

∏I

h 6=i δh,k
∑I

i=1 λi(t)
∏I

h 6=i δh,k

= r + ρ0kσeσD,k,

sinceµ(i)
D,k + δi,k = r + ρ0kσeσD,k for i = 1, 2, · · · , I. Therefore,

dφk(t)

φk(t)

dDk(t)

Dk(t)
+

[

µD,k +
1

φk(t)

]

dt =
[

− σD,kθk(t) + (r + ρ0kσeσD,k)
]

dt.

Substitute the above expression into equation (2.17) leadsto the result in (4.4). �

A.8. Proof of Corollary 4.2. In the case of multiple agents, the expected excess return ofasset
k follows from equation (3.1) that

Et[dRk(t)− rdt] = ρ0,kσD,kσe − σD,kθk(t) +

I
∑

i=1

λi(t)

δi,kφk(t)
Et

[

dλi(t)

λi(t)

]

, (A.7)

which leads to the result given the definition ofEk,t with probability weights defined in equation
(4.5). �

A.9. Proof of Corollary 4.3. The variance of the growth in assetk’s PD ratio is given by

V art

[

dφk(t)

φk(t)

]

= Ek,t[ǭ]
Tρ−1

Ek,t[ǭ] ≥ 0, (A.8)

and the covariance between the growth in assetk’s PD ratio and its dividend growth is given by

Covt

[

dφk(t)

φk(t)
,
dDk(t)

Dk(t)

]

= −σD,kEk,t[ǭk]. (A.9)

Substituting equations (A.8) and (A.9) into equation (A.1)leads to equation (4.7).
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To show that the excess variance of assetk’s instantaneous return is non-negative, it is suf-
ficient to show from equation (A.9) thatEk,t[ǭk] ≤ 0. Using the definition of the expectation
operatorEk,t in (4.5),

Ek,t[ǭk] =
I

∑

i=1

λi(t)θi,k −
I

∑

i=1

ωi,k(t)θi,k.

We define an expectation operatorE based on the weights{1/I}I×1 across agents. Using the
fact thatE[XY ] = E[X ]E[Y ] + Cov[X, Y ], we obtain that

∑I

i=1 ωi,k(t)θi,k
∑I

i=1 λi(t)θi,k
=

E[ωk(t)θk]

E[λ(t)θk]
=

E[θk] + Cov[ωk(t), θk]

E[θk] + Cov[λ(t), θk]
≥ 1.

SinceE[ωk(t)] = E[λ(t)] = 1 by definition,Cov[λ(t), θk] ≤ Cov[ωk(t), θk] because1/δi,k is
positively related toθi,k.

The covariance between returns of asset1 and asset2 is given by equation (A.5). Using the
definition in (4.5), we have

Covt

[

dφ1(t)

φ1(t)
,
dφ2(t)

φ2(t)

]

= E1,t[ǭ]
Tρ−1

E2,t[ǭ]dt,

Covt

[

dφ1(t)

φ1(t)
,
dD2(t)

D2(t)

]

= −σD,2E1,t[ǭ2]dt,

Covt

[

dφ2(t)

φ2(t)
,
dD1(t)

D1(t)

]

= −σD,1E2,t[ǭ1]dt,

which then lead to the result in equation (4.8). �
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