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Abstract

This paper proposes a framework for pricing credit derivatives within the default-
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1 Introduction

Following the events of the recent financial crisis, both regulators and credit risk
modellers have devoted special attention to better understanding credit risk markets
and to further advance the models used to price and hedge the highly risky and elusive
instruments traded in these markets.

Several key characteristics of interest rate markets which are closely related to credit
risk markets have been identified in the literature. First, volatility in these markets is
stochastic and includes elements that cannot be hedged by using only the underlying
entities. In other words these markets feature unspanned stochastic volatility. Collin-
Dufresne and Goldstein (2002), Casassus, Collin-Dufresne and Goldstein (2005) and Li
and Zhao (2006) have demonstrated the existence of unspanned stochastic volatility fac-
tors in interest rate markets that drive the innovations of interest rate derivatives but
do not affect the term structure. Second, there is empirical evidence that the volatil-
ity in these markets is hump-shaped. Reno and Uboldi (2005) argued that a model
with hump-shaped term structure volatility could be an alternative to the unspanned
volatility model of Collin-Dufresne and Goldstein (2002) and showed that hump-shaped
volatility improves the model specifications, both in terms of yield errors and cap pricing
performance. By using a default-free term structure model and a 7-year interest rate
data set, Trolle and Schwartz (2009) found evidence of unspanned volatility compo-
nents in interest rate markets and demonstrate that both hump-shaped term structure
and unspanned stochastic volatility components are necessary to satisfactorily match
the observed implied cap skews and implied volatilities. Third, innovations in interest
rate volatility are correlated with innovations in interest rates, see for instance Ball and
Torous (1999) and Trolle and Schwartz (2009). Fourth, interest rates are correlated with
credit spreads. D’Souza, Amir-Atefi and Racheva-Jotova (2004) and Berndt, Ritchken
and Sun (2010) demonstrate the importance of this correlation on pricing credit deriva-
tives such as options on risky debt or credit insurance contracts.

The contributions of this paper are several. A generalised defaultable term struc-
ture model within the Heath, Jarrow and Morton (1992) (hereafter HJM) framework
that accommodates unspanned stochastic volatility is presented. More specifically, the
proposed model has the following properties. By construction, the model is consistent
with the currently observed yield curve and credit spread curve. The model features
a default-free term structure that is driven by n factors and a defaultable term struc-
ture that is driven by 2n factors. Additionally the stochastic volatility is specified by

3n factors from which n factors affect only (interest rate and credit) derivative prices.



The connection between the two markets (default-free and defaultable) is established
through the credit spread, as in Schénbucher (1998), which allows us to accommodate
a correlation structure between interest rates, credit spreads and stochastic volatility.

However, it is well-known that these models are Markovian in the entire yield curve
and credit spread curve thus requiring an infinite number of state variables. Conse-
quently, a generalised volatility specification for the default-free and the defaultable term
structure is proposed that leads to finite dimensional realisation of the state space, see
for instance Chiarella and Kwon (2000a), Chiarella and Kwon (20000), Bjork, Landén
and Svensson (2004) and Chiarella, Nikitopoulos-Sklibosios and Schlégl (2007). The
proposed volatility structure, which depends on a Markovian volatility process, allows
for level dependency and hump-shaped shocks. In this regard, our model can be con-
sidered as an extension of the Berndt et al. (2010) model to accommodate unspanned
stochastic volatility. In line with the empirical evidence provided by Chan, Karolyi,
Longstaff and Sanders (1992), Amin and Morton (1995) and Mercurio and Moraleda
(2000), the volatility structure depends on the level of the short rates and the short-
term credit spreads. Under these volatility specifications, the model offers tractability
and flexibility as it allows (default-free and defaultable) bond prices to be expressed as
exponentially affine functions of state variables which are jointly Markovian. Although
the model gives rise to a large (finite) number of state variables, their Markovian struc-
ture guarantees that the computational cost remains low.

The paper also considers the pricing of credit derivatives under the proposed model.
We derive pricing formulas for single-name credit default swap rates (hereafter CDS
rates) and swaptions. Based on approximations proposed by Brigo and Morini (2005),
CDS rates are expressed in terms of defaultable bond prices with varying maturities,
both in the absence and the presence of counterparty risk. Motivated by Rutkowski and
Armstrong (2009), swaptions are also priced by using a Black’s-type formula for options
where the underlying is the CDS spread.

The final contribution of this paper is that an extensive sensitivity analysis is pre-
sented. Firstly, the impact of the full correlation structure and the volatility specifi-
cations on the distribution of the defaultable bond prices is analysed. The impact of
the correlation structure and the stochastic volatility specifications on CDS rates and
swaption prices is also studied. The results indicate that the correlation between the
interest rate and credit spread does not have a significant impact on the CDS rate and
consequently the swaption prices while the effect of the parameters of the stochastic

volatility process is more profound.



The paper is structured as follows. Section [2] presents a multi-dimensional default-
able term structure model with unspanned stochastic volatility. Section [ proposes a
hump-shaped level dependent volatility structure for the default-free and the defaultable
forward rates that allow this model to admit finite dimensional affine realisations and to
produce exponentially affine defaultable bond prices. Section M considers the pricing of
credit default swaps and credit default swaptions. A sensitivity analysis of the impact of
different parameter values on the credit default swaps and the credit default swaptions

is carried out in Section [l Section [B] concludes.

2 A General Defaultable Term Structure Model

We consider the filtered probability space (2, F, (F;)o<it<r, P) where the filtration
Fo = FV Vv F7, t > 0, contains default-free information plus explicit monitoring of
default up to time ¢ and satisfies the usual conditions. Here, IP is the real world prob-
ability measure. More specifically, the subfiltration F}V represents all the default-free
background information and is the o—algebra generated by the standard P—Wiener

process W (t),
(F)ez0 = {o(W(s) : 0 < 5 < 1)}z (2.1)

The default time 7 is modelled as a stopping time defined by the first jump time of a
Cox (doubly stochastic Poisson) process N(t) = >, 1<, with intensity h(t), that
is,

7 =inf{t € RT|N(t) > 0}.

In addition, /7 is the subfiltration generated by the counting indicator function 1 (;<,
(F)iz0 = {o(1r<5: 0 < s < 1) bino. (2.2)

The price at time ¢ of the default-free zero coupon bond with maturity 7' > ¢
is denoted as P(t,T,V), where V € € represents the dependence on the stochastic

volatility process at time t.

Definition 2.1 1. The instantaneous default-free forward rate of interest prevailing

at time t for instantaneous borrowing at the later time T, is defined as

[, T, V)= _8% InP(t, T,V), forall tel0,T]. (2.3)



2. The instantaneous default-free short rate is defined as the instantaneously maturing

forward rate, so that
P V) = f(t 1, V). (2.4)

From definition (2.3]), the default-free zero coupon bond price is expressed as

P(t, T,V) = exp < — /tT f(t, s,V)ds).

We introduce next the defaultable term structure. We denote as P%(¢, T, V) the price
at time ¢ of the defaultable zero coupon bond with maturity 7" > ¢.

Definition 2.2 1. The instantaneous defaultable forward rate at time t for instan-

taneous borrowing at T is defined as

f%JWOzﬁ%mP%JWW for all t€0,T). (2.5)

2. The instantaneous defaultable short rate is defined as

ri(t, V) = fit,t, V). (2.6)

3. The continuously compounded instantaneous forward credit spread is defined as
ANt, T, V) = f4t,T,V)— f(t,T,V), (2.7)
and the instantaneous short-term credit spread is defined as
c(t, V) = Xt, 1, V) = r(t, V) — r(t, V). (2.8)

The t—value of the defaultable zero-coupon bond with maturity 7', assuming that it
has not defaulted up to time ¢, is denoted as P%(t, T, V) (the so-called ‘pseudo’ bond),

and is defined as
- T
PUt,T,V) = exp( - / £, s,V)ds). (2.9)
t

At default time 7, the defaultable bond’s face value is reduced by the loss rateEI q(T) €

[0, 1], and its recovery value is given by

R(T):=1—q(1). (2.10)

!This is also referred to as the loss-given-default (LGD).



Thus the value of the defaultable bond can be expressed as

P, T, V) = R(t) exp ( - /t £, S,V)dS) (2.11)
= R(t)P(t, T, V).

To allow for various factors in the economy or the market, to drive the dynamics of

the forward rate and credit spread, we propose the following multi-dimensional setup.

Assumption 2.1 The instantaneous default-free forward rate f(t,T, V) and the instan-

taneous forward credit spread \(t,T, V) satisfy the stochastic integral equations
t n t
f(t,T,V) :f(o,T,VO)+/ af(u,T,V)du+Z/ ol (u, T, V;)dW/ (v),  (2.12)
0 = Jo
t n t
At, T, V) = )\(O,T,VO)Jr/ ozA(u,T,V)dquZ/ oMu, T, V;)dW(u),  (2.13)
0 — Jo

where the stochastic volatility vector process V.= {(Vi(t), ..., Vn(t)),t € [0,T]} satisfies

the set of the stochastic differential equations
dVi(t) = o (t, Vy)dt + o) (t, Vi)dW, ' (t),i = 1,2, ...n, (2.14)
and Vy is the initial value of the volatility process V.

Note that the volatility functions o/ (£, T, V;) and o (¢, T, V;) depend only on the volatil-
ity process V; and that the drift o (¢, V;) and the diffusion & (¢, V;) of the each volatility
process V; depends only on the V;, for i =1,2,...,n.

The stochastic integral equation for the defaultable forward rate is derived by us-
ing the definition (Z7) and the Assumption 21 where the dynamics of the default-
free forward rate and forward credit spread are specified. Thus, by setting f¢(0,7) =
f4(0,T,Vy), we obtain

4, T, V)= f40,T) +/Ot(af(u,T, V) + aMu, T, V))du

N noo (2.15)
+) / of (u, T, V;)dW/ (u) + / oMu, T, V;)dWMu),
i=1 0 i=1 0
where the initial defaultable forward curve is
40, T) = f(0,T) 4+ X0, T). (2.16)

For notational convenience, we set f(0,t) = f(0,¢,Vy) and A(0,t) = A0,t,Vy), t €
[0, 7. Furthermore, the specifications of Assumption 2] imply the following dynamics
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for the instantaneous default-free short rate r(t, V) := f(¢,¢,V) and the instantaneous
short-term credit spread c(t, V) := A(¢,t, V)

r(t, V) = f(0,t) + /t of (u, t, V)du + i/t o (u, t, V;)dW/! (u), (2.17)
c(t, V) = \0,t) + /t oM, t, V)du + Zn: /t o (u, t, Vi)dWMu), (2.18)

respectively. For T' = t, equation (ZI%]) yields the dynamics of the instantaneous de-
faultable short rate r4(¢, V) := fi(t,t,V) = f(t,t, V) + \(t,t,V) as
t

rl(t, V) = f40,t) + / (af (u,t, V) + o u, t,V))du
0

0o 0o (2.19)
+Z/ Ul-f(u,t,Vi)dWif(u)—i—Z/ o (u, t, V;)dW (u).
=19 =170
In addition, we specify the correlation structure as follows
diiptdt if ,
E[aws - aw?] = | "9/ e #y (2.20)

1 ifi=j, o .
Jfor oy e {V, A\, f}, 1 <4,5 <n.and p;¥ € [-1,1] for all
0 otherwise

where 6;; = {
1.

The correlated Wiener processes W/ (t), WA(t) and WY (t), fori = 1,2,...,n, can be
expressed in terms of the independent Wiener processes Wj(t), for i = 1,2,...,3n. For
modelling convenience, we adopt the following decomposition (there are other possible

decompositions)

AW/ (t) = 2w (b),
AW () = 2 dWi(t) + 22dW,, 14(1), (2.21)
AW () = 2" dWi(t) + 22 dWopi(t) + 2] dWan s (t),

where the correlation parameters, for (pf‘f )2 # 1, are set as

fi_ Mo A Ao Afy\2

it =1, zt=p;", 2% =/1-(p;")%,

ACRNINS S PV —p}pl 7 Vs 1=(o})2= (0] 1)2= (oY ) >+20} p} T pY A (222)
7 ] 7 1f(pjf)2 ) 7 1_(pl?\f)2 .

Then by using the decomposition ([Z.21]), the stochastic integral equations ([2.12]) and
(Z13), as well as, stochastic differential equation (ZI4]) are expressed in terms of inde-



pendent Wiener processes as

F(t, T, V) = f(0,T) +/t of (u, T, V)du+i/t &1 (u, T, V;)dWi(u), (2.23)
AT, V) = A0,T) + /t oMu, T, V)du + Zn: /t &M u, T, V;)dWi(u), (2.24)

dVi(t) = o) (t, Vy)dt + &}, (1)dWi(t) + G5 ()dW, s (t) + Gl (1)dWapnys(t),  (2.25)

where the volatility functions &7 (¢, T, V;), (¢, T, V;) and Gy, (t,T) are given by

N f o .
zitor (6, T,V;), fori=1,... n;
sl v) =4 & DY) (2.26)
0, otherwise;
and
A1 ; .
j 'tha‘/’ia f :]-7"'5 )
G (t,T,V;) = 23 7 ) o " (2.27)
22 o (6T, Vi), fori=n+1,...,2n;
while, for j =1,2,3andi=1,...,n
Gl(t) = 2 oY (t,V3). (2.28)

Moreover, when the decomposition (2.2]]) is applied to (ZI5) for the defaultable forward

rate, we have that it follows the stochastic integral equation

t 2n et
FULT V) = £40,T) + / a(u, T, V)du + Z/ 5% (u, T, V;)dWi(u), (2.29)
0 — Jo
where
al(u, T, V) = ol (u, T, V) + a*u, T, V), (2.30)
G, T, Vi) =6 (. T, Vi) + &) (t, T, Vi). (2:31)

The system consisting of ([223]), ([224]) and (Z20) embeds stochastic volatility into a
traditional defaultable HJM framework. The default-free forward rate curve is driven
by n sources of uncertainty, while the (apparently larger) defaultable forward rate curve
is driven by 2n sources of uncertainty. The volatility of these forward rate curves, in gen-
eral, is driven by a total number of 3n sources of uncertainty, subject to the correlation
structure between the forward rates and their volatilities. Therefore, volatility sensitive
instruments, such as interest rate derivatives and credit derivatives, are affected by 3n
factors. Indeed, the proposed framework can be considered as an adaption of the Heston

(1993) stochastic volatility equity model, to a defaultable term structure model.
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Our extension of the HJM framework to a defaultable setting also incorporates un-
spanned stochastic volatility. A defaultable term structure model with 2n factors is
considered, where n factors are associated with the default-free term structure and 3n
factors associated with their volatilities. Thus the proposed model, subject to the cor-
relation structure, allows for up to n unspanned stochastic volatility factors.

The absence of arbitrage implies that there exists an equivalent probability measure

P where for every maturity 7" there is a 3n—dimensional process

Q)N(t) = {¢1(t)’ ¢2(t)’ R ¢3n(t)at € [O,T]},

satisfying the integrability conditions

/t |@i(s)||*ds < 0o, for i=1,2,...,3n, /t [(s)|h(s)ds < 0, (2.32)
0 0
such that
dW;(t) = dW;(t) — ¢s(t)dt, for i=1,2,...,3n, (2.33)
is a P-Wiener process and the default indicator process N () has a P-intensity
h(t) = (t)h(t). (2.34)

Using Girsanov’s theorem, and working along the lines of Heath et al. (1992) and
Bjork, Kabanov and Runggaldier (1997), we obtain the drift restriction for the HJM

default-free forward rate and defaultable forward rate, respectively, as

of (£, T, V) Za (t, T, V)(@() /tT&f(t,s,Vi)ds>, (2.35)

at, 7, V) Z tTV< ()—/T&f(t,s,m)ds). (2.36)

Moreover, by using (230]) together with (Z35) and ([231]), we derive the credit spread
drift restriction which is expressed in terms of the volatilities of the default-free forward

rate and the credit spread as (recall that 67 (¢, T,V;) =0 fori=n+1,...,2n)

T
At, T, V) Z@ At T, V) +Z (t,T,V;) / G (t, s, V;)ds (2.37)
t

+Z< tTV/T (tSV)ds+a(tTV)/T&g(t,s,vi)ds).



By substituting the drift restrictions (Z30) and [237) into ([223]) and (Z24]), respec-

tively, we obtain the dynamics for the forward rate and forward credit spread processes

under the risk neutral measure, namely

n_ot T nooet
f(t,T,V) :f(O,T)+Z/ 5;‘(u,T,v;-)/ &{(u,s,w)dsdquZ/ &7 (u, T, V;)dW;(u),
i=1 70 “ =170
(2.38)
n et T noort T
At, T, V) :)\(O,T)—i—Z/ &3(u,T,VZ~)/ &i)‘(u,s,Vi)deu—i—Z/ 6;\(u,T,VZ~)/ & (u, s, V;)dsdu
i=1"0 u i1 /0 u
n t T 2n t ~
+Z/ 6{(u,T,Vi)/ &Z-)‘(u,s,VZ-)dsdu+Z/ 5 (u, t, Vi) dW; ().
=10 u =170
(2.39)
Further, by substituting the drift restriction (Z38]) into (Z29)), the risk-neutral dynamics
of the defaultable forward rate f4(¢,T,V) are
2n t T 2n t ~
Ut T, V) :fd(o,T)+Z/ a;l(u,:r,vi)(/ ag(u,s,vi)ds)du+z/ & (u, T, V;)dW;(u),
=170 u =170
(2.40)
where the risk neutral dynamics for the volatility process V. = {V, V5, ..., V, } are

dVi(t) =[o7 (t, Vi) + ¢i(1) 511 (t) + Gnss(1) 15 (1) + Pani()535 (1) dt

) ) ! (2.41)
+ 03 (OdW;(t) + Gj5(8)dWpi (1) + G35 (1) dWan ().

By setting ¢t = 7" in (Z38) and (239), we obtain the risk-neutral dynamics of the

short rate and short rate spread as

t
u

noopt noopt R
r(t,V):f(O,t)+Z/ 5{(u,t,vi)/ 5{(u,s,m)d8du+z/ &1 (u, t, Vi)dWi(u), (2.42)
=170 =170
2n g t n t t
c(t,V):)\(O,t)JrZ/ &Z-)‘(u,t,Vi)/ 6;\(u,s,VZ~)deu+Z/ 6{\(u,t,Vi)/ 51 (u, s, V;)dsdu
=170 u =170 u
n t t 2n t ~
+Z/ 5{(u,t,m)/ 5;\(u,s,Vi)dsdu+Z/ & (u, t, V3)dW; (). (2.43)
=10 u i=170

It follows from (2.34]) that under the risk-neutral measure, the short term spread is the
product of the market price of jump risk, the jump/default intensity and the loss given
default, that is,

o(t, V) = q(t)p()h(t) = q(t)h(D). (2.44)

10



Proposition 2.1 The defaultable bond price can be expressed as

PUt, T, V) = 123K [6* S (V) +h(s))ds

FtW] . (2.45)

Proof: Follows from Lando (1998), see Appendix [Al [

Under general volatility functions, the defaultable forward rate curve (2.40) is non-
Markovian, in general, thereby leading to computational complexity when we need to
consider derivative pricing. However in the next section, we propose certain volatility
structures that guarantee that the defaultable HJM admits finite dimensional realisa-

tions.

3 A Markovian Defaultable Term Structure Model

A particular specification of these volatility functions allow us to transform the
original non-Markovian structure to Markovian form in line with earlier works in the
stochastic volatility, but default-free setting of Chiarella and Kwon (2001) and Bjork
et al. (2004).

Empirical evidence as given in Collin-Dufresne and Goldstein (2002) and Trolle and
Schwartz (2009) suggests that interest rate volatility is stochastic and contains un-
spanned factors. Bedendo, Cathcart and El-Jahel (2007) demonstrate that the term
structure of credit spreads possess hump-shaped curves. In addition, it was noted in
Berndt et al. (2010) that the presence of hump volatility improves both the performance
of the model and its fit to market data.

Assumption 3.1 For 1 < i <n, the volatility functions are of the form

ol (6, T, Vi) = [ag; + ars(T — )]/7 (&) /Vi(t)e " T, (3.1)
oMt T, V;) = [bo; + by (T — 1)]\/c(t)/Vi(t)e T, (3.2)

where /{Zf, K2, o, avi, bo; and by; are constants.

This class of volatility functions gives rise to a high degree of flexibility in modelling the
wide range of shapes of the yield curve by virtue of the polynomial in the deterministic
part. These volatility specifications are level dependent and involve unspanned stochas-
tic volatility factors. In addition, the specification allows for hump-shaped shocks that

are essential in matching interest rate derivatives empirically.
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Proposition 3.1 Under the volatility specification for the default-free forward rate and

forward credit spread as specified in Assumption[31), the default-free forward rate f(t,T)

18 expressed as

n 6

F(t.T,V) = £(0.T) +ZBx1 Hay(t)+ Y > Ba (T

=1 j=1

and the forward credit spread A\(t,T') is expressed as

n

A(t, T, V) = X0,T) +iZBmﬁ( t)a;i(t) + ZZB%

i=1 j=2 i=1 j=T7
Thus, the defaultable forward rate fo(t,T) is expressed as
n 3 n
FUT V) = 40, T+ 3 B (T — Haylt) + ZZB%
i=1 j=1 i=1 j=1

where

Boyi (T — 1) = [agi + ani(T — t)]e= (T,
Bay, (T —t) = 2" [bo; + b1s(T — £)]e=m (=),
By (T — 1) = Zi)\Q [boi + b1 (T — t)]e*“?(T*t)’

Bg,, (T —t) = ziflalie*”f(T*t),

)
4y — a1 L oaw _ —xf (1=t
By, (T = 1) = 2 (2 + 22 ) ags + a1, (T — )} 0,

ais

ot (14 aoi
! (K/Zf—i_ali)

i

_fr—
Lf_i_am)e ki (T t)’
1

aiq

"’a

Bo,, (T — t) = _a_lfi |:_lf + 2ag; + 2a1;,(T — t)] —2] (T t)’
i)

7
—2/@f (T— t)

12

©;i(t), (3.3)

©;i(t).  (3.4)

(3.6)

+4 (M 4 2a02) (T —t)+ —“‘;}’2 (T - t)2] =281 (T—1),



Bs., (T —t) = Zi)q [aoli?m' 4+ a1iboi 4+ (OLOibu + alibli) (T — t)] e—fei\(T—t)’

(w])? NIt
B<I>8¢ (T t) >\1 [a(zbm 4+ C(llzb)Oz + ((Il;bm + ao;bu + C(Hi;)l;)(T _ t)

+d1ib1i (T _ t)2:|6 (k f+/§ WT— t)

Bey, (T =) = A1(a0£b(”+C<L:b>h)e—f-c?(T_t),

Bg,,, (T —t) = _Zi)\l [au?m’ + aoi?li + (21#7)121' _ 2&11’?11’ (T — t)] e_(“zf"‘“?)(T—t)’ (3.7)
Ri a2 K Ky
B, (T —t) = —z" alni_?lie—(n{ij)(T—t)’
B (T~ £) = 2 20 4 sy 1 (st 42y ) (7 — )] /70,
b 2N Fr
Boa (T = 1) = 2 (20 + i J /10,
( .
B(I)147, (T t) - % (Ii% %) [bOZ + bll( )] —KZA(T t)
By (T —1) = [ (o4 fou) + B (b“ o+ 200 ) (T = ) + LT — )2 ] 2000,
b1s)? N T
B(I)lﬁi(T - t) = (;ZA) é + %)e r (T t)’
B(I)l'h (T t) = _% |:b% + QbOz + 2b11( ):| _2"6 (T t)
By, (T — ) = — Ll =262 (T-0),
Bg,,, (T —1t) = zlf\lbhe KT~ ),
Bg,,, (T —t) = 22 e (T—t)
(3.8)

and the state variables x;;(t) and ®;;(t) satisfy the stochastic differential equations given
in Corollary B3 whereas the correlations =", 2™, 2 are defined in (Z29).

T 7 T ™

Proof: See Appendix [Bl for technical details. [ |

Corollary 3.2 The state variables x;;(t) and ®;;(t) satisfy the stochastic differential
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equations

dari(t) = =kl 21 (8)dt + /rO) Vi () dWi(t),
dwgi(t) = —r}wa;(t)dt + /c(t)Vi(£)dWi(t),
)

d‘I’lZ‘(t = xli(t) — K{‘I’li(t)] dt, dq)gz‘(t) = [T(t)vl(t) — Kvlfq)gz‘(t)] dt,
r(t)Vi(t) — 261 ai(t)]dt,  dDui(t) = [Boi(t) — k] Dyy(t)]dt,

)=
)=
dDsi(t) = [si(t) — 26] Bs5i(1)] dt,  dDei(t) = [205(t) — 2] Dei(1)] dt,
)=
)=

dD7;(t) = [Vi(t)/r(6)c(t) — k)7 (8)]dt,  dg;(t) = [Vi(t)/r(D)et) — (5] + &) Pgi(t)] dt,
ADo;(t) = [@o;(t) — k) Boi(t)]dt,  dP1o;(t) = [@10i(t) — (5] + £})P10i(1)]dt,

dD11i(t) = [2®19:(t) — (5] + kD) ®115(8)]dE,  dPrai(t) = [Vi(t)\/T(®)e(t) — ] ®195(t)] dt,
AD13i(1) = [®r4i(t) — &l D13i(1)]dt,  dD1ai(t) = [e(t)Vi(t) — k) D145(t)] dt,

d®15,(t) = [c(t)Vi(t) — 262 P15:(1)]dt,  dPrgi(t) = [Prei(t) — k2 Prgi(t)] d,

d®17,(t) = [P15i(t) — 26)P17i(t)]dt,  dPisi(t) = [2®17:(t) — 262 P1g;(2)] dt,

d®19;(t) = [22:(t) — K} P1oi(t)]dt,  dPogi(t) = [wai(t) — k] Pog;(t)] dt,

subject to the initial conditions x;;(0) = ®;;(0) =0 fori=1,...,n and j =1,...,20.

Proof: Take the stochastic differential of (B.4)), (B.10) and (B.I2) in Appendix [Bl to
obtain the stochastic differential equations. Note that the system in Corollary needs
to be augmented by the stochastic differential equations for the volatility functions V;(t)
that satisfy the SDEs (2.41)). [

Corollary 3.3 The short rate and the short term credit spread processes can be ex-

pressed as
r(t, V) = £(0,8) + >0, anmi(t) + 200, 25:1 Bji®ji(t),
c(t, V) = A0,t) + >0, 23:2 ajiryi(t) + 00, 250:7 Bji®;i(t),

where aj; = B, ,,(0) and B;; = Bg,,(0).

(3.9)

Proof: By using B3] and r(¢,V) = f(¢,t,V), as well as (8.4]) and ¢(t, V) = A(¢,¢, V). B

14



Proposition 3.4 The price of a default-free bond can be expressed in the exponential

affine form

P(t’ T, V) = i)((%’ 7;)) eXp < - Z Dmu(T xlz Z Z D‘P]z - jl(t)>

i=1 i=1 j=1

(3.10)

The defaultable zero-coupon bond P (t,T,V) = R(t)PL(t,T,V) is exponential affine
with

3 n

. .
P, T, V) = 1]33 d((%’f)) exp ( SN D (T ) - Y Z D, (T — )B4t )), (3.11)

i=1 j=1 i=1 j=1

where x;;(t) and ®j;;(t) are specified in Corollary [3.2 and the deterministic functions

D,, (T —t) and Dy, (T —t) are given by

fior f .
Dy (T —t) = (i})g aom{ + ap; — e (T4 (aomf +a1; + almlf(T — t)) ,
Ao )
-D:EQi (T - t) = (:)\)2 aOi’i? + a1 — G_K?(T_t) (CLOZ'K?‘ + a1; + alilii\(T — t)) , (3.12)
Xy )
Dz:ai (T - t) - (,?A)Q aOz‘KvZ/'\ + ay; — efn?(Tit) (aomf‘ “+ ay; + alml’-\(T — t)) ,
fi,.
Da (1 — 1) = i 1 = =)
Ri

Do) =~(1) (9 + ) 0 -

Kz

_i_(% +a0i) (T—t) 72n (T—t) + %(T 75)2 72/< (T— z‘/)]7

Dan(r—1) = ()" (3 + ) (70 ),
Doy, (T —1) = _<(:}32> [(% + CLOZ) (e_Qﬁf(T_t) — 1) + ay (T — t)€—2m{(T—t)} ’
Dy, (T = £) = =3 (%) (e300 1),

i
2

(3.13)
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A
[ Do (T 1) = 2 [ (a0i + 9 )bra(T = )T,

i

Al o B f
Doy, (T — 1) = — fzjrﬁ)\ { (aO;I;OZ + C(L;}b)o;) (e_(“i +R)(T—t) _ 1)

o (““’)OZ ot o) [1 LT (o] 4 ) (T — e )

() [ eI (2 — (] 4+ k(T = )2 = (6] + )T - 1)},

Dq>9i (T t) — 4 (ao;bm + aubu‘) (1 _ e*li;‘(Tft))’

AN AT

o . PN SN _
Do, (T — 1) = —m{ ((GOiblz‘ ‘“;Zb“) (502 -2 fbi’ﬁﬁ (1 — e~ (kg +RI)(T t>>

+2b1; (T - t)ef('i{Jr’i?)(T*t) }7

A
D(I)lli (T — t) — _ﬁ al,i?“ (1 _ e—(n{-{—nf‘)(T—t))’

D‘I)12i (T - t) = Z?I [(bOz o )alz(T — t)e_“zf(T—t)} :

(3

A
Ds (T — t) = Z’;fl (ao;bm + C(l;zb)h) (1 _ e—n{(T—t))’

(3.14)

and finally we have

7

' ZGA ) [(& o+ ) (67 T0 - 1) 4 (T = e T0)]
Dol =1) = _<<n§i>2) [ o T T Gl (e2nbr=0 1)

(B + b ) (T = 1) 29000 4 (7 — 2200,

{ %A"er()z)( —2kMT—t) _ 1) + by (T — t)e —2kM(T— t)]7
(

)

e 2r} (T—t) _ 1) Dg,,. (T —t) = ﬁ (1 _ e*/ﬁf‘(Tft))
) P19, =2

i

\ 7
(3.15)
Proof: See Appendix [C] for the technical details. [ |

Proposition [3.4] is the main theoretical contribution of the paper. The default-free
bond price can be expressed in terms of 8n(= 7n + n) state variables while the default-
able bond price is expressed in terms of 24n(= 23n + n) state variables, where n of the
state variables are associated with n stochastic volatility variables. Both default-free
and defaultable bond prices are exponential affine functions of these state variables and

the 7n state variables driving the default-free bond prices constitute a common set for
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both default-free and defaultable bond prices. Even though the dimension of the state
space is relatively large, the driving sources of uncertainty of the entire state space are
only 3n. Thus assessing the model’s flexibility and suitability for estimation or cali-
bration applications, this Markovian defautlable model can be moderately demanding
computationally.

The proposed model can be easily adjusted to accommodate exponentially decay-
ing volatility functional forms for the forward rates and credit spreads resulting in a
Markovian system with a lower dimension state space as has been shown in Chiarella,
Maina and Nikitopolous-Sklibosios (2010). We also note that we could obtain finite di-
mensional realisations by expressing the state variables as a linear combination of fixed
tenor forward rates, following the lines of Chiarella and Kwon (2003) in the default-free
framework and Chiarella et al. (2007) in the defaultable HJM framework.

The proposed defaultable term structure model will be used next to price analyti-
cally credit derivatives, for instance, credit default swaps and swaptions. Maina (2011)
demonstrates that by excluding the level dependency on the forward rate and credit
spread volatility specifications of Assumption 3], semi-closed solutions for options on
defaultable bonds can be derived. Pricing of options on defaultable bonds under the
broad volatility specifications ([BI]) can only be performed numerically via Monte Carlo
simulations, see for instance Chiarella, Fanelli and Musti (2011), where a defaultable
term structure model is developed with level dependent volatilities, but without stochas-

tic volatility.

4 Pricing of Credit Default Swaps and Swaptions

In this section, we derive pricing formulas for single-name credit default swaps (CDS)
and default swaptions in the absence of counterparty risk. The possible extension to
incorporate counterparty risk is discussed in Section [£.2]

Default is modelled as the first jump of a Cox process, for instance 7 = 7 as defined
in Section 2 and the subfiltration F7 is

(F )iso ={o(1>5:0<s<t)}i>0, (4.1)

namely the o—algebra generated by 7. In the following sections, we assume that the
filtration defined in Section Ris given by F; = FV vV F7, t > 0. The survival probability
is given by Q(t < 7|F").
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4.1 CDS with no Counterparty Risk

A CDS contract involves three parties, the insurance buyer or insured party, the
insurance seller or insurer and the reference obligor. A CDS contract with maturity T
allows the insured party to receive protection, up to time 7', from the insurer against
default of the reference obligor. The insured party pays a regular fee 7 (premium) to the
insurer in return for a protection payment upon default. In the absence of counterparty
risk, the default time 7 < T represents the time at which the reference obligor fails to
make the required payments on the structured reference bonds. When t < 7 < T, then
the insurer has to make a protection payment (1 —R) at default time 7, where R is the

recovery rate prevailing at the default time 7, which we assume to be ﬁivenH Then the

value of the protection leg, under the physical settlement assumptionf] at t < 7 is
Wire(t) = e J0 T8 (1 - RYL ey (4.2)
The insured party pays the premium 7 at times t;,7 = 1, 2, ...., N until either the contract

maturity ty = 7', if no default occurs, or until default, if 7 < T'. By setting §; = t; 1 —1;,
then the value at time ¢ < t; of the premium leg, including the accrual payment for the

fraction of time in which default occurs, is given by

N
t; T
Wprm(t) =m Z 52'6_ J T(S)ds]l{7>ti} + 77(7_ - t’r—l)e_ft 7G(S)ds]l{1‘/<7'<T}a (43)
i=1
where t; is the first premium payment date and ¢,_; is the last premium payment date
t; before default time 7.
For notational simplicity, we assume that the default intensity (under the risk-neutral
measure) is independent of the jump size h(t,dq) = h(t). Under no-arbitrage pricing,

the value of the CDS can be expressed under the risk-neutral probability measure as

CDS,(t) =E [Wm(t) — Wm(t) )ft} . (4.4)

2We note that although we use R for the recovery rate of the underlying risky asset, this is not the
recovery rate as used in SectionBl In this section, R has been used to denote recovery in the underlying
contract on default of the obligor, whereas in the previous sections there was the specific reference to

the underlying defaultable bond.
3Default can be settled physically where A and B exchange one of the specified reference bonds

at its par value or alternatively as a cash-settlement, which is the common market practice. In this
case, several independent dealers are asked to provide quotes on the defaulted bond, and party B
pays party A the difference between the average quoted value and the par bond value. In a CDS, the
protection buyer is effectively long on a delivery option which gives the buyer the right to deliver the

‘cheapest-to-deliver’ asset to the protection seller.
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The fair premium rate 7(t¢), the so called CDS spread, is the rate that will make the

value of the CDS equal to zero at inception of the contract.

Proposition 4.1 When the contract is settled (that is, the protection payment is made)
immediately on default of the reference obligor, the CDS spread is given by

1{T>t}(]— _ R)ftT IE [ﬁ(u)e* ftu(r(s)JriL(s))ds

.EW] du

w(t) = ~—— - — . (4.5)
H{T>t} Zi:l 5iPd(t> ti) +E [(T - tT—l)ei Jir Sﬂ{t<T<T} ’thi|
Proof: See Appendix [

Instead of allowing the protection payment to be made at default time 7, the protec-
tion payment could be deferred to the first premium payment date t; following default
time (¢; > 7). This gives rise to the postponed running CDS whose main advantage is
that the absence of accrued-interest term in (7 — ¢,_1) ensures that all payments occur

at the canonical grid of the ¢;’s. We then have the following result.

Corollary 4.2 By assuming that the protection payment is postponed to the first pre-
mium payment date t; following default time, the CDS spread can be approximated b

(1= R) L, [Pt tir) = Pt 1)
St — i) Pt 1) .

Proof: Follows the approach of Brigo and Morini (2005). See also Appendix [E] |

(1) ~ (4.6)

4.2 CDS with Counterparty Risk

To determine the CDS spread in the presence of counterparty risk, the inter-dependent
default risk structures between these parties should be considered simultaneously. It was
shown in Jarrow and Yu (2001) that a CDS may be significantly overpriced if the de-
fault correlation between insurance seller and reference obligor is ignored. Hull and
White (2001) argue that if the default correlation is positive, then the default of the
counterparty will result in a positive replacement cost for the insured party.

Following Chen and Filipovi¢ (2007), we let 71,79, 73 be the default times of the
reference obligor, the insured party and the insurance seller, respectively. The insured
party pays the premium 7 at times t; only, given the events that happened in the

preceding periods. At time t; < 7 A 7o A 73, the insured party pays to the seller the

. . _ [t _ rti-1 . .
4We use the approximation e~ J¢ ' 7(9)ds x o= [i" 7(8)ds pade in ([E22) whose error is of a very small

order for small values of §.
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fixed rate 7 if no default has taken place. If the reference obligor has defaulted in the
period (t;_1,1;], that is t,_1 < 73 < t; and the insured party has not defaulted by time
t;_1, 7o > t;_1 and the insurance seller has not yet defaulted by time t; with 73 > t;,
then the seller pays (1 —R) and the contract terminates. Otherwise if either the insured
party or the insurance seller defaults before then, there is no payment and the contract
terminates. The protection payment is therefore made only on the occurrence of event
71 and zero otherwise.

Assuming a postponed running CDS, the value at time ¢ < ¢; of the premium leg is

given by

N
2
W;f:n(t) =T Z 5i€_ ft 7‘(g)dg]]-{7’1/\T2/\7'3>7ﬁi}7 (47)

i=1
and similarly, we can express the value of the protection leg as

N
W;f;(t) = (1 - R) Z e_ftz T(S)ds]l{ti—l<T1§ti}]1{72>ti—1}1{7'3>ti}' (48)

i=1

The fair CDS spread 7., (t), in the presence of counterparty risk, at time ¢ < ¢; is the

fixed rate which guarantees that the value of the CDS is zero, namely,
CDSelt) = B[ Wik (1) = Wekn, (0| 7| =0, (4.9)

and is expressed as

N — [Yip(s)ds
(1 - R) Zi:l E|:6 Jitr(s)d (1{T1>ti—1} - ]]'{Tl>ti})]]‘{7'2>ti—1}]]‘{7'3>ti}

5 Ziil fE |:€7 ftti T<S)ds]l{7’1/\72/\7'3>ti} fti|

al

T () = - (4.10)

The CDS spread (II0) can be approximated by a ratio of pseudo bonds of various
maturities, similarly to expression (£6)). However Schonbucher (2003) addressed the
issue that the default correlation levels that can be reached through this approach are
typically too low when compared with empirical default correlations, in the addition
to the level of complexity involved in deriving and analysing the resulting dependency
structure. In Schonbucher and Schubert (2001), the authors propose an extension of
the intensity-based approach to incorporate default correlations using copulas which
have been shown to generate realistic time-distribution of the default times. Since the
dependency structure is completely described by the copula function, there is liberty
in the specification of the copula used in the model which allows for reproduction of

various dependency structures between the default times.
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4.3 Credit Default Swaptions

Credit default swaptions (hereafter CDS options) are options written on CDS con-
tracts. More precisely, a plain-vanilla CDS option with maturity 7;, is a European
option on a forward credit default swap (hereafter forward CDS). The underlying for-
ward CDS is a CDS contract issued at time s with a start date 7;,, and maturity 7', with
0<s<T, <T, see Bielecki, Jeanblanc and Rutkowski (2007) for a formal definition.
This contract gives default protection over the future interval [T,,,, T] but if the reference
obligor defaults before the start date, this is 7 < T,,, the contract is terminated and
no payments are made. The value of the forward CDS at time ¢t € [s,T,,] under the

risk-neutral measure is given by

CDSy(t, m) = B[Whi(t) = mW,,.(0)| . (4.11)

where, sz;t(t) is the discounted payoff of the CDS protection leg and 7;W/ (1) =

prm

Wpf;,m(t) is the discounted payoff of the CDS premium leg. In addition, we define the
forward CDS spread, 7s(t, T},), as the variable which will makes the value of the forward
CDS contract to be zero at time t.

We consider a payer CDS option with a strike rate K and maturity 7}, on a forward
CDS maturing at 7" and with tenor payment dates t; = T,, + 6, to = T,, + 20, ...,
ty =T, + No, with § = (T — T,,,)/N. Upon the option’s exercise, which will occur if
the reference obligor does not default before T,,,, this is 7 > T,,,, the strike spread K is the
fixed rate to be paid (instead of the CDS spread 7¢(¢,T,)) on the tenor payment dates
t;,o = 1,2,..., N, in exchange of the CDS default protection. If the reference obligor
defaults before T,,, the contract will terminate with no payments exchange. Therefore

the payoff V(T,,) of the payer CDS optiorH at the option maturity 7,, is given by
+
V(Tn) = 1o, (CDSH(T, K) = CDSy(T, 7T Ta)) ), (412)

where, by definition, CDS¢(T,,, 7 (1}, 1)) = 0. For notional convenience we set
(L, Thn) = 7(1y,). As the option will be only exercised if 7¢(7},) > K by using

5From the Banc of America Securities, Guide to Credit Default Swaptions, we quote the following:
“Credit default swaptions use the lingo payer and receiver, instead of put and call: a payer option is
both a put option on credit quality - a bet that credit will deteriorate - and a call option on spreads -

a bet that spreads will widen”.
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(@IT)), the payoff function can equivalently be written as

V(T) = L) (E[ WL | 7] - KE[W),(T)|7])

prm

= 11{T>Tm}11{7rf(Tm)>K}E [Wprt - ’ft]
_K]I{T>Tm}ll{ﬂf(Tm)>K}E[Wmm m)’}}] (4.13)

Alternatively, by substituting the values CDS¢(T,,, K) and CDSy(1,,, 7;(1,,)) of the
forward CDS contracts from ({11l into the payoff function (£I12]), we obtain an expres-
sion for the payoff of the payer CDS option in terms of spreads as

V() = Loy B[ Wik (T) |7 | Gy (D) = ) (4.14)

prm

Then the value of the CDS option, Cgup,(t), at any time ¢t € [s,T},] can be expressed

under the risk neutral measure as a discounted payoff, namely,
Cswpt(t> - [ ft dsv( m)|ft} (4.15)

By using the expression ([AI4]) for the payoff function, the expectation ([LIH]) can be
reduced to a Black’s formula, as proposed by Rutkowski and Armstrong (2009). By an
appropriate choice of numeraire that depends on the value of the premium leg and the
survival process Q(¢ < 7|F}), Rutkowski and Armstrong (2009) define an equivalent
probability measure Q, and show that the price of the CDS option can be expressed as

Coupt(t) = Leary A (75t T) — ) 7| 7], (4.16)

where E is the expectation under the Q measure and

A) = QU < TIF) B Worm (8 F . (4.17)

In addition, under this new measure, the forward CDS spread is an (F", Q) —martingale

and its dynamics follow the driftless stochastic differential equation
divy(t, T,,) = a(t)7s(t, Trn)dW (1), (4.18)

where W is a @—Brownian motion. Given that 7;(t) follows lognormal dynamics and
the volatility o for different tenor dates is a constant, the value of a credit default

swaption with strike K and maturity 7}, can be calculated by the Black’s formul

Couwpt(t) = Lpary A@) [75(t, Trn) N (dy) — KN(ds)], (4.19)

It was remarked in Brigo and Morini (2005) that this distributional assumption is inspired by
standard models used to model equity and interest rate markets. Jabbour, El-masri and Young (2008)
however rejected this hypothesis by showing that the log forward CDS spreads exhibit large positive

skewness and excess kurtosis.
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where

7y Tm) (t,Tm) U_
dy = ( ) i I and dy =d; — o1, —t, (420)

and ¢ is the only parameter to be inferred from market data. Although the model
is not easily calibrated to quoted data if the market is illiquid, it provides a platform
where prices of different options can be translated into implied volatilities thereby giving
more information on the market. In addition as noted in Brigo and Morini (2005), the
computation of the implied volatilities allows us to assess the implications of different

models on the classic strike volatility curve (smile or skew).

5 Numerical Study

In this section, we conduct a sensitivity analysis to investigate the impact of the
model parameters including correlations and stochastic volatility, on bond prices, credit
default swap rates and the value of credit default swaptions.

We assume that the initial term structures of forward rates and forward credit spreads

are given by

f(0,T) =0.04 —0.04y/V(0)e ¥ and A0,T) = 0.04 — 0.01y/V(0)e "

respectively, with the initial volatility chosen to be V(0) = 1.0. For simplicity, we
specify for n = 1, the market price of risk ¢;(t) = ¢;1/V (t) with the scaling factor
¢; = 1for j = 1,2,3. In [Z4I), we further assume that o' (t,V) = &V (V — V) and
ay;(t) = 276V \/V(t) such that

dV(t) = [s"V = V(s = S0 276 dt + 67 320, 2 V() dW;(8), (5.1)

where 2 is given in [2.22). Table [ specifies the parameter values used in the analysis
that follows.

ap1 an bo1 b11 Vv oy | kv | & | ka | PV | PV

0.135 | 0.035 | 0.145 | 0.0045 | 0.7542 | 1.5 | 2.1 | 0.3 | 0.4 | 0.25 | 0.45 | -0.40

3

Table 1: Parameter values used for simulation studies.

Figure [l illustrates a possible evolution of the defaultable forward rate surface (3.3l)
forn =1 and 0 <t < 400. As it is clear in Figure [I] the proposed hump-shaped level
dependent stochastic volatility model can generate a variety of shapes for the defaultable

forward rate curve.
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Figure 1: A possible evolution of the defaultable forward rate surface (3.3]).

5.1 Bond Price Distributions

The pseudo bond price is exponentially affine as presented in (BI1]). By simulating
the discretised system of the state variables we obtain the simulated distributions of the
pseudo bond price with maturity 7' = 1.

Figure Pl illustrates the effects of the various correlations, psx, pva and pyy together
with the parameter value &} on the distribution of the pseudo bond price.

In Figurewe observe that increasing the correlation p*¥" between the short-term
credit spread and the stochastic volatility processes from —0.6 to 0.6 while holding the
other correlations constant skews the distribution of the pseudo bond price to the right.
This increment is more pronounced when the correlation p/" between the short rate and
the stochastic volatility process is increased as illustrated in Figure since the short
rate process, in our case, has higher average volatility than the short term credit spread.
In Figure we observe that increasing the correlation p/* between the short rate
and the short term credit spread processes while holding the other correlations constant
decreases the kurtosis of the pseudo bond price distribution. Finally, in Figure

we observe that increasing the parameter ) (which affects the volatility of volatility)
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Figure 2: Panel @ describes the distribution of the pseudo bond prices under varying
p"*: Panel @ describes the distribution of the pseudo bond prices under varying p"7;
Panel describes the distribution of the pseudo bond prices under varying p/*, while
Panel @ describes the distribution of the pseudo bond prices under varying parameter

\4

value 0¥ = 5} which affects the volatility of volatility.
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skews the distribution of the pseudo bond price to the right, consistent with the empirical
evidence noted by D’Souza et al. (2004).

5.2 Sensitivity Analysis - Credit Default Swaps

The shape of the credit curves is influenced by the demand and supply for credit
protection in the CDS market and reflects the credit quality of the reference entities. By
using the parameter values of Table [I unless otherwise stated, we perform a numerical
study to gauge the effect of the correlations and the stochastic volatility to the CDS
spreads.

Table 2 shows the effect of increasing maturity on the CDS spread over a 5—year

horizon by using (8] for varying values of correlation p/*. We observe that increasing

Maturity in Years -0.6 -0.3 0.3 0.6
243.6273404 | 245.1290045 | 247.1283229 | 248.1230769
261.3902994 | 268.311488 | 278.4138084 | 281.302639

256.6569148

266.2450017

284.5637138

290.6080929

246.1062204

260.4087812

287.8525595

296.1861921

Sk | W[ N | -

232.3321461

249.5125039

285.0500812

297.2019649

Table 2: Simulated CDS Prices (in bps) under varying maturities and correlation p/?.

the correlation between the market risk and credit risk leads to an increase in the CDS
spread. Although Krekel and Wenzel (2006) argued that the effect of this correlation is
not significant and need not be taken into consideration when calculating CDS spreads,
our results suggest that it has an impact on the CDS premium. A similar conclusion
was reached by Berndt et al. (2010). We observe that varying the correlation p/* from
negative to positive leads to an increase in the CDS spread. Table [3] shows the effect of
increasing correlation p/¥ on the CDS spread over a 5-year time horizon. The resulting
CDS spread curve exhibits a hump-shaped structure for varying maturities. During
nonvolatile market conditions, the cost of protection over a longer term is usually higher
as it is difficult to predict cash flows and future events that affect the profitability of a
firm over a longer period thereby yielding an increasing CDS curve. El From Figure

"There are instances in practice where the higher cost of short-term protection leads to an inverted
CDS curve. This implies that a firm faces a greater chance of defaulting within a short term period
rather than in the long term. In addition, fears of a sharp rise in the rate of high-yield corporate

defaults could prompt investors to seek more short-dated credit protection in a bid to reduce risk.
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331.4985844

323.3519249

261.2202921

Maturity in Years -0.6 -0.3 0.3 0.6
1 247.1131166 | 246.1134583 | 244.6217264 | 244.6267432
2 285.0322943 | 281.8344503 | 269.1525899 | 264.2906356
3 305.7019406 | 300.0149708 | 270.7372222 | 257.9898292
4 321.0644525 | 314.0987507 | 267.8915011 | 247.3428455
5

232.3317749

Table 3: Simulated CDS Prices (in bps) under varying maturities and correlation p/V.

we observed that increasing the volatility of volatility (through an increase in &}") leads
to an increment in the average pseudo bond prices as it skews the distribution to the

right. In Table Fl we observe that this increase in 5} leads to a decrease in the CDS

spread.
Maturity in Years 0.0 0.5 1.0 1.5
1 248.6153846 | 248.1230769 | 247.123254 | 244.6267432
2 287.6505495 | 286.5000878 | 281.8707157 | 265.7167883
3 307.8717201 | 305.9832619 | 295.7395151 | 262.4968975
4 323.5272916 | 320.8278753 | 306.0548877 | 255.1343527
5 334.467374 | 331.2801096 | 312.1298804 | 243.1623909

Table 4: Simulated CDS Prices (in bps) under varying maturities and parameter 7} .
For a certain recovery assumption, say 40%, H we expect the fair CDS rate to increase
as a result of decreasing survival probability leading to widening spreads. Typically, the
slope of the CDS spread curve is flatter for higher premium levels and steeper for lower
premium levels. Any changes in the shape and perception of the fair premium for credit
default swap protection are reflected in the spreads observed in the market. A curve

of the survival probability for a reference entity can be inferred from the CDS curve

8As highlighted in Pan and Singleton (2008), the CDS price under the recovery of market value
(RMV) framework is given as a product of the loss given default L = LG D and the default intensity
h(t) in the sense that CDSEMV(t) = g(h(t)L) for some function g. This implies that the default
intensity and the loss given default cannot be identified separately using defaultable bond data alone.
Under the recovery of face value (RFV) framework, these two play distinct roles and the CDS pricing
relationship is of the form CDSTFV (t) = Lf(h(t)). This has the immediate consequence that under
RFV, the explicit dependence of CDS(t) on LGD implies that the ratio of two CDS spreads on contracts
of different maturities does not depend of LGD but contains information about (t). We adopt this

model of recovery in our formulation.
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and can be seen to be a decreasing function to maturity. Higher recovery rates implied
by different ratings classes give rise to lower the CDS spread for bonds with 5—year

maturities.

5.3 Sensitivity Analysis - Credit Default Swaptions

To illustrate the model’s properties we compute the swaption prices based on (419
for varying parameter values. At time ¢t = 0, we calculate the price of a swaption with
maturity 7,,, = 0.5 issued on a credit default swap that has a defaultable bond (based on
the framework developed in Section [B]) with a maturity of 7" = 2 years as its underlying
and the default protection is required for the period [0.5,2.5]. In addition, we use the
following parameters for the calculation of the swaption prices: recovery rate R = 40%,
volatility of the forward CDS rate ¢ = O.4H with N = 400.

Figure Bl gives the credit default swaption price under varying strike rates and corre-

d@ c¢(t). We observe that

increasing K leads to a decrease in the credit default swaption rate which is in line with

lation p/* between short rate 7(¢) and short term credit sprea

the market behavior that deep in-the-money options trade higher than at-the-money
and out-of-the-money options. For deep in-the-money options, negative correlation p/*
is seen to produce higher swaption prices. We observe that p/* < 0 implies that when
default risk is high (hence higher probability of default by the obligor), interest rates are
low and the value of CDS contract is high, leading to higher swaption prices. Conversely
for p/» > 0 when the default risk is high, the interest rates are also high giving rise to
lower CDS prices and therefore lower swaption prices.

From Figure @, we observe that negative correlation p/" produces higher swaption
prices for deep in-the-money options as compared to positive correlation. In Figure [l
the value of the credit default swaption price is given as a function of the parameter
value &y which affects the volatility of volatility, as given in (5.I)). We observe that
increasing 7} leads to a decrease in the swaption price, with the effect being more for
deep in the money options. This follows from the observation made in Table @ that an
increase in 6} leads to a reduction in the CDS rates.

Figure [0 investigates the time sensitivity of the swaption and we observe that the

credit swaption becomes more sensitive to changes in the volatility assumption the longer

9Tt was noted in Schénbucher (2004) that the value of the volatility 7y = 0.4 is of an acceptable

level for simulation purposes.
10We recall that in this case, the short term credit spread coincides with the default intensity given

that we are considering the pre-default bond price.
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Value of Credit Default Swaption under varying Strikes and Correlation, Pp
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Figure 3: Credit default swaption price given by equation (£I9) under varying strikes

and correlation pyy between interest rate r(¢) and short term credit spread c(t).

Value of Credit Default Swaption under varying Strikes and Correlation Pry
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Figure 4: Credit default swaption price given by equation (£I9) under varying strikes

and correlation pgy between interest rate r(¢) and the stochastic volatility process V (t).
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Figure 5: Credit Default Swaption prices under varying strikes and volatility of volatility,

where we have denoted the volatility of volatility by o} .

the time to maturity. It is observed that an increase in the volatility of the forward CDS

rate ¢ leads to an increase in the swaption price.

6 Conclusion

This paper presents a Markovian HJM model for the defaultable term structure
with unspanned stochastic volatility. Even though, the volatility of the default-free
and defaultable term structure has been restricted so as to allow finite dimensional
realisations of the state space, it is nevertheless level dependent, hump-shaped and
depends on the general unspanned stochastic volatility process. A tractable formula
for the default-free and the defaultable zero coupon bond prices are derived, expressing
them as an exponential affine function of state variables.

We also demonstrated how the framework can be applied to price credit default swaps
and swaptions and we derived formulas that approximate single-name CDS prices and
show how this could be extended to include counterparty risk. From the numerical
study, we observe that the model captures the stylized features of credit default swaps
and swaptions subject to the assumptions on the recovery of the defaultable bond as

well as the time to maturity of the option.
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ATM Swaption as a function of Time-to—Maturity and varying Volatility
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Figure 6: The value of an ATM swaption for varying time to maturity of the option and
different volatility values for the CDS price dynamics. We note that we have denoted
the volatility of CDS spread by o. That is, ¢ = o.

The model offers a general yet tractable framework to analyse and measure the
extent to which volatility can be spanned in the credit risk market. To our knowledge
there is no empirical study on this very important feature of credit risk volatility. This
paper provides a theoretical framework based on a state space representation that could
be adapted to the study and estimation of stochastic volatility in defaultable markets.

This task we leave to future research.

Appendix

A Proof of Proposition on Defaultable Bond

Price
We note that the defaultable bond price under the expectation is given by
P, T) = E[e I @1 | F). (A1)
In addition, it was also shown in Lando (1998) that
E[Lpan BV F] = Lpame i MO,
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It then follows that the RHS of (Al) can be written as

~ T
Ble 70 oy | F] = B[R (e 1O oy | 7Y v 77) |7
) [e— ST r(s)dsf <]1 frory | F v f[) th] (A.2)
= 1{T>T}E [6_ S (r(s)+h(s))ds ftw} .
Hence the proof of Proposition ¢

B Proof of Proposition 3.1 on the Defaultable For-

ward Rate

We recall from (Z38) that under the risk-neutral measure, the dynamics of the

default-free forward rate can be written as

. T) = OT+Z/ ZluTV/ (usVdsdu—i—Z/ (u, T, V;)dW;(u).

(B.1)

Using the volatility specifications (BJ]), the stochastic integral equation (B.I]) becomes

T
f@&,T)=f(0,T)+ Z/ )ao; + a;(T — u)]e*”{(T*”) / lag; + a1i(s — u)]e*”{(s*“)dsdu

+ Z} /O Vr(w)Vi(u)[ags + ai (T — u)]e—*%-f (=) AW, (u). (B.2)

By using the property T'— u = (T — t) + (t — u), and perform standard algebraic

manipulations, equation (B.2)) becomes

f( O T + Z ai; (_ aOz) [CLOZ + alz(T . t)]efn{(Tft) (I)Qi(t)

zl’i

ajar; (1 ao ay; (G1; ay; ! (T
+Z [ / (_f ) + f ( f +2a01)(T t)+—f(T—t)2}e (T t)(I)BZ-(t)

Zalf[ 1f+ agi + 2a1i(T — )| 24 T05(1) — e
i=1 i T H i=1 i
+ Z lagi + as (T — 1)]e ™ T 2;(t) + Y 2l 'ayze T0g,(1), (B.3)
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where

(20t) = Jo
O1(t) = fy
ay(t) = fy
Oyi(t) = [
Dui(t) = fy
5i(t) = fy
Deilt) = [

(B.4)

Thus, the forward rate process is Markovian and more specifically is affine in the state

space variables since

f@,T)

where B, (T —

£(0,7) +Zle

t) and By, (T —t) are given in (3.6)).

IS 9 SN

=1 j5=1

xll

Similarly, we recall from ([239) that the forward credit spread dynamics under the
risk-neutral measure can be written as

A\t T) = i/ot5j(u,T)AT

2n t
+ZA &N (u, T)dWi (u).
1=1

2n +
M (u, s)dsdu + Z/ (0')\ u
i=1 70

T)/ f(u s)ds+0 (u,T) /UT 5{\(u,s)ds>du

(B.6)

Then by using the volatility specifications of Assumption B.1], the drift components in

the forward credit spread representation (B.G) are given by (recall that sz ' =1 so that

22t = M)

i o) [ ol syasan

_ Z )\1{ [aolboz C(L;}b)og . (Q(Z;li C(L;}b;zz)(T B t)] efnz’-\(Tft)(I)ﬁ(t)
_ [a(Z;OZ c(z;}b;; N (az?o@ ai;u C(L;}b;;)(T - az;u (T —1)2 ef(x{w)(pt)@gi(t)
_ [alz?Oz N a(Z;u c(t;}b; B GZ;M (T - t)} 6—(m{+n3)(T—t)¢1Oi(t)
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and

2n t T n
Z/ &Zf(u,T)/ &Mu, s)dsdu:Zzi)‘l{
i=170 u i—1
aoiboi | aoibii (aOibli ayibo; aliblz’) ai;bii 21— (f RN —t)
- + + + T — 1)+ S5 (T - 2] e DT 001
{ Ky ! (17)? k) Ky (R))? =9 k) (T =1y ]e silt)
biiaoi | boiari | awbii aiibi (6] M) (T—t)

_{ K K (k)2 7 K (T_t)}e o P10i(t)

C b (Tt g [am‘bm‘ aoib1 (aubm aribiiy . } W (Tt g
K/Z?\ e @1ll(t)+ [{/’E\ + (53)2 + [{/’Z\ + (K/Z)\)2)(T t) € ¢12Z(t)
aoiboi | a1ibii\ _of 7y

+( o <ﬁz>2>e 00(0) . (B.8)

and finally

2n T n
> / t 57 (u,T) / 67 (u, s)dsdu =y {@ (i + @) [bo; + b1s (T — t)]e ™ T=Dd, 4 (¢)
= w AN AT

i=1
N [bublz‘ (i " bm) I bu (% + 2501)( t) + @(T - t)Q]e_“?(T_t)CI)mi(t)

R bl IQZ- K/Z

b1)* (1 boi\ o
+ ( 1/\) (—)\‘f‘i)@ ;\(T t)q)16i(t)

R R bu
b; [bui —2r}(T— bii z KMT—
- ,:A Lj + 2bg; + 2015 (T )}6 2m3(T D@ y7(t) — (;—{\)e 263 (T t)<I>18i(t)}, (B.9)

where we introduce the additional state variables

(I)7Z fO nz Mt— u)du7 Dy (t fO ni (u e — (k] R (t—) du,
o (1) = Jo miw)(t — u)e %M*”)d% Dot fo ni (W) (t — w)e~ T+ E=0) gy,
(I)lh(t) fO 7i( u t _ u)2e*( ] 4R (- U)du7 (1)122 fO m fn{(tfu)du’
B3i(t) = [ mi(u)(t — we M W gy, Byt fo w)e R (=) gy,
Dy5(t) = fg c(u)Vi(u)e*Z””?(t*”)du, Do (¢ fo )(t —u)e " (l‘/*u)du7
Prri(t) = [y c(w)Vi(u)(t - U)(%?(t*”)du’ P1s;(t fo )(t —u)2e 2 (-0 gy,
(B.10)
where 7;(t) = Vi(t)\/r . We note in addition that,
2n t R n N
Z / &M u, T)dW; (u) = Zzgl [bos + bra(T — t)]e ™" T, (t)
=170 i=1
+ Z Zi)\? [b()z + by (T — t)]eiﬁ? (Tit)fCSi (t) + Z Zi)\lbuei'{?(Tit)q)lgi (t)
=1 i=1
+ 222bye " TPy 1), (B.11)
=1
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where we introduce the state variables
Ta;(t) = fot C(U)Vi(u)f“iA CAWi(u),  wai(t) = f(f C(U)Vi(U)G*“j(““)deH(u)
Big;(t) = [3 c(u)Vi(u)(t — w)e ™ EDAW;(u),  Booi(t) = [ c(u)Vi(u)(t — u)e™ DdW,, 4 (u).
(B.12)

Consequently, the forward credit spread satisfies

n

A, T) = \0,T) + Z Z B, (T — t)xji(t) + Y Z Ba, (T —t)®,(t),  (B.13)

i=1 j=2 i=1 j=7

where the coefficients B, (T — t) and By, (T — t) are specified in (3.7) and (B.8). It
follows from the definition f4(¢t,T) = f(t,T) + A(t,T) and (BA) and (B.I3) that the

defaultable forward rate admits finite dimensional affine realisation

FUET) = FHOT) + D Y Bay (T = Hayit) + Z Ba, (T — t)®;(t).  (B.14)

i=1 j=1 i=1 j=1

Hence the proof of Proposition 3.1} ¢

C Proof of Proposition 3.4 for the Exponential Affine
Bond Price formula

Straightforward application of (B.14) for the affine Markovian forward rate into the
definition of the defaultable bond price formula, P(t, T') = exp < — ftT fat, s)ds> yields

Pd(t,T) _ ];d( exp( szﬂ / x” t)ds — iZ@]Z / qu s—t) ds).

=1 j=1 =1 j=1

(C.1)
We proceed to integrate the deterministic functions B,,, and Bg,, (See Proposition B.1))

in the exponent with respect to maturity. Substituting equations ([3.12]) - (3.I3) into
the general exponential defaultable bond price expression (CI)) yields ([BI1)) in Propo-

sition 3.4
Hence the proof of Proposition B.4] ¢
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D Proof of Proposition 4.1] for Standard CDS

Given that the CDS spread 7(t) is the value 7 that makes the value of the swap
contract to be zero, from ([1.3) and ([4.2) it follows that

(1- R)E [67 I T(S)dsﬂ{tqu} )J—'.ti|
Zi]\il 5ZE |:€7 ftti T(S)ds]l{’r>ti} -Ft] + INE |:(T - tT*l) —lr 1{t<T<T}’fti|
Note that 1o = 1 onl o and 1yorermy = 1o — 1om. Following Filipovic
{r>T} {r>t} H{r>T} {t<r<T} {r>t} {r>T}

#(t) = (D.1)

(2009), we remark that every FY—measurable random variable satisfies E[X|F;] =
E[X|FV] with P(7 > t|FY) = P(r > t|FV), t > 0. Then,
P(t <7 <u|lFYVFN) = 1pagelo MOBE (orcuy | FY]
_ ]1{T>t}€f°t h(s)ds <€f S h(s)ds _ o= 3 h(s)ds> (D.2)
= g (1 — e JREE),
This is the F¥' v F conditional distribution of 7|7 > ¢ and on differentiating ([D.2)
with respect to u yields
Lirsnyh(u)e” 4 ﬁ(s)dsﬂ{ﬁu}'
Then the expectation at the numerator can be simpliﬁed as follows

E e~ )Y T(S)dsﬂ{KTST}’}—t} - E[ [ T 1{t<r<T}’]: VJ:N} ’ft]

T
= 1{T>t}fE[/ h(u)e™ I rdse= I/ hs) dsdu)]—"}
t

T ~
= 1{r>t}/ E[h(u)e—ft (r(s)+h(s))ds
t

In addition, the first expectation at the numerator can be simplified as

FW } du. (D.3)

E[e_ ftir(s)ds]l{vwfi} ft] = ]1{T>t}€f0t h(s)dsT, [e_ﬁir(s)ds]l{’r>ti} ftw}
— ]l{’r>t}efg iL(S)dSE[ ft s)ds E[H{T>t ) ’fWi|
o Iyt Rs)ds (D-4)
1y [67 S (r(s)+h(s))ds -EW] = 1oy PUL L)
Substituting (D.4]) and (D.3)) into (D.J) we then have that
N . N
ZE[G_LZT(SMSH{T»Z-} ]:t] = Tty Yy P 1),
i=1 i=1
and -
E[ei I T(S)dsﬂ{tagT})}-t} = 1{r>t}/ E[ (u)e ~ (o +hie)ds -Fw}d
¢
from which ([@3]) follows. ¢
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E Proof of Corollary for Postponed CDS

In the case of a postponed CDS, the value of premium leg will not have the accrual

component and the CDS spread at time ¢ can be expressed as

~ tg
(1 - R) Zf\il E [ei J T(S)ds]l{t¢71<7'§ti}

7

ﬁ-(t) - N - t; d
ST T

d
The conditional expectation in the numerator can then be simplified to
Bl 50001y, |7 = B[R0 (1)~ 1 )| v ]
—1,..,E [e’ Jlir(s)ds (e* JT Rs)ds - J1 h(s)ds>] ]_-tw] _
7] }

_ ]]-T>t{fE -67 ftti r(s)dsef f;i_l h(s)ds J,—_-tWi| . E |:€f ftti r(s)dsef ftti h(s)ds

= ]1T>t{fg [ o= [ r(s)ds ,— S h(s)ds

FtW} - Pd(t,ti)}.

Following Brigo and Morini (2005), by using the approximation e~ St r(e)s p o= J r(s)ds,

then we can write

E |:67 fiti T(S)dsef f:iil iL(s)ds

FtW] = Pi(t, t;1),

o (E.2)
E[efft T(S)ds]]-{t¢71<T<ti}

]-"t} = Pi(t, t;_1) — Pt t;).

Hence the proof. ¢
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