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HE, SHI AND ZHENG

Asset Pricing under Keeping up with the Joneses
and Heterogeneous Beliefs

ABSTRACT. When agents agree to disagree about the expected groethf thie aggregate en-
dowment process, we study the asset price dynamics undeptigup with the Joneses” (KUJ)
meaning that each agent maximizes the expected life-tinfRACRility of his relative consump-
tion to the other agent in the economy. By solving the opticoalsumption policies analytically,
we obtain the market equilibrium under heterogeneousfiseNe provide conditions for agents’
long-run survival and show that the market price of riskk4fiee rate, price-dividend ratio in
market equilibrium are the consumption share weightedaae=s of these variables under each
agent’s belief. We also show the cyclical behaviour of Shamgtio, risk-free rate, price and
dividend ratio and stock volatility. Through Monte Carlersilations, we find that, when the
less risk averse agent is relatively optimistic, allowingnaall amount of disagreement between
agents can explain many market characterizes includingssxmlatility, a high equity premium
and a low risk-free rate identified in financial markets.
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1. INTRODUCTION

The standard consumption-based asset pricing models refseqtative ageﬁ}lhave encoun-
tered difficulty in explaining various market charactadstof asset prices, including variation
and cyclical movement of asset prices, and asset pricingiggiguch as high equity premia and
low risk-free rates identified in financial markets. As a tedwabit models have been devel-
opeﬁ. With external habit preferences and countercyclicalatann in risk aversion, Campbell
and Cochrane (1999) use a consumption-based model thaimexhe procyclical variation of
stock prices, the long-horizon predictability of excesxktreturn, the countercyclical varia-
tions of stock market volatility and risk premium, and theiieg premium puzzle. Chan and
Kogan (2002) further show that such risk aversion variatan be endogenously generated
through wealth redistribution of multiple agents with dint risk aversion coefficients, also
leading to countercyclical behaviour in risk-free rate.wewer, Xiouros and Zapatero (2010)
develop a discrete-time model of heterogeneous agentastmthat of Chan and Kogan (2002)
and show that the heterogeneous risk aversion alone carhamya marginal, almost negligi-
ble, effect.

To reconcile the findings in Campbell and Cochrane (1999)Gimeh and Kogan (2002), we
follow the recent literature of differences-in-opinion deds and develop an equilibrium asset
pricing model of two heterogeneous agents under “Keepingitipthe Joneses” (KUJ) prefer-
ences. Different from the current literature, the KUJ irsthaper is to characterize a boundedly
rational feature of an agent to maximize the expected ytlithis relative consumption to the
other agent. When agents disagree about the expected gatethf the aggregate endowment
process, we solve the optimal consumption of heterogenasgeists under the KUJ preference
analytically and derive the market price of risk, risk-frege, and price-dividend (P/D) ratio
in closed form. We provide conditions for agents’ long-rumvéval, showing that agents with
less accurate prediction may survive in long-run. By showirat the market equilibrium un-
der heterogeneous beliefs is equivalent to the marketibguih under a consensus belief, we
find that the market price of risk, risk-free rate, priceidend ratio in market equilibrium are
the consumption share weighted averages of these variahites each agent’s belief. Conse-
guently, we derive the countercyclical behaviour of Shagi® in general and risk-free rate
under certain condition. When less risk averse agent is raptinistic, we also show the
countercyclical behaviour in volatility and procyclicagtiaviour in P/D ratio. To quantify the
implications of the model, we use Monte Carlo simulationd ahow that, when the less risk
averse agent is relatively optimistic, allowing a small ammioof disagreement between agents
can explain many market characterizes including excesgiligl, high equity premia and low
risk-free rates identified in financial markets.

ISuch as Lucas (1978), Breeden (1979) and Hansen and Sm@l&x83), and Mehra and Prescott (1985).
2See Sundaresan (1989), Constantinides (1990), Abel (188@&)pbell and Cochrane (1999), and Chan and Kogan
(2002).
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In our model, as in the differences-in-opinion moB,eEgents disagree based on the same
set of information; that is, agents agree to dis%r&ﬁhen agents are not fully rational, the
survivability of agents play an important role in aseetipgditerature. To examine the impact
of irrational agents on markets and to explain high tradiolgime and excess volatility, asset
pricing models under heterogeneous beliefs have beenagmetin the literature. By allowing
intermediate consumption, Sandroni (2000) and Blume arstelz2006) show that irrational
traders do not survive in the long run and hence have no ingpettie market price. However, in
the absence of intermediate consumption, Kogan, Ross, Afah@Vesterfield (2006) show that
survival and price impact are two independent conceptjamal traders can have a significant
impact on asset prices even when their wealth becomes ri@gligsven when the disagree-
ments among agents cancel out on average, it is found thafféwt of disagreement on asset
pricing only “cancels out” under some very restrictive asptions (see, for example, Fama
and French (2007) and Yan (2010)). In general, disagreemayincrease trading volume and
market voIatiIitﬁ, and have implications for pricing optioﬁsand also induce time-variation in
market price of risk and interest rﬁtéherefore, heterogeneous beliefs can be a pricing factor.
Based on the disagreement among analysts about expectedgsarAnderson et al. (2005)
develop an empirical measure to examine whether heterdgendeliefs is a priced factor.
They find that the inclusion of this factor does improve thefithe factor models, especially
for small firms, however, on average, dispersion only cast@ to 26 basis points of excess
returns. Jouini and Napp (2006) show that pessimism andtddube individual level lead to
pessimism and doubt at the aggregate level, which accotdiidpel (2002) increases equity
premium and reduces the risk-free rate. However the exptanaf pessimism and doubt is
lack of empirical supp(ﬂt The discussion above indicates that heterogeneity iefisedilone
seems not enough to explain the level of equity premium ahdfree rate observed in financial
markets.

The KUJ preference introduced in this paper is closely eelaut significantly different from
the current habit models. The difficulty in much of the conption asset pricing literature lies

3See, for example, Detemple and Murthy (1994), Zapaterog) 2hderson, Ghysels and Juergens (2005), Jouini
and Napp (2006), Hong and Stein (2007), David (2008), CaoGun'ang (2009), Xiong and Yan (2010), and
Yan (2010).

“Different from this paper, the heterogeneous beliefs caa be characterized by asymmetric information, see
Admati (1985), Watanabe (2008), and Biais, Bossaerts aatt §010).

5See Zapatero (1998), Hong and Stein (2007), Berraday (20@8)has, Kurshev and Uppal (2009) and Duchin
and Levy (2010).

6See Buraschi and Jiltsov (2006) and Cao and Ou-Yang (2009).

'See Detemple and Murthy (1994), Basak (2005), Jouini ancpN2@06, 2007, 2011), David (2008) and Xiong
and Yan (2010).

8Based on survey data on aggregate consumption growth and Gibféani and Soderlind (2006) find that in-
vestors are overconfident rather than doubtful. Moreov#pagh disagreement can lead to doubt, the amount of
disagreement is too small to produce doubt that is staistisignificant. By assuming that there are recurrent
jumps in the expected growth rates of the aggregate endotvandrihe aggregate dividend between good and bad
states, David (2008) explains half of the equity premium isaatilice the risk-free rate slightly by one percent.
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in the low correlation between equity returns and investoi@ginal utility, characterized by
the stochastic discount factor (SDF). To overcome thisadiffy, some have argued for the im-
portance ofhabit formationsuch that an agent’s utility derived from his consumptioeamn
depends on a benchmark proces#iabit There are two types of habit, “internal” and “exter-
nal” habits. Internal habit formation captures the notioat an agent benchmarks his consump-
tion on his own past consumption pattern and he is happienwleeconsumes more than the
past. External habit models assume that the benchmark ih@a@tgent's own past consump-
tion, but an exogenous process such as the aggregate carmupnocess. Abel (1990) calls
the latter “relative consumption models” or “catching ughwihe Joneseg.” There is also an
important difference between ratio models and differencelefs, the former (latter) assumes
that utility is derived from the ratio (difference) betwean investor’s consumption and his
habit. Abel (1990) prescribes a ratio model, but as pointedy Campbell (2003), ratio mod-
els or catching up with the Joneses simply add a term to tkeénmeg rate that does not affect
the equity premium, because investor’s relative risk agarss constant. Therefore, one still
requires a high relative risk aversion to explain equitynpiten. For this reason, many have
chosen difference models, however the problem with diffeeemodels is that utility can be
undefined when consumption does not exceed the habit (fongeapower utility). Campbell
and Cochrane (1999) overcome this problem by modeling tjyrte log surplus consumption
ratio as an external habit. They show that a slow varyingntsrgyclical risk premium in stock
returns can be reproduced within a model of representag@etavhose utility function exhibits
countercyclical variation in risk aversion. Chan and Ko¢2®02) show that such a variation
in risk aversion of the representative agent can be thetrestlie endogenous cross-sectional
distribution of wealth. However, Xiouros and Zapatero (@04how by calibration that the ef-
fect of heterogeneity in risk aversion alone is almost rggigle. This highlights the limitation
of habit models in explaining the aggregate market behavtwen beliefs are homogeneous.
Different from catching up with the Joneses in Abel (1990)chihuses the lagged value of
the aggregate consumption as the external benchmark,aper pnodel “keeping up with the
Joneses” (KUJ) preferences that an agent uses the consarppdicess of another agent as his
benchmark proc

The contribution of this paper is to model equilibrium agsete dynamic under KUJ by
incorporating agents’ heterogeneity in beliefs and pesfees. We model a pure-exchange
economy in continuous-time with two agents who disagreaiatie expected growth rate of
the aggregate endowment (consumption) pro@aﬁsllowing Kogan et al. (2006), Yan (2008),

In Abel (1990), the external habit is modeled as the laggepleagate consumption, therefore it is referred to as
“catching up with the Joneses” rather than “keeping up withdoneses” introduced in this paper.

10according to Wikipedia,keeping up with the Joneses is referring to the comparisamness neighbor as a
benchmark for social caste or the accumulation of mateoiallg. To fail to “keep up with the Joneses” is perceived
as demonstrating socio-economic or cultural inferiority.

UThis is also the framework adopted by Lintner (1969), Will&(1977), Varian (1989), Harris and Raviv (1993)
and others in modeling heterogenous beliefs.
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and Jouini and Napp (2011), we assume that disagreemergde@gents is constant over time
in order to focus on the impact of disagreement (insteadarhiag) under KUJ preferences.
The external habit or benchmark process in our model for geatds the optimal consumption
process of the other agent, which is endogenously detedhmequilibrium. In other words,
one agent’s optimal consumption decision affects the agent’'s benchmark or habit which
then feeds back to his own optimal consumption process. Asudtr we solve for both agents’
optimal consumption process simultaneously. On survikglaf the agents, we find that the
an agent who consistently makes more accurate predicalomst the aggregate endowment
process may not always survive in the long-run, in partigwaen the sum of investors’ relative
risk aversions is less than one. We then use the aggregattmochdeveloped in Jouini and
Napp (2007) and construct a consensus consumer to detetimim®nsumption shares of the
agents, market price of risk, interest rate, and pricedéind ratio in equilibrium in closed-form.
We study various cyclical behaviour of market equilibriundaise Monte Carlo simulation to
analyze the time-series average of the equity premium akdree rate.

The paper is structured as follows. In Section 2, we solveofitenal consumption under
KUJ preferences and heterogeneous beliefs explicitly aacthae the impact of risk aversion
and KUJ preference on agent’s consumption behaviour. Itid®d8, conditions for agents’
long-run survivability and speed of market selection amvjoted. In Sectiofl4, by constructing
a consensus consumer in market equilibrium, we derive secldorm, the equilibrium market
price of risk, risk-free interest rate, and price-divideatio, and examine the cyclical behaviour
of market equilibrium. Sectidd 5 examines stock return titithg equity premium and risk-free
rate, and presents a Monte Carlo simulation analysis onvéx@ge equity premium, risk-free
rate and stock volatility. Sectidn 6 concludes. All proaés de found in AppendixJA.

2. THE MODEL

2.1. The Economy. The setup of the economy is standard. Consider a pure exehaog-
tinuous time competitive economy over an infinite time im&f0, co) with complete financial
markets. There is only one source of uncertainty and agesude in securities to share risk.
The uncertainty is represented by a filtered probabilitsp@, 7, {F;}, P) on which an one-
dimensional Brownian motiow;, is defined, wherd 7} is the information generated hy;.
The aggregate endowment procésdollows a geometric Brownian motion

dD
—t :uDdt+0det, (21)
D,

in which 1 andop are constants.

2.2. Heterogeneous BeliefsThere are two agents in the economy, indexed by 1, 2, and
they agree to disagree on the expected growth rate of thegatgrendowment. Agentper-
ceives the expected growth rate of the aggregate endowmeeit;, ,. Hence, agentlives in
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a filtered probability spa@(&), Fi,{Fi+}, P;) in which the endowment process follows,

dD
—t = ,uidet + O'deiﬂg (22)
Dy

with constanfu; . Define
0, = Hib = BD and dw;; = dw, — 6;dt. (2.3)
%))
By Girsanov’s theoremy; , is a Brownian motion with respect to ageist probability measure
P; and agent’s subjective belief\/; , can be characterized by the positive density proce$ of
with respect taP,

1
M, = dP;/dP = exp { - 50?75 + int}, (2.4)
which satisfies M
M:: = 0;dw. (2.5)

Whend; > (<)0, agenti is over-optimistic (over-pessimistic) about the aggregatdowment
growth. The difference between agents’ subjective belgefseasured by
§=0, — 0, = HLL " H2D (2.6)
0D
Whené > (<)0, agentl is more optimistic (pessimistic) than agent

2.3. Securities Market. There are two traded securities in the market, a riskless laon a
risky asset or stock. The riskless bond is in zero supply aedetis one share of the stock
endowment equally shared between the two agents. The baedfrfollows

dB
T =t (2.7)
with By = 1. The stock is a claim on the aggregate endowment. Its @gfiand returni,

dynamics satisfy

dS; + D.dt
dR, = % = ppdt + opdwy
t

= p; 1 dt + opdw; 4 foragent i =1,2. (2.8)

The risk-free rate,, expected return of the stogk and the volatilitys, are endogenously de-
termined in equilibrium based on agents’ beliefs and pezfees. Assume, to be F; , adapted
andy, to be 7, adapted. Agents observe and agree on the asset prices amditiléy of stock
returns, but do not observe the expected rejurrso they use their own inferencgs,. This

12Agents have the same information sinEg, := F;** = F“*, therefore they agree to disagree.

Bin general, agents may update their beliefs about the exggrowth rate of the aggregate endowment as new
information becomes available. However, in order to focnghe joint impact oKeeping up with the Joneses
and disagreement rather than the impact of learning, wevessiuat agents have constant disagreement with the
objective belief, thus they also have constant disagreebedween themselves.
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implies the following “consistency” relation (see Basak(@8) and David (2008)):

Pie = Hae _ s (2.9)
Ot
The market is dynamically complete in the sense that anyirggent claims can be replicated.

This implies that there exists a unique state price denSBL() process; that follows

d
ﬁ = —Ttdt — :‘itdwt, (210)
&
where¢, = 1. Denote
Ky = e Tt, Rit = Hit = Tt. (2.11)
Ot Ot

Thenx, defines the market price of risk (MPR) or the Sharp ratio ferstock ands; ; is the
perceived Sharp ratio of agent Following equation[(2]9), the difference in perceived rpha
ratio is related to the disagreement of agents

K’l,t — Ro¢ = (5

2.4. Keeping Up with the Joneses (KUJ) Preferences and Optimal Gsumption. Different
from the Keeping Up with the Joneses in habit literature, s&uee that agent’s utility is a
power function of the ratio of his consumption to the othegreits consumption. Let; ; be the
consumption of agerntat timet. Under KUJ, the utility of agentis defined by

e Bt (e T
Uit (Cit, Crp) 1= < > ) i £ ki k=1,2. (2.12)

1 —o; \ ey

Herepg > 0 is the subjective discount r@éor future relative consumptiocandcq; is the relative
risk aversion coefficient of agent In equation[(2.12), the consumption of agént; ;, serves
as the time-varying habit level of ageitwhich agent takes as exogenously given. Ageist
objective is to

maXE[/ Mmui’t(ci,t,ck,t)dt\cm}, (2.13)
Cit 0
subjected to the budget constraint,

> 1

0

We refer to utility sepcification ir.(2.12) &eeping Up with the Jones@sUJ) under heteroge-
neous beliefs, since agertehaves to keep up with the consumption of agemt equilibrium,
agenti’s habit level is also affected by his optimal consumptioanpsince agent also max-
imizes his expected utility of relative consumption to agenTherefore, there is teedback
effect agent’s habit level affects his consumption, which thesd&eback to his habit level. This
feedback effect has not been studied in the habit formaitierature.

M1 this paper, we focus on the impact of disagreement, idstédifferent discount rate. However, the analysis
also applies when agents have different discount rate.
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Without loss of generality, we assume that agei less risk averse than agehtthat is
a1 < as and denote thdifference in risk aversioand theaverage risk aversiorespectively as

a1 + g

Ao = as — a1(>0), a = 5 (2.15)
Assumen # 1. For each agent define{p;, ¢;} as
o (6] o a1 — 1 1
pl_Qd—l’ q1 %a — 1 h
and
o Qg — 1 . (07] —1_
p2_72d—1’ Q2—2d_1— Dp2.
Let
M;, = MY, My, i=1,2.
Then _
dM; 1 ~
= b = — =P Z(Szdt Gld 216
i, ;i + Oidw, (2.16)

whered; = p;6; + ¢;0>. Also assumes; > 0, where; = 3 + $p;¢;0° for i = 1, 2. The optimal
consumption and the aggregate consumption share of agentseacharacterized as folldﬁs
Lemma 2.1. (Optimal Consumption and the Aggregate Consumption Share)
e The optimal consumption of ageint given by
Cit = )\i,tDt for 1=1,2, (217)
where agents’ share of aggregate consumption are given by

_ BlMlit
Bi1 M + BaMoy
e The aggregate consumption share of agesdtisfies

)\17{/ == and )\27{/ = 1 - )\Lt. (218)

A\ = )\1,7&)\2,7&([52 — Br — 01(0; — 03) + Xy (0y — él)ﬂdt + (0, — éz)dwt)- (2.19)

Lemmal 2.1l provides solutions to the optimal consumptiongeinds under KUJ preference
with the following interesting observations. First, Eqaat(2.18) shows that the aggregate
consumption share of agentlepends onl/, ;, instead of the subjective beliéf; ; of agenti.
This is because that agents concerned about his level of consumption relative to tiermn
agent rather than his absolute level of consumption. We mt@mngret)/; ; as theequivalent
belief of agenti under KUJ. In fact, suppose that agemhaximizes logarithmic utility of his
absolute consumptidmased on his equivalent beligf; ;, that is,

maXE[/ My e P In(ey ) dt |, (2.20)
0

C1,t

151l the proofs are in the appendix.
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then agentl’s share of aggregate consumption is givenXy in (2.18). However, strictly
speaking, the equivalent beliefg; ; cannot be considered as a proper probability belief, becaus
in general it is not a martingale with respect to the objectheasuré”, see equatiori (2.16).
Hence a probability measure defined by, may not be equivalent to the objective probability
measure. To deal with this issue, we decompliseinto a proper probability belieﬂi,t and a
discount factord; ; so thatM;, = A; ,M;, with

t t t
Ajr = exp (/ —(B; — 5)dé’), Mi,t = exp (/ —%Q_izds +/ éidws). (2.21)
0 0 0

Then theequivalent probability beliefiZ; , is a martingale with respect to the objective measure
P, hence a probability measure defined ]Efyt Is equivalent toP. Secondly, from equation
(2.21), the equivalent maximization problem[in(2.20) ofag can be re-written as
max [ { / e hit 1n(ci,t)dt] : (2.22)

0

Ci,t

wherek; is the expectation operator defined by the marting%il,gandﬁi is agent’s subjective
discount rate fofuture absolute consumption

Based on these observations, we can examine the joint effatie KUJ preference and
heterogeneous risk aversions on the equivalent beliefsaip@ctive discount rates of agents,
which helps to understand agents’ behaviour compared tetémelard homogeneous economy.
First, under the KUJ, the heterogeneity in risk aversiofescéd agents’ optimal consumption
policy when beliefs are heterogeneous. In fact, suppgse: 1 andas > 1, theng; < 0
andp, > 0. This implies that agent’s equivalent belief has aegativeweight on agenf’s
subjective belief whereas ageXd equivalent belief haspositiveweight on agent’s subjective
belief. The intuition comes from agents’ marginal utilitgder KUJ,

Pt ) —

which suggests that, when the risk aversion of agentarger (smaller) than one, his marginal
utility of absolute consumption, ; increases (decrease) with the absolute consumption of the
other agent in the economy ;. This means that agemtwith oy < 1 would prefer to consume
in those states in which agenthinks are less likely to occur. In contrast, agentith o, > 1
would prefer to consume in those states where agtmihks are more likely to occur. Therefore,
if agent1 who is less risk averse is relatively more optimistic (pessiic) than agen, then
he would behave evanoreoptimistically (pessimistically) compared to the siteatunder his
actual subjective belief. In contrast, agenwvho is relatively more risk averse and pessimistic
(optimistic) compare to ageritwould behavdesspessimistically (optimistically) compared
to his actual subjective belief. The difference betweemtgjeequivalent beliefs about the
aggregate endowment growth is measured by

J

5 - .
200 — 1

0, — 0y = (2.23)
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Therefore, when the average risk aversior 1, the difference between the equivalent proba-
bility beliefs is greater (in absolute value) than the defece between agents’ subjective beliefs.
Therefore the KUJ magnifies the effect of the heterogeneibeliefs and, from equatioh (2)19),
a greater difference in equivalent probability beliefgde#o high fluctuations in the aggregate
consumption share of the agents. When the difference iefeéli= 0, agents’ optimal con-
sumption no longer depends on their risk aversions siige= 1 for i = 1,2, see equation
(2.186). Therefore, when beliefs are homogeneous, the ecpnader KUJ and heterogeneous
risk aversions is equivalent to the standard logarithnpcegentative agent economy.

Next, under the KUJ, there is @egative relationbetweenpatienceand risk aversionof
agents. Indeed, ageiis subjective discount rate for future absolute consunmpisohigher
(lower) than the discount rate for future relative consuomtthat is3; > (<)3 whenp;q; >
(<)0, which is equivalent tay; > (<)1 whena > 1. When the risk aversions are the same,
we haveB3, = B,, hence agents’ subjective discount rates for the futurelatesconsumption
are the same. Furthermore, difference between agentutiscate for the future absolute
consumption is given by

Br—Pa = %(plfﬂ — Paga)d” = —%52 <0,
which is strictly negative (because agens assumed to be less risk averse than aggmence
Aa > 0). This leads to a negative relation between patience akdawearsion of agents since
the less risk averse agent (agéhtlways has a smaller discount rate for future absolute con-
sumption (therefore more patient) than the more risk avageat (agen2). This result seems
counter-intuitive since one would expect a more risk avagent to be more patient, see van
Pragg and Booji (2003). However, under the KUJ, agentstyid a function of their relative
consumption rather than absolute consumption. In our maldelsubjective discount rate for
future relative consumption is actually common betweemtsydence agents’ patience for fu-
ture relative consumption is independent from their ris&raions. Therefore, the dependence
of agents’ patience parameters on the risk aversions igtudtiof the KUJ under disagreement.
In addition, the patience parameters of agents for futuselake consumption are endogenously
determined by their risk aversions and beliefs, insteachaagenous variable as in the stan-
dard consumption-based asset pricing models.

In summary, under the KUJ, agents behave very differentlyeurneterogeneous beliefs.
An increase in the disagreement can increase the fluctsatiothe aggregate consumption
shares of agents and make the less risk averse agent to besoraepatient for the future
(absolute) consumption. These behaviour can have sigmificgoact on the long-run survival,
Sharpe ratio, price-dividend ratio, equity premium, asttdfree rate in market equilibrium, as
discussed in the rest of the paper.
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3. LONG-RUN SURVIVAL AND STATIONARITY

When agents have heterogeneous beliefs, their survivah@am significant impact on mar-
kets (see Kogan et al. (2006)). With a constant disagreementr model, the heterogeneity in
beliefs persists. The economy is said tost&tionaryif both agents survive in the long run. In
this section, we provide conditions for the long-run suaiwf agents and show that the speed
of market selection when one agent does not survive in longzan be very slow. Following
Kogan et al. (2006) and Yan (2008), we first introduce the defimof survival.

Definition 3.1. Agent: vanishes in the long-run wheR(lim, ,., A;; = 0) = 1. Agent:
survives in the long run if he does not vanish.

A survival index can be defined as a function of agent’s betisk aversion and subjective
discount rate. According to Yan (2008), an agent survivasid only if he has the lowest sur-
vival index. Under the KUJ, equatioh (2122) implies thatratgebehave as a logarithmic utility
maximizer of their absolute level of consumption with swahijee discount rates; and belief
MM. Therefore, using Proposition 2 in Yan (2008) and settingnégj relative risk aversion
coefficients to one, we obtain the following survival indéxagent:

1. _ 1
I; = 5934‘@ = §(pi9%+q1‘9§)+57 =12 (3.1)
Then the difference between agents’ survival indices ismgivy
2 2
I — I, = bi =0, (3.2)

Ozl‘l—OZQ—l7

which leads to the following conditions for the long-run\aual.

Proposition 3.2. (Long-run Survival) Assume # % Then both agents survive if and only if
|01| = |02]. When|0;| # |62|, there is only one agent survives, in particular,
e whena; + ap > 1, agent2 survives if and only ifd,| < |6,| and agentl survives if and
only if |0;| < |62];
e whena; + o < 1, agent2 survives if and only if¢; | < |f2| and agent survives if and
only if |0y] < |64].

Proposition 3.2 provides some insight into the long-rurvisat of heterogeneous agents
under the KUJ preferences. First, it shows that the markstaisonary if and only iff;| =
|05|, that is agents have the same absolute disagreement witlhjaetive belief. In order for
market stationarity to occur with persistence of hetereggnn beliefs, we need one agent to
be over-optimistic and the other agent to be over-pessorabbut the growth rate of aggregate
endowment so that, = —60,; that is the amount of over-pessimism exactly offsets thewarh
of over-optimism. Note that under the KUJ, both agents seras long asf,| = |6,| and
market stationarity does not depend on the agents’ risksiw@ This is in contrast to Yan’s

16n equation[[3R), the difference in the survival indiceséso if and only if the numerator is zero.
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result that being less risk averse helps an agent to suiive expected aggregate endowment
growth under the objective probability measure is stripthgitive.

Secondly, agent with more accurate belief survives wheh bgents are sufficiently risk
averse (so that > 1), but market selection does not work when agents are ldsavesse (so
thata < %), under which the agent with a more accurate belief actuklBs not survive in the
long run, while the agent with a less accurate belief susvivEhis is a surprising results and
here is the intuition behind this result. Whan< % from Lemmd 211, we havg, < 0 and
¢2 < 0, which means that the optimal consumption of an agent isamedbon his own subjective
belief, but rather on the subjective belief of the other agethe economy. Therefore, although
an agent may have a more accurate belief of the expectedgaggrendowment growth, his
optimal consumption policy is actually based on the lessiate belief of the other agent in
the economy. This is in contrast to the results in Blume argldyg2006) and Yan (2008) that
in a complete market with endogenous savings and portfolaces, incorrect beliefs is always
a disadvantage for survival.

When one agent vanishes in the long run, the question is r&ivsfthe market selection pro-
cess. The answer to this question is important to understenitmpact of non-surviving agent
on equilibrium asset prices. If the selection process ist*fahen the heterogeneity in beliefs
would have little or no effect on equilibrium prices. Howeviéthe selection process is “slow”,
although heterogeneity in beliefs cannot persist in thg lam, but its impact on equilibrium
prices cannot be simply ignored, see Yan (2008). Considé@uati®n that agent vanishes.
We measure the speed of the selection process by the expiestédne that agent 1's share of
aggregate consumption ; reaches a level below his initial levek )\, . Mathematically, the
vanishing time is defined by

7 =E[inf{t: A\, =1}]. (3.3)

The following result characterizes the speed the marketseh.

Proposition 3.3. (Speed of Market Selection) Given that agéntanishes in the long run,
then the expected first time that ageist share of aggregate consumptian, will hit the level

[(< A1) is given by : ;
20 — 1 1—0ON 0}
T = In ’ . 3.4

RGN { I Az G4

Propositior 3.B shows that the speed of the selection psatEsends not only on the differ-
ence in beliefs, but also on the average risk averaio&Equation[(3.4) shows that even when
the difference in belief§ is small, the speed of the selection process can still becmirffifast if
the average risk aversion is close to a half. Derote %0 and letr;- be the expected time that
agentl’s share of aggregate consumption reduces to half of itisifével. In Fig.[3.1, agerit’s
subjective belief is assumed to coincide with the objedbiskef, that isd, = 0. Fig.[3.1 shows
that as the average risk aversierbecomes closer tg, agentl’s half life 7;- is much shorter

given the same difference in subjective beliéfsFor example, when agemtunderestimates
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FIGURE 3.1. Agentl’s half life as a function of the disagreement measured by
0. We setf; = 0, the difference in risk aversioAa = 0.1 and the subjective
discount rate for future relative consumptionie= 0.01 — %p1q152.

or overestimates the MPR or Sharp ratio of the stock by0.1, his half life is approximately
116 years wherx = 0.75, but only42 years wherv = 0.55. Therefore, under KUJ, when the
average risk aversion is small, in order for heterogenaityaliefs to have significant impact on
market equilibrium, it is important to have a stationary kedythat is|0;| = |6s|.

4. CONSENSUSBELIEF, MARKET EQUILIBRIUM, AND CYCLICAL BEHAVIOUR

To characterize the market equilibrium, we construcbasensus consumeho is endowed
with the aggregate endowment, and can generate the samfeassebprices as in the original
economy under KUJ and heterogeneous beliefs. In a standaedepchange economy with
heterogeneous agents who maximize the expected utility fr@ir absolute consumption under
their heterogeneous beliefs, Jouini and Napp (2007) peoaichethod for constructing such a
consensus consumer. We now follow Jouini and Napp (200 9rstouct a consensus consumer
for the economy in Section 2.

Proposition 4.1. (Consensus Consumer) The consensus consumer has logauuttiity with
a subjective discount rate so that the instantaneous utility from aggregate endownsanea-
sure by

upry(Dy) = e P In(Dy)
and a consensus beliéf, = (M, ; + M,,)/2 that satisfies

dM, - -
th = _(ﬂt — ﬁ)dt -+ thwt,
where

B = )\1,1551 + )\2,7&52, 0, = )\1,1‘,9_1 + )\2,1552-
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Propositior. 4.1 reduces significantly the analysis of magkgiilibrium in the economy of
Section 2 to a standard consumption problem with logarithrtility and homogeneous beliefs.
It has the following interesting implications. First, thB[S process derived from the first order
condition of the consensus consumer is given by

§ gty Ms Dy

g =¢ Al )ME' (4.1)
The consensus beliéfl, is in general not a martingale, hence not a proper probwatétief.
It is a martingale only whemay, = a, = 1 andj3, = . In general, as in Jouini and Napp
(2007), we can decomposé, into a proper probability beliefZ, and a discount factad; so

thatMt = AtMta Where

t t t
A; = exp </ —(Bs — ﬁ)ds), M, = exp </ —%égds +/ ésdws).
0 0 0

The disagreement between the consensus probability laelithe objective belief is measured
by 6,, which is a consumption-share weighted average of agergagceement with the ob-
jective belief under their equivalent probability beliefSsecondly, the subjective discount rate
of the consensus consumér is a consumption-share weighted average of agents’ discoun
rate for future absolute consumption. Because of the sstichaature of the aggregate con-
sumption shares of agents, this endogenously generateaudisrate implies a stochastically
discount factor4;. Withe the help of Propositidn 4.1, we can obtain the equiliin market
characteristics, including MPR (or Sharpe ratio), equilliim risk-free rate, and price-dividend
(PD) ratio in market equilibrium.

Proposition 4.2. (Market Equilibrium)
(i) The equilibrium MPR process is given by
Rt = 0p — ét, (42)

(i) The equilibrium risk-free interest rate is given by

re =B+ pp — op(op — 6y), (4.3)
(i) The price-dividend (PD) ratio in equilibrium is given by
S, 1 ,
G = 5 =AM+ dagda, == fori=1,2. (4.4)
Dy Bi

Proposition 4.2 shows that the equilibrium MPR and rislefrate are determined by the
consensus belief about the expected growth rate of aggregatowment. Intuitively, if the
consensus belief is pessimistic (optimistic), then ther@haatiox, would be higher (lower)
and the risk-free rate; would be lower (higher) compare to a standard economy unoer h
mogeneous beliefs. Furthermore, equation| (4.4) showshkatquilibrium stock price is con-
sumption share weighted average of the prices that wouldpiie@ economies in which there
is only agent. Note that the PD ratigs(i = 1, 2)in single-agent economies depends on agents’
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patience for future absolute consumptién which is jointly determined by agents’ beliefs,
risk aversions and the common discount rate for futureivel@onsumption. Since there is a
negative correlation between risk aversion and patiengdiech by the model, the PD ratio is
always higher in the single-agent economy of the less rigksevagent. When risk aversion
are the same, the equilibrium PD ratio becomes constane that the same result holds in a
standard economy in which logarithmic agents with hetanegas beliefs maximize expected
utility of absolute consumption. Li (2007) derives simitasults in a pure-exchange economy
in which agents maximizes expected utility of absolute comstion under different subjective
beliefs and subjective discount rates. However, in his hdde subjective discount rates are
given exogenously, as a result, the market may not be statiaven when agents have the
same absolute disagreement with the objective belief, wisithe case in our model.

The cyclical behaviour of market characteristics includeside variety of dynamic asset
pricing phenomena identified in financial markets. Proparsi.2, together with the consump-
tion share dynamics in Lemnla 2.1, implies the following fessan the cyclical behaviour of
market characteristics.

Corollary 4.3. (Cyclical Behaviour)

(a) the MPR or Sharpe ratia; exhibits a countercyclical behaviour;

(b) the risk-free rater, is countercyclical whenp < (A«)é/2 and procyclical whewrp, >
(Aa)d/2;

(c) the P/D ratio ¢, is procyclical, which means that the dividend yiélt, is counter-
cyclical when the less risk averse agent is relatively mgtnastic than the more risk
averse agents.

The results in Corollary_4l3 reconcile the cyclical behaviof market characteristics ob-
tained in Campbell and Cochrane (1999) and Chan and Kog&2)20

5. SToCK AND BOND RETURNS

In this section, we examine the impact of the KUJ and disages of agents on stock
volatility, equity premium and risk-free rate when the nedris stationary (that i, | = |0s|).
It is found that even amalldisagreement can have a significant impact.

5.1. Stock Return Volatility. Applying 1td’s lemma to the equilibrium stock price in ediae
(4.4), we can obtain the contribution of disagreement taetteess volatility of stock return.

Corollary 5.1. (Stock Volatility) The volatility of instantaneous stoekurn is given by
¢1 — @}
¢r |

andoy ; = M\ +\:0 measures the fluctuations in the shares of aggregate cortearmp

O =0p + 0y, where Tpt = Ort { (5.1)
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(Case LA« € [0.1,1] (Case 2 € [0.555,0.60]

1.0

(Case 3)3 € [0.0164, 0.06]

FIGURE 5.1. Stock return volatilitys; as a function of agent’s share of ag-
gregate consumptiol, ;. The parameters values gig = 0.02, op = 0.03,
pup1 = 0.021andyup . = 0.019. In Case 1, we assume= 0.60, 5 = 0.06. In
Case 2, we assum&a = 0.1, § = 0.06. In Case 3, we assum&a = 0.1,
a = 0.60.

Corollary[5.1 shows that the stock volatility can be decosgubinto two componentshe
volatility of the aggregate dividendnd thevolatility of relative changes in PD ratioswhile
the former is assumed to be a constang)( the latter is stochastic and positive when the
optimistical agent is less risk averse compared to the pestst agent (see Li (2007)), leading
to excess volatility. We now provide an explanation for tReess volatility. When the less risk
averse agent 1 is optimistic compared to agent 2, we figve- 0; meaning that agerits share
of aggregate consumption is positively (and perfectlyyeated with aggregate consumption
growth. Since the more risk averse agent is always lessnpatempared to less risk averse
agent, we must havé, < .. This then impliesp; > ¢,. Therefores, > op, implying excess
volatility. When agents have the same stock evaluations<¢,), we haveAa = 0 and hence
o = op, that is stock volatility coincides with that of the aggregeividend.

To quantify the excess volatility, we examine the impadifference in risk aversiong\a),
average risk aversiofrr) and thediscount rate for relative consumpti@s) on stock volatility
() numerically and report the results in Fig. 15.1. With a snd&@hgreement in the expected
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growth rate in dividengip ; — pp o = 0.2%, Fig.[5.1Case 1shows that the difference in risk
aversions is positively related to stock volatility. Irttuely, greater difference in risk aversions
corresponds to larger difference in patience, which irsgeatock volatility.

Fig. [5.1Case 2shows that givem > 1, average risk aversion is negatively related to stock
volatility. Intuitively, an increase in agents’ averagekriaversion reduces the difference in
the equivalent beliefs about expected divined growth, tieads to less speculation between
agents and smaller stock volatility. Note that an incredsergease) in average risk aversion
has the same effect as a decrease (increase) in agentsedisgmn® since only the difference
in the equivalent belief§ matters. Therefore, we do not necessarily need a largerdisagnt
between agents to generate excess volatility in stockmetutr can be simply the case when
average risk aversion is low.

In Fig. [5.1 Case 3 given that the subjective discount rate for relative comgtion 5 >
—minfun 1, iare) With g = (1/2)pigid? for i = 1,2 (such that equilibrium exists), stock
volatility is negatively related to the level ¢f. Intuitively, since agent is assumed to be less
risk averse (and therefore more patient) than ageas the level ofg decreases, both agents’
stock valuation increases due to the increase in patiege\frer more so for agentbecause
his subjective discount rate for absolute consumptiooan be very close to zero such that his
valuation ;) is much larger than agegts (¢,). For example, whery = 0.0164, we obtain
By = 0.00015 and 3, = 0.0057, which implies thaip; — ¢, = 6491.4. In comparison, when
B = 0.06 so that3, = 0.044 and/3, = 0.049, which implies the difference in stock valuations
is only ¢, — ¢ = 2.575. Hence, stock volatility is very sensitive to agent’s padie for future
relative consumption. The large difference in stock vatret created by choosingjcloses to
the threshold also generatesegative skewness stock volatility, which means that volatility
is higher (lower) when the less risk aversion and more ogtimagent (agent) has a smaller
(larger) share of aggregate consumption.

Now we explain the negative skewness in volatility. Intwety, as equation (5.1) shows,
volatility of relative changes in the PD ratig, , is inversely related to the current level of the
PD ratio¢;. When there is a large difference in agents’ stock valuationcan be very small
(large) ando,, very large (small) when agerits share of aggregate consumption is closer
to zero (one). This negative skewness in the relationshipd®n stock volatility and agents
share of aggregate consumption is the key ingredient inrgéng large equity premium, which
we will discuss in the next subsection.

5.2. Equity Premium. The equity premium of instantaneous stock return is defiised a
Et[th — Ttdt] = (,th — Tt)dt,

hence the annualized equity premium is equal to the produbedVPR or the Sharp ratio and
the stock volatility, that is
Mt — Ty = KOy (52)
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The estimated equity premium in the US market’isto 6% p.a based on the last one hundred
years of data. When beliefs are homogenous, thét is 0 for i« = 1,2, the market price of
risk and the stock volatility are given by, = op ando; = op, thus the equity premium is
constantand given byu; — r; = o%. If we assume volatility of dividend growthy, is identical

to the volatility of aggregate consumption growth, whicharund3% p.a according to US
consumption data, then the equity premium is equdl®% p.a, which istoo low compared

to the historically observed level. When beliefs are hegen@ous, both stock volatility, and
the market price of risk; depend on the fluctuations in agents’ share of consumption.

(Case 3)3 € [0.0164, 0.06]

FIGURE 5.2. Equity premiumu; — r; as a function of agent’'s share of ag-
gregate consumptiol, ;. The parameters values gig = 0.02, op = 0.03,
pup1 = 0.021andyup . = 0.019. In Case 1, we assume= 0.60, 5 = 0.06. In
Case 2, we assum&a = 0.1, 5 = 0.06. In Case 3, we assum&a = 0.1,
a = 0.60.

To quantify the impact of disagreement on equity premiumgcwasider three cases in Fig.
based on a numerical analysis. Fig] 6dse 1shows thatifference in risk aversiondoes
not contribute to higher equity premium, though it can piceexcess volatility. Wheda = 1,
the equity premium is negative for most values\@f. The reason is that when the pessimist
is much more risk averse than the optimist, in equilibriugthtagents’ equivalent probability
belief are more optimistic than their subjective beliefattisd, < 0;, for i = 1,2. Thus the
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consensus belief is more likely to be over-optimistic corep@ the objective belief, which
leads to a negative market price of risk. @ase 2 when the average risk aversion is small,
equity premium is positive whek, ; < 0.5 and negative when, ; > 0.5. Intuitively, a smaller
average risk aversion leads to greater stock volatility apodsitive (negative) market price of
risk when the consensus belief is over-pessimistic (opéirostic). Of course, this intuition
can also apply to standard differences-in-opinion modélsout KUJ. However the difference
here is that under KUJ, there can be a large variation in th&eharice of risk even when the
difference in subjective beliefs is relatively small, ofl20% p.a. in this case. For example,
whena = 0.555, under KUJ, the range for market price of risk is givenby).3033, 0.3027) is
significantlylarger than the range without KUd{ = a, = 1), which is(—0.0067,0.06). Case

3 shows that when the discount rate for relative consumptianclose to the threshold, there
is a large positive equity premium when,; < 0.5 and a small negative equity premium when
A1+ > 0.5. The asymmetry is due to the negative skewness in stockilitylégee Fig.[5.1 Case
3), ahigh stock volatility is accompanied by @ositivemarket price of risk while dow stock
volatility is accompanied by aegativemarket price of risk.

5.3. Risk-free Rate. The level of risk-free rate in the economy is given by equai{d.3),
which is an aggregate consumption share weighted averagenftir,, wherer; = 3; +jip,; —
o2 fori=1,2and

ri—re=(B1 — B2) + (Ep1 — fip2),

which shows that the range for the risk-free rate depend$erdifference between agents’
patience for future consumption and the difference betvagemts’ equivalent beliefs about the
expected dividend growth rate. Note that the risk-free cate become a constant whén—

B2 = fip2 — fip.1, that is when the optimistic agent is less risk averse thapéssimistic agent.
The above condition can be re-written in terms of agent& aigersions and the disagreement
between their subjective beIief§Aa5 = op. The level of risk-free rate is also constant when
beliefs are homogeneous, the benchmark risk-free rate tnodeogeneous beliefs is given by

re =B+ pup — 0. (5.3)

In general, risk-free rate depends on the fluctuations iratjggregate consumption shares of
agents. Fig.[5]3 illustrates the impact of difference ik @sersions, average risk aversion
and the subjective discount rate for relative consumptiorthe level of risk-free rateCase
1 shows a large difference in risk aversions leads to greagations in the risk-free rate.
Intuitively, under the KUJ, a large difference in risk avers leads to greater difference in
agents’ patience for future consumptioBase 2shows that a smaller risk aversion reduces
the variation in the risk-free rate, because a smaller geerask aversion leads to a larger
in difference in agents’ equivalent beliefs, which offstite difference in patience for future
consumption in this caseCase 3shows that the level of risk-free rate is negatively related
the discount rate for relative consumption. This is expsiace agents’ subjective discount
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0.60

10
(Case 3)3 € [0.0164, 0.06]

FIGURE 5.3. Risk-free rate; as a function of agents share of aggregate con-
sumption\, ;. The parameters values gig = 0.02, op = 0.03, up; = 0.021
andupo = 0.019. In Case 1, we assunie = 0.60, 3 = 0.06. In Case 2, we
assumela = 0.1, 5 = 0.06. In Case 3, we assum®n = 0.1, @ = 0.60.

rate for future absolute consumption increases.ilWheng = 0.0164, the risk-free rate varies
betweer2.03% and2.48%, which is close to the average short-term interest rateahls (see
Campbell (2003) Tab. 1). Note that when beliefs hoenogeneoyshe risk-free in[(5.8) is
equal t03.55% for 5 = 0.0164. Therefore, in this case, a small disagreement of 0.2% leget
with difference in risk aversions can reduce the risk-fiate by more thamn%.

5.4. Monte Carlo Simulation. To quantify the overall impact of disagreement on equity pre
mium, volatility, and risk-free rate, we conduct a Monte IGaimulation in this section. As-
sume under the objective probability measure, the expegtedth rate and volatility of the
aggregate dividend are given by, = 0.02 andop = 0.03. Furthermore, agents’ subjective
beliefs are given byup 1, up2) = (0.021,0.019) with a small disagreement of 0.2%. For a
small time incremenfA¢t = T'/n, define the stock return and average stock return resphctive
as

ASiiar + DAL OrintDipnr 1 1
AR = — 1= D At—1, AR= S AR )
t AL S, o) + & ) - ; t+AL
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We use Monte Carlo simulations to compute for each pathavieeage equity premium

T—At

Z [ARtJrAt - T’t]7

t=0

and theaverage risk-free rate

1 T—At

T = — T¢] -
Tab.[5.1 reports the unconditional mean and standard d@vi@ parenthesis) for each quantity
for different combinations of difference in risk aversial«), average risk aversiom}, and
subjective discount rate for relative consumptigi. (We assume that the planning horizon is
T = 100 years. Results show th@ase Jproduces the most desirable results. When agents have
a small difference of 0.1 in risk aversions, a small averagleaversion and a discount rate for
relative consumption close to the threshold, average ygoa@mium has mean &.30% with
a 1.68% standard deviation, average risk-free rate has a mear0@f with 0.06% standard
deviation, and volatility in stock returns has a meand®83% with a standard deviation of
5.36%. This demonstrates that, under the KUJ preferencesnall amount of disagreement
among agents can produce on average significantly highéyemamium, lower risk-free rate
and excess stock volatility compare to the market under lg@meous beliefs.

(Aa, &, ) Er or Fr

Case1 (1,0.6,0.06) | 0.15% | 14.22% | 7.12%
(0.82%) | (3.90%) | (0.88%)
Case 2 (0.1,0.555,0.06) | 1.58% | 13.75% | 3.42%
(1.55%) | (4.14%) | (0.005%)
Case 3 (0.1,0.6,0.0164) | 3.30% | 16.83% | 2.07%
(1.68%) | (5.36%) | (0.06%)

TABLE 5.1. Unconditional mean and standard deviations (in phesig) of the
average equity premiumy, volatility in stock returnss and the average risk-
free ratery for a planning horizon of” = 100 years.

6. CONCLUSION

Habit preference models play very important role in asseiny literature. With external
habit preferences and countercyclical variation in riskraion, Campbell and Cochrane (1999)
explain many of those market characteristics and puzzlé<Céran and Kogan (2002) further
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show that such risk aversion variation can be endogenowsigrgted through wealth redis-
tribution of multiple agents with different risk aversiooefficients. However, Xiouros and

Zapatero (2010) develop a discrete-time model of hetergenagents similar to that of Chan
and Kogan (2002) and show that the heterogeneous risk ameaine can only have a mar-
ginal, almost negligible, effect. They show that the vamiatequired by the stochastic discount
factor is unlikely to be produced by such a model with reabnparameter values. They also
point to heterogeneity in agents’ expectation or beliefa ppomising alternative.

In this paper, we reconcile the findings in Campbell and Carcéir(1999) and Chan and
Kogan (2002) by considering a combination of differenaesjinion andKkeep up with the
JonesegKUJ) models. Following the differences-in-opinion maglelve assume that agents
agree to disagree. But different from the current literattine KUJ in this paper is character-
ized by a boundedly rational feature of agent to maximizeetkgected utility of his relative
consumption to the other agent. When two agents disagrag #imexpected growth rate of
the aggregate endowment process, we solve the optimal wgutigun and derive the market
price of risk, risk-free rate, and price-dividend ratiorclosed form. We provide conditions for
agents’ long-run survival. We show that the model is abléhracterize the cyclical behaviour
of Sharpe ratio, volatility, risk premium, and P/D ratio. i@unalysis show that a small disagree-
ment can have significant impact on the market price of risk;free rate, price-dividend ratio
in market equilibrium. In particular, when the less risk @esagent is relatively optimistic, al-
lowing a small amount of disagreement between agents cdaiexpany market characterizes
including excess volatility, a high equity premium and a lask-free rate identified in financial
markets. We show that heterogeneous beliefs and the KUdrprafes introduced in this paper
is a promising alternative to explain why agents requirdfigmpensation for taking ex-post
risk and why the market price of risk appears to very so drenalat over time.

APPENDIXA. PROOFS

A.1. Proof of LemmalZ.1. (Optimal consumption policy)

By agent 1’s first-order condition for optimal consumption,

C

Lt [1,t(771€t62,t/M1,t)7

Cat
wherer), is the Lagrange multiplier to satisfy agent 1's budget c@ist and/; ;(c1:/c2t) =
u/ljtl(cl,t/cz,t) is the inverse function of agems marginal utility of relative consumption. Sim-
ilarly,

c
% = ]2,t(772§t01,t/M2,t)-

1t
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These lead to

S T s R
— @y Al T e €1 @y
cp=m Mige & eyt

L L t

— @ a2 T ao €2 ag
C2t = T]y 2t € 26t TC1y” - (A.1)

-1 ag—1

Solving this system of equations for; andc,; assumingy; + o, # 1 leads to

Cit = ﬁ;1€75tM17t§;1’

Cot = ﬁ;leiﬁth,tftila (A.2)
wheref; = ni'nd" andi, = n*nd*. Furthermore, the set of weigh{;, ¢;} and M, for
i = 1,2 are as defined in Lemnia 2.1. Therefore, agenshare of aggregate consumption is
given by _

A — Cit ﬁflMl,t
Lt — — 1y ——1xr -
Crp+cap Ty My +1y Moy
To solve for the modified Lagrange multipliefsandi,, we substitute, ; into agentl’s budget
constraint in[(2.14), from which we obtain

ﬁlE[/ eﬁtM17tdt:| :.1'180.
0

Sincee PE[M, ;] = e " wherep, is defined in Lemma=21 and, is assumed to be/2.
We obtaing, ' = 3,5,/2. Similary,7, ' = 5,5,/2. Hence, we have the expression)gf; in
equation[(2.18). The stochastic differential equationEpir A, ; can be obtained by applying
[td’s lemma to equationi (2.18). OJ

A.2. Proof of Proposition[3.2. (Long-run Survival) Agent’s share of aggregate consumption
can be written as L
BgMz,t)

M= 1+ 2
b < By M,

Therefore, agerit's long-run survival depends on the ratio of agents’ eqeintbeliefs\, ; / M, ;,
which is given by

MQ,t { —%<9§ - 9%) — (5wt}
— = eXp .

M, 4 op +ag—1

If (B.3) converges to zero as— oo, then); ; ©3 1 and agent survives and agentvanishes. If

(A.3) diverges to infinity ag — oo, then\, ; =5 0 and agent vanishes while agertsurvives.
Using the strong Law of Large Numbers for Brownian Motiong(&aratzas and Shreve (1991,

Sec.2.9.A)), for any value of,

(A.3)

. 0, a<0
11&5% exp{at—l—awt}—{ 0. a>0,

where the convergence takes place almost surely. In ouy case
1 6—62
" 2a1tay—1
We consider two cases, (@ + a» > 1 and (ii) a; + a5 < 1. Under case (i)¢ > 0 if and
only if |fs| < |A:1], under which agent vanishes and ageftsurvives. Similarlya < 0 if and

only if |#;| < |6>|, under which agent survives and agert vanishes. Under case (i),has
the opposite sign compare to case 1. Lastly 0 if and only if |6;]| = |6,| under which there
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does not exist an stationary distribution fak ; /M, ;, hence both agertand agen® survive
in the long-run. 0O

A.3. Proof of Proposition[3.3. (Speed of Market Selection) An equivalent problem to com-
puting [3.3) is to compute

7 = Elinf{t : at +w;, = ["}], (A.4)
where 62 _ o \ l
165 — 07 o oy —1 01—
= _ and " = — 1 : .
2 4 J ! {/\2,0 < l )}

This is a well studied problem, see Karatzas and Shreve |X&®dpter 3.5, the explicit density
function of7; is given by

* * 2
Pl € dt] = . {—M}dt,wo.

V23 b 2t
To find the expected first hitting time, we compute the integra
o] |l*| { (l*—at)Q}
— — —— dt. A.5
P 57 (A.5)

The explicit solution ofl(A.b) depends on the sigruandi*. There are two cases in Proposition
[3.2 under which agent 1 vanishes in the long-rungit- a, > 1 and (i) a; + s < 1. If
(i), then the sufficient and necessary condition for agewtvianish ist? < 2. If (i), then the
sufficient and necessary condition for agent 2 to vanishérndhg-run is#? < 62. Therefore,
regardless of the sign ¢f « andl* always have the same sign, under which the integralin (A.5)
has the closed-form solution given by

T = l—

a

Substituting in the values farand(* completes the proof. [

A.4. Proof of Proposition[4.1. (Consensus Consumer) See Jouini and Napp (2007) Example
2.1. O

A.5. Proof of Proposition [4.2. (Market Equilibrium) From the first order condition of the
consensus consumer, the SPD proggss e*ﬁtMt/Dt, therefore

& _[-
&
which implies thats;, = op — 6, andr, = 3, + up — op(op — 6;). To obtain the equilibrium
stock price in[(4.4), we evaluate the following expectedigadf an integral

St — Et|: §SD d :|
RS

Given the expression @f /¢, in (4.1), we can rewrite the integral as

o0 M,
S:E{/e (s—t) 5 ds}D
t ¢ t M, i

Bt ,UD+0'D<0'D—ét)}dt—i-(ét—O'D)dw,

Moreover, since

=M=t A==\ tei(Bliﬁ)(sft) —]\?1’3 + Ay tef(BQ*m(sft) ]\{2,3’
| | ' 7 M 7 My,
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the equilibrium stock price is given by

S & 2 o0 . by A
2t )\171‘// e*ﬁl(sft)ds + )‘271‘// e*ﬁg(sft)ds _ },t + 2,t7
t t b B2

which completes the proof. [J

A.6. Proof of Corollary £.3 (Cyclical Behaviour)
Following LemmaZ2.l1, the covariance between ag&mtonsumption share and the aggregate
endowment process is given by
Ot = )\1,t/\2,t5>
hence the covariance is strictly positive (negative) when(<)0, that is agent is equivalently
more optimistic (pessimistic) than agent
First, note that from equatioh (4.2), the equilibrium MPRStvarpe ratio satisfies

d:‘it = _Sd)\l,t

Hencedrx,dD; < 0, that is Sharpe ratio is countercyclical. Moreover, th&-free rate from
equation[(4.B) satisfies

o o _ 1 -
th = [(61 - BQ) + O'D(Ql - QQ)]d)\Lt = 5(0‘D - §A0z5)dA17t.

Therefore, sincé\a > 0, the risk-free interest rate is procyclical if and onlyif > %Aa&
Furthermore, the P/D ratio in equatign (4.4) satisfies
Aad?

d¢t = (¢1 - ¢2)d)\1,t = 2616200\1,1&-

Therefore, the P/D ratio is procyclical and the dividendd/ig/ ¢, is countercyclical if and only
if (Aa)d > 0, that is the less risk averse agent is equivalently morevogtic than the more
risk averse agent.

A.7. Proof of Corollary 5.1l (Stock Volatility) Given that the equilibrium stock price given
by (4.4), the equilibrium stock return is given by

dé, dD, dé.dD, 1
==+ —+——— 4 —dt
¢t Dt gbt Dt gbt

The instantaneous relative change in the price-dividetid igiven by

dR,

(o),
Hence the volatility ofl¢, /¢, is given by
(1 — ¢2)

Oxt—— -

o

Given that the volatility of the stock dividend is5, the signed volatility of stock returns
coincides with equatioi (5.1). [J
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