UNIVERSITY OF
TECHNOLOGY SYDNEY

QUANTITATIVE FINANCE
RESEARCH CENTRE

QUANTITATIVE FINANCE
RESEARCH CENTRE

THINK.CHANGE.DO

QUANTITATIVE FINANCE RESEARCH CENTRE

Research Paper 292 June 2011

Two Stochastic Volatility Processes - American
Option Pricing

Carl Chiarella and Jonathan Ziveyi

ISSN 1441-8010 www.dfrc.uts.edu.au



Two Stochastic Volatility Processes - American

Option Pricing

Carl Chiarella* and Jonathan Ziveyi

June 16, 2011

Abstract

In this paper we consider the pricing of an American call option whose underlying asset
dynamics evolve under the influence of two independent stochastic volatility processes of
the Heston (1993) type. We derive the associated partial differential equation (PDE) of
the option price using hedging arguments and Ito’s lemma. An integral expression for
the general solution of the PDE is presented by using Duhamel’s principle and this is
expressed in terms of the joint transition density function for the driving stochastic pro-
cesses. We solve the Kolmogorov PDE for the joint transition density function by first
transforming it to a corresponding system of characteristic PDEs using a combination of
Fourier and Laplace transforms. The characteristic PDE system is solved by using the
method of characteristics. With the full price representation in place, numerical results
are presented by first approximating the early exercise surface with a bivariate log linear
function. We perform numerical comparisons with results generated by the method of
lines algorithm and note that our approach is very competitive in terms of accuracy.
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1 Introduction

The standard option pricing framework, Black and Scholes (1973) has been premised on
a number of restrictive assumptions, one of which is constant volatility of asset returns.
The constant volatility assumption is based on the early perception that asset returns are

characterized by the normal distribution.

Whilst the normality assumption of returns is a reasonable approach at long horizons, it is
less satisfactory at horizons relevant to option pricing. Certainly empirical findings at shorter
horizons reveal that asset returns are not normally distributed. Mandelbrot (1963), Officer
(1972), Clark (1973), Blattberg and Gonedes (1974), Platen and Rendek (2008) among others
postulate that the empirical distributions of asset returns are usually too peaked to be viewed
as samples from Gaussian populations and suggests different types of distributions as possible
candidates to model such changes. Many empirical studies also demonstrate that volatility
of asset returns is not constant with Rosenberg (1972), Latané and Rendleman (1976) among
others coming to the same conclusion through studies of implied volatility. Much work has
followed with Scott (1987) also providing empirical evidence showing that volatility changes
with time and that the changes are unpredictable. Scott notes that volatility has a tendency
to revert to a long-run average. The mean-reverting feature has given birth to a range of
research on European option pricing where the underlying asset is driven by stochastic mean
reverting volatility processes. Scott (1987), Wiggins (1987), Hull and White (1987), Stein
and Stein (1991), and Heston (1993), all consider European option pricing under stochastic

volatility driven by various types of mean reverting processes.

Whilst most of the initial work has focused on European style options, not much has been
done on pricing American option under stochastic volatility. Amongst the few papers on
American option pricing, Touzi (1999) generalises the Black and Scholes (1973) model by
allowing volatility to vary stochastically using optimal stopping theory of Karatzas (1988).
Touzi describes the dependence of the early exercise boundary of the American put option on
the volatility parameter and proves that such a boundary is a decreasing function of volatility
implying that for a fixed underlying asset price, as the volatility increases, the early exercise
boundary decreases. Clarke and Parrott (1999) develop an implicit finite-difference scheme
for pricing American options written on underlying assets whose dynamics evolve under the
influence of stochastic volatility. A multigrid algorithm is described for the fast iterative
solution of the resulting discrete linear complementarity problems. Computational efficiency
is also enhanced by a strike price related analytical transformation of the asset price and

adaptive time-stepping.

Detemple and Tian (2002) provide analytical integral formulas for the early exercise bound-
ary and the option price when the asset price follows a Constant Elasticity of Variance (CEV)
process. The characteristic functions of the formulas are expressed in terms of X2 distribu-
tion functions. Tzavalis and Wang (2003) derive the integral representation of an American
call option price when the volatility process evolves according to the square-root process pro-

posed by Heston (1993). They derive the integral expressions again using optimal stopping



theory along the lines of Karatzas (1988). By appealing to the empirical findings by Broadie,
Detemple, Ghysels and Torres (2000) who show that the early exercise boundary when vari-
ance evolves stochastically is a log-linear function of both time and instantaneous variance, a
Taylor series expansion is applied to the resulting early exercise surface around the long-run
variance. The unknown functions resulting from the Taylor series expansion are then approx-
imated by fitting Chebyshev polynomials. Tkonen and Toivanen (2004) formulate and solve
the linear complementarity problem of the American call option under stochastic volatil-
ity using componentwise splitting methods. The resulting subproblems from componentwise

splitting are solved by using standard partial differential equation methods.

Adolfsson, Chiarella, Ziogas and Ziveyi (2009) also derive the integral representation of the
American call option under stochastic volatility by formulating the pricing PDE as an in-
homogeneous problem and then using Duhamel’s principle to represent the corresponding
solution in terms of the joint transition density function. The joint density function solves
the associated backward Kolmogorov PDE and a systematic approach for solving such a
PDE is developed. A combination of Fourier and Laplace transforms is used to transform
the homogeneous PDE for the density function to a characteristic PDE. The resulting system
is then solved using ideas first presented by Feller (1951). The early exercise boundary is
approximated by a log-linear function as proposed in Tzavalis and Wang (2003). Instead of
using approximating polynomials as in Tzavalis and Wang (2003), Adolfsson et al. (2009)
derive an explicit characteristic function for the early exercise premium component and then
use numerical root finding techniques to find the unknown functions from the log-linear ap-

proximation.

There have also been attempts to generalise the Heston (1993) model to a multifactor speci-
fication for the volatility process in a single asset framework with da Fonseca, Grasselli and
Tebaldi (2008) considering the pricing of European type options written on a single underly-
ing asset whose dynamics evolve under the influence of the matrix Wishart volatility process.
As demonstrated in da Fonseca et al. (2008) the main advantages of a multiple volatility
system is that it calibrates short-term and long-term volatility levels better than a single

process.

Motivated by the multifactor volatility feature, we seek to extend the American option pricing
model of Adolfsson et al. (2009) to the multifactor stochastic volatility case. As a starting
point we will assume that the underlying asset is driven by two stochastic variance processes
of the Heston (1993) type. Whilst da Fonseca, Grasselli and Tebaldi (2005) and (2008) treat
the two stochastic variance processes to be effective during different periods of the maturity
domain, in this work we model the variance processes as independent risk factors influencing

the dynamics of the underlying asset.

By first applying the Girsanov theorem for Wiener processes to the driving stochastic pro-
cesses, we derive the corresponding pricing PDE using Ito’s Lemma and some hedging ar-
guments. The PDE is solved subject to initial and boundary conditions that specify the
type of option under consideration. As is well known, the underlying asset of the American

call option is bounded above by the early exercise boundary and below by zero. We convert



the upper bound of the underlying asset to an unbounded domain by using the approach of
Jamshidian (1992). The three stochastic processes; one for the underlying asset and the two
variance processes can also be used to derive the corresponding PDE for their joint transition
probability density function which satisfies a backward Kolmogorov PDE. Coupled with this
and the unbounded PDE for the option price, we derive the general solution for the American
option price by using Duhamel’s principle. The only unknown term in the general solution
is the transition density function which is the solution of the backward Kolmogorov PDE for

the three driving processes.

In solving the Kolmogorov PDE, we first reduce it to a characteristic PDE by using a com-
bination of Fourier and Laplace transforms. The resulting equation is then solved by the
method of characteristics. Once the solution is found, we revert back to the original variables
by applying the Fourier and Laplace inversion theorems. With the transition density in place,
we can readily obtain the full integral representation of the American option price. As implied
by Duhamel’s principle, the American option price is the sum of two components namely the
European and early exercise premium components. The European option component can be
readily reduced to the Heston (1993) form by using similar techniques to those in Adolfsson
et al. (2009). In dealing with the early exercise premium component, we extend the idea of
Tzavalis and Wang (2003) and approximate the early exercise boundary as a bivariate log-
linear function. This approximation allows us to reduce the integral dimensions of the early
exercise premium by simplifying the integrals with respect to the two variance processes. The
reduction of the dimensionality has the net effect of enhancing computational efficiency by

reducing the computational time of the early exercise premium component.

This paper is organized as follows, we present the problem statement and the corresponding
general solution of the American call option price in Section 2. We introduce key definitions of
Fourier and Laplace transforms in Section 4. A Fourier transform is applied to the underlying
asset variable in the PDE for the density function in Section 5 followed by application of a
bivariate Laplace transform to the variance variables in Section 6. Application of the Laplace
transform yields the PDE which we solve by the method of characteristics, details of which
are given in Section 7. Once this PDE is solved the next step involves reverting back to the
original underlying asset and variance variables. This is accomplished by applying Laplace
and Fourier inversion theorems as detailed in Sections 8 and 9 respectively. The resulting
function is the explicit representation of the transition density function. Section 10 nicely
represents the integral form of the American call option price. An approximation of the
early exercise boundary is presented in Section 11. Having found a representation of the
American option price together with the early exercise boundary approximation, we then
present details of how to implement the pricing relationship in Section 12. Numerical results
are then presented in Section 13 followed by concluding remarks in Section 14. Lengthy

derivations have been relegated to appendices.



2 Problem Statement

In this paper we consider the evaluation of the American call option written on an under-
lying asset whose dynamics evolve under the influence of two stochastic variance processes
of the Heston (1993) type. We represent the value of this option at the current time, ¢ as
V(t,S,v1,vs2) where S is the price of the underlying asset paying a continuously compounded
dividend yield at a rate ¢ in a market offering a risk-free rate of interest denoted here as r, and
v1 and vy are the two variance processes driving S. Under the real world probability measure,

P, the underlying asset dynamics are governed by the stochastic differential equation (SDE)

System
dS = pSdt + /0182y + \f525d2s, (2.1)
dvy = K1 (91 — Ul)dt + O'1ﬁdZ3, (2.2)
dvy = IQQ(HQ — UQ)dt + JQ\/Edel, (2.3)

where 1 is the instantaneous return per unit time of the underlying asset, #; and 6y are
the long-run means of v; and vy respectively, k1 and ks are the speeds of mean-reversion,
while o1 and o9 are the instantaneous volatilities of v; and wve per unit time respectively.
The processes, Z1, 2>, Z3 and Z4 are correlated Wiener processes with a special correlation
structure such that EF(dZ,dZ3) = pi3dt, EF(dZydZ4) = posdt and all other correlations are

Zero.

We will need to apply Girsanov’s Theorem for multiple Wiener processes. As this theorem
is usually stated in terms of independent Wiener processes, it is convenient to transform the
Wiener processes in the SDE system (2.1)-(2.3) to a corresponding system which is expressed
in terms of independent Wiener processes whose increments we denote as dW; for j = 1,--- , 4.

This transformation is accomplished by performing the Cholesky decomposition such that

dZ, 1 0 0 0 dWwy
dzy | _| 0 1 0 0 s | (2.4)
ng P13 0 vV 1-— p%?’ 0 de
dz, 0 pau 0 V1—p3, dW,

As highlighted in the correlation matrix above, we assume that correlation exists between the
pairs, (Z1, Z3) and (Za, Z4) such that all other correlation terms except pi3 and poy are zero.
These assumptions about the correlation structure allow us to apply transform methods as
we avoid the product term ,/v71,/v2 which makes it impossible to apply the transform based
methods that we propose. By incorporating the transformation (2.4) into equations (2.1)-
(2.3) we obtain the system of SDEs

dS = puSdt + /o SdW: + /13 SdWa, (2.5)
dvi = K1 (91 — ’Ul)dt + p130‘1\/adwl + 4/ 1-— ,0%30'1\/EdW3, (2.6)
dvy = ko (02 — ve)dt + p2402+/V2dWo + /1 — ,0340'2\/5(11/1/4. (2.7)



Using the approach of Feller (1951), for equations like (2.6) and (2.7) to be positive processes,

the following conditions need to be satisfied:
2k1601 > 0% and 2k90y > O'%. (2.8)

Cheang, Chiarella and Ziogas (2009) also show that in addition to the two conditions in (2.8)

the following conditions:

—1< p13 < min (ﬂ 1) and — 1 < pyy < min (ﬂ 1), (2.9)
01 02

need to be satisfied for the two variances to be finite. By following similar arguments to those

in Cheang et al. (2009), it can be shown that the two conditions in equation (2.9) together

with (2.8) also ensure that the solution of the underlying asset pricing process takes the form

t t t t
Sy = Spexp {,ut - %/ vidu — %/ vadu —1—/ VordWy + / \/@dWQ} , (2.10)
0 0 0 0

where

t ¢ t t
exp{—%/o v1du—%/0 v2du—|—/0 \/EdWl‘i'/O \/EdW2}’ (2.11)

is a martingale under the real world probability measure, P.

The system (2.5)-(2.7) contains four Wiener processes but only one traded asset S as the two
variance processes are non-tradable. This single asset is insufficient to hedge away these four
risk factors when combined in a portfolio with an option dependent on the underlying asset,
S. This situation leads to market incompleteness. In order to hedge away these risk sources,
the market needs to be completed in some way. The process of completing the market is
usually done by placing a sufficient number of options of different maturities in the hedging

portfolio?.

The hedging technique usually results in the triplet of underlying processes , (S, v1, v2) having
different drift coefficients from those specified in the system, (2.5)-(2.7) thus resulting in
different processes. We would however prefer to keep the original underlying asset price
dynamics, a process achieved by switching from the real world probability measure, P to
the risk-neutral probability measure, Q. The change of measure is accomplished by making

2

use of the Girsanov’s Theorem for Wiener processes. Girsanov’s Theorem* uses the so-called

Radon-Nikodym derivative, (Ry) which takes the form (see for instance Cheang et al. (2009))

dQ

1 [t !
dP 2 Jo 0

where X is the correlation matrix in (2.4) and A; is the vector of market prices of risk

associated with the vector of Wiener processes, W. Market prices of risk associated with

! After applying these hedging arguments, it turns out that the resulting option pricing PDE is a function
of two market prices of risk corresponding to the number of non-traded factors under consideration.
For a detailed discussion see Harrison (1990).



shocks on traded assets can be diversified away, however, for non-traded assets investors will
always require a positive risk premium to compensate them for bearing such risk. Once the
market prices of risk vector is specified, then by Girsanov’s Theorem for Wiener processes

there exist
dW; = \j(t)dt + dW;, (2.13)

where Wj, for j = 1,--- ,4 are Wiener processes under the risk neutral measure Q. From
the vector, A;, we denote the constituent parameters as A\(t) and A\o(t) to represent the
market prices of risk associated with the Wiener instantaneous shocks, dW; and dWs, on
the underlying asset price dynamics, and A3(¢t) and A4(t) to be the market prices of risk
associated with bearing the dW3 and dW, risks on the non-traded variance factors, v; and
vy respectively. As highlighted above, A\3(t) and A\4(t) cannot be diversified away as variance
cannot be traded. Application of Girsanov’s Theorem to the system (2.5)-(2.7) yields

dS = (r — q)Sdt + /o1 SAW; + /v2SdWh, (2.14)
dvy = K1(01 — v1)dt — A3(t)y/1 — p%go'l\/adt + p130'1\/adV~V1 +4/1— pfgal\/ﬂdﬁ/g,,
dvy = Ka(Bz — va)dt — Aa(t)y/1 — p2,02\/Vadt + poscay/vadWa + \/1 — p2,09+/v2dWy,

where r is the risk-free interest rate and ¢ is the continuously compounded dividend yield
on the underlying asset, S. The key assumption we make on A3(t) and A4(t) is that both
quantities are strictly positive to guarantee an investor a positive risk premium for holding
the non-traded variance factors. In determining the market prices of the two variance risks,

we use the same reasoning as in Heston (1993) with a slight modification such that

Ao(t) = —2VO_ nd () = 22V (2.15)

o1V 1= pis - o2/1—p3;

where A1 and A9 are constants. This choice of market prices of risk

By substituting these into the system (2.14) we obtain
dS = (r — q)Sdt + /u1SAW; + \/vaSdWs, (2.16)
dvy = [k101 — (81 + A)v1]dt + p13o1/ordWy + /1 — paor/v1dWs, (2.17)
dvy = [K2bs — (ko + Ao)valdt + ,02402de2 +4/1— p%402\/@dW4. (2.18)

The conditions in equations (2.8) and (2.9) also ensure that the explicit solution of the asset

price process, (2.16) can be represented as

1 t 1 t t _ t _
St:SOexp{(r—q)t—g/ fuldu—g/ quu+/ \/adwl+/ \/»U—deg}, (2.19)
0 0 0 0



where

t t t _ t .
exp{—%/o v1du—%/0 v2du—|—/0 \/EdWl‘i'/O \/EdW2}’ (2.20)

is a positive martingale under the risk-neutral probability measure, Q. Now with the system
of equations (2.16)-(2.18), the next step involves the derivation of the corresponding American
call option pricing PDE for the option written on the underlying asset, S. The pricing PDE

can be shown to be?

ov

57 (1S v, 02) = LV(7, 8,01, 02) =1V, (2.21)
where
L=(r- Q)Saas + [r1(61 = v1) — Alvl]a%l + [r2(f2 — v2) — szz]%
+ 1@1528852 + 10%01 8652 + 1@25288; + 1051;268:2
+ plgalvlS@S;vl + p1402v2585882v2. (2.22)

Here, £ is the Dynkin operator associated with the SDE system (2.16)-(2.18). The state
variables are defined in the domains 0 < v,v3 < oo and 0 < S < b(7,v1,v2) where § =
b(T,v1,v2), is the early exercise boundary of the American call option at time-to-maturity, 7
when the instantaneous variances are v; and vy respectively. The PDE (2.21) is to be solved

subject to the initial and boundary conditions

V(0,8 v1,v2) =(S—K)T, 0<S < oo, (2.23)

V(r,0,v1,v2) =0, 72>0, (2.24)

V(T, b(T, 1)1,?)2),1)1,?)2) = b(T, 1)1,1)2) - K, T > 0, (2.25)
ov

lim —=(7,5v,v2)=1 72>0. (2.26)

S—b(1,01,v2) oS

Condition (2.23) is the payoff of the option contract if it is held to maturity, while equation
(2.24) is the absorbing state condition which ensures that the option ceases to exist once
the underlying asset price hits zero. Equation (2.25) is the value matching condition which
guarantees continuity of the option value function at the early exercise boundary, b(7, v1, va).
Equation (2.26) is the smooth pasting condition which together with the value matching
condition are imposed to eliminate arbitrage opportunities. Boundary conditions at v; =
0 and vo = 0 are found by extrapolation techniques when numerically implementing the

resulting American call option pricing equation.

Also associated with the system of stochastic differential equations in (2.16)-(2.18) is the

transition density function which we denote here as G(7, S, v1, v2; So,v1,0, v2,0). The transition

SHere 7 = T — t is the time to maturity. Strictly speaking we should use different symbols to denote
V(T — 1,5,v1,v2) and V (7, S,v1,v2), but for convenience we use the same symbol.



density function represents the transition probability of passage from S,vi,vs at time-to-
maturity 7 to Sp,v1,0,v2,0 at maturity. It is well known that the transition density function
satisfies the backward Kolmogorov PDE associated with the stochastic differential equations
in the system (2.16)-(2.18) (see for example Chiarella (2010)). The Kolmogorov equation in

the current situation can be shown to be of the form

9 _ ra, (2.27)
or
where 0 < S < 00 and 0 < v1,v9 < oo. Equation (2.27) is solved subject to the initial

condition
G(O, S, V1, V2, S(], 1,0, ’Ug,o) = 5(5 — 50)5(211 — 'UL(])(S('UQ — U270), (2.28)

where 0(+) is the Dirac delta function.

3 Deriving the General Solution of the Pricing PDE

As noted in the PDE (2.21), the underlying asset domain is bounded above by the early
exercise boundary, b(7,v1,v2). Jamshidian (1992) shows that one can consider an unbounded
domain for the underlying asset by introducing an indicator function and transforming the
PDE to

ov
E(T, S,v1,v2) = LV (7, 8,01,v2) = 1V + Lg>p(r0;,00) (¢S — TK). (3.1)
Here, 0 < S < 00, 0 < wy,v3 < 00 and Lg>p(r,,0,) i an indicator function which is equal to
one if S > b(r,v1,v2) and zero otherwise. Now the PDE (3.1) is defined on an unbounded

domain for the underlying asset.

As an initial step to solving the PDE (3.1), we switch to log asset variables by letting S = e®

and setting

C(1,z,v1,v9) = V(7,€%,v1,v2), (3.2)
U(T,z,v1,v2; T0, V1,0, V2,0) = G(T, €%, v1,v2; €™, 01 0,20), (3.3)
to obtain
oC .
E :MC—TC""ﬂmzlnb(T,vl,vg)(qe —TK), (34)
where
1 1 0 0 0 0 0 1 92
M=(r—q—zv1— =vs ) = + &2 — frv;— + By — foyvg—— + =1 ——
<7’ 1= 3" 2?}2> Oz + 18211 511)18211 + 281}2 52?}281)2 + 21 922
+1 82+ 9? n H? +12 82+12 9? (3.5)
— Vg ——= o1V] ——— Oy —— + =0 V| —=5 + =05V —= )
9292 T P1391 183:81)1 P1402 283:81)2 P 182}% 22 281}%’



Py = k161, Pr=roby, [i=r1+A and (2 =rK2+ Ao
Equation (3.4) is solved subject to the initial condition

C(0,z,v1,v9) = (" — K)T, —o0 <z < oo0.

Likewise, the transition density PDE (2.27) is transformed to

ou
e MU.

Equation (3.8) is to be solved subject to the initial condition

U(0,x,v1,v2; To,v1,0,V2,0) = 6(x — 0)0(v1 — v1,0)0(v2 — v20).

(3.6)

(3.7)

(3.9)

The inhomogeneous PDE (3.4) is in a form whose general solution can be represented by use

of Duhamel’s principle.* We present the general solution of (3.4) in the proposition below.

Proposition 3.1 The solution of the American call option pricing PDE (3.4) can be repre-

sented as
C(t1,z,v1,v2) = Cg(7,z,v1,v2) + Cp(7, 2,01, 2),
where

o o o
Cg(r,z,v1,v2) = e_”/ / / (" — K) U (T, x,v1,v2; u, w1, wo )dudwy dws,
0 0 —00

“Consider the one dimensional inhomogeneous parabolic PDE of the form

oC
S =LC+f(ra),

where L is a parabolic partial differential operator and solved subject to the initial condition
C(0,z) = ¢(x).
Let U(7,x) be the transition probability density function which is the solution to

oU

o LY

subject to the initial condition
U(0,z) = 0(x — x0),

then the solution of equation (3.10) can be represented as
cra)= [ owUra—ndy+ [ [ HenUr - - payde.
—o0 0 —o00

More details about Duhamel’s principle can be found in Logan (2004).

10

(3.14)

(3.15)

(3.10)

(3.11)

(3.12)

(3.13)



and

CP(TaxaU17U2):/ e_T(T_g)/ / / (qge" —rK)
0 0 0 In b(€,w1,w2)

xU(T — &, x,v1, v2; u, w, we)dudw; dwydE. (3.16)

Proof: Refer to Appendix 1. O

The first component of equation (3.14) is the European option component whilst the second
component is the early exercise premium. For us to operationalise the representation of
equation (3.14), we need an explicit form of the density function, U (7, x, vy, v2) which is the
solution of the PDE in equation (3.8). In order to solve equation (3.8), we first reduce it to
a corresponding system of characteristic PDEs which can then be readily solved using a vast
array of methods for tackling such problems. In this paper, we will apply a combination of
Fourier and Laplace transforms to this PDE resulting in a system of characteristic PDEs.
We will apply Fourier transforms to the underlying log asset variable as its domain matches
that of the transform. A bivariate Laplace transform will then be applied to the stochastic
variance variables. We start by giving a brief review of the transform methods before applying
them to the PDE (3.8).

4 Fourier and Laplace Transforms

Definition 4.1 The Fourier transform of the function U(T,z,v1,v2) with respect to x is
defined as,

F{U(r,z,v1,v9)} = / MU (1, z,v1,ve)dx = U(T,n,vl,vg), (4.1)
where i is the complex number.

Definition 4.2 The inverse of the Fourier transform of U(T,’I’},’Ul,UQ) is represented as,

. 1 [
FHU(m,n,v1,02)} = —/ e”"U(T,n,v1,v2)dn = U(T,7,v1,02). (4.2)

2 J_

Definition 4.3 The bivariate Laplace transform of the function U(T,n,vl,vg) with respect

to v1 and vy is defined as,

‘C{U(Tvnavl7v2)} = / / 6_811)1_821)20(7-777>Ulav2)dvldv2 = ﬁ(7_7777 51, 82)7 (43)
0 0

where s1 and so are complex variables whenever the improper integral exists.

Definition 4.4 The bivariate inverse Laplace transform® of the function U(T,n, S1,82) with

®In this paper we will not directly use this inverse Laplace transform definition as we will make use of those
tabulated in Abramowitz and Stegun (1964).

11



respect to s1 and so is defined as,

B 1 Y2+ioo  py1+ico B .
L7HU(r,m,81,2)} = —2/ / eIV (7 51 89)ds1dsy = U(T,n,v1,v2),
(27”) Y2—100 Jy1—100
(4.4)

where the integration is done along the lines, Re(s1) = 1 and Re(sa) = o in the complex hy-

perplane such that v1 and o are greater than the real part of all singularities of U(T, 7, 51,52).

We will make the following assumptions about this density function:

. . ou
zll}foo U(r,z,v1,v2) = mll)liloo i 0, (4.5)
v1,£i2IE>c>0 U(r,z,v1,v9) = vllii)noo g—z = vzii)noo S—Z =0 (4.6)
lim U(r,z,v1,v2) =0. (4.7)

v1,v2—0

Such assumptions are made since by their nature, transition density functions and their

derivatives converge to zero as their underlying processes assume larger values.

5 Applying Fourier Transforms

We first apply the Fourier transform to the log asset price variable in the PDE (3.8).

Proposition 5.1 The Fourier transform, U(T,n,vl,vg) of the function U(1,x,v1,ve) which
is the solution of the homogeneous PDE (3.8) satisfies the PDE

ou -1 -1 - oU oU
o = —in(r —q)U + §A(T])U1U + §A(T])U2U + (I)l(?—m + (I)28—v2
U ou 1., U 1., U
_@1'Ula—U1 _@21)28—1}2_’_50-1’018—@%—1—50—2’028—@%’ (51)

where

01 =01(n) = 1 +inp1so1, Oy =Oa(n) = o +inpaucs, and A(n) =in—n>. (52)

Equation (5.1) is to be solved subject to the initial condition

U(0,m,v1,v2) = €"0§(vy — v1,0)3(v2 — v20). (5.3)

Proof: Refer to Appendix 2. O
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6 Applying Laplace Transforms

We have applied the Fourier transform to the log asset price variable. To successfully solve
the resulting PDE (5.1), we apply a bivariate Laplace transform to the variance variables and

this is accomplished by the proposition below.

Proposition 6.1 By applying Definition 4.3 to the PDE (5.1) the Laplace transform, U(r,1, s1, S2)
is found to satisfy the first order PDE

oU (1 4, 1 ou (1 4, 1 ou
ar {2(’131 Ors1 + 2A(")} 351 {2”232 O252+ 30y 5

= {(<I>1 - O'%)Sl + (g — U%)Sg —an(r —q) + 61+ @2} U+ fi(r,s2) + fa(r,s1). (6.1)
Equation (6.1) is to be solved subject to the initial condition

U(0,7, 51, 87) = 1P 51v1.0=52v2,0 (6.2)

The two functions, f1 and fo are given by

1 ~ 1 -
f1(7_7 82) = (50% - <I>1> U(T777>0732)7 and f2(7_731) = (505 - <I>2> U(T777> 8170)

and are determined such that

lim U(7,n,s1,52) =0, and lim U(7,n,s1,52) =0, (6.3)
81 —00 S9—00
respectively.
Proof: Refer to Appendix 3. O

7 Solution of the Characteristic Equation

Equation (6.1) is a first order PDE known as a characteristic equation. We solve this equation
using the method of characteristics. Similar techniques have been successfully used in Feller
(1951) and Adolfsson et al. (2009) to solve PDEs like equation (6.1). Cheang et al. (2009)
use similar techniques when solving the American call option where the underlying asset is
being driven by both stochastic volatility and jumps. We present the solution of this PDE

in the proposition below.

Proposition 7.1 The solution of equation (6.1) subject to the initial and boundary conditions

13



in equations (6.2) and (6.3) can be represented as

29 9 2%3

2—=r
U( s s 200, of 2005 72
7715515 52) (0251 — O1 + ) (eM™ — 1) + 20y (0255 — Og 4 Q) (227 — 1) + 20,

O — 0
X exp{ ( ) V1,0 — (%)Uzo +i77w0}
2
T}

{ (1)1—0'1 Ql) + ((1)2—02)(@2—92)
{ —2Qqv1,0(03s1 — O1 + Q)™ exp —209v2 0(0552 — Og + Q)et?27
]

X exp
03

5 —inlr—q) + 61+ 6,
X exp ar 2712 Qo7
0181 @14—91)(6 1 —1)+291 02[(0282—@2+Qg)(€ 2 —1)+2Qg]

% 2(1)1 1 291’01 OGQIT % 291
U% (6917— — 1) (U%Sl — 01+ Ql)(eQ” - 1) + 20

20, . 2921)2708027 20,
+F<0—§_130'%(6927—1) x (0382_92""92)(6927——1)—}—292 -1 9 (71)
where
Q1 =1/01 = A(n)o] and Qy=4/03 — A(n)o3. (7.2)

The function T'(n; z) is the incomplete gamma function defined as

1 z
[(n;z) = —/ e~ SenLag, 7.3
2 = 57 | (73)
and
T = [ efea (7.4)
Proof: Refer to Appendix 4. O

8 Inverting the Laplace Transform

Now that we have solved equation (6.1), the next step is to recover the original function,
U(r,x,v1,v2) which is expressed in terms of the original state variables. This process is ac-
complished by applying the Laplace and Fourier inversion theorems respectively. In Propo-
sition 8.1 below, we will first present the inverse Laplace transform of the function given in

Proposition 7.1.
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Proposition 8.1 The inverse Laplace transform of U(T,n, s1,82) in equation (7.1) is

A 0, -0 60y —Q
U(7,n,v1,v2) = exp { (%) (v1 — w10+ @17) + (%) (v — w20 + <I>2T)}
1 2
291 7 292 Qo7
: eXp{ <a%<eﬂv E 1)) (107 +01) <a§<eﬂw - 1)) (1207 + v2)
3y By

T QoT T\ 2
% eimﬁo—in(r—q)T 2916 1 2926 2 <'U1 ne 1 > 1

o?(eh7 — 1) o3 (ef2m — 1
1
3

40 N .
<y (g (mno™)?) Fa (G (oo™

71 72
(8.1)
where Ij(z) is the modified Bessel function of the first kind defined as
S 2n+k
. .2
2::0 T'(n + k‘ + 1)n! (82)
Proof: Refer to Appendix 5. O

9 Inverting the Fourier Transform

The next task is to find the inverse Fourier transform of equation (8.1), this is accomplished
by applying Definition 4.2 to Proposition 8.1 and we present the result in the proposition

below.

Proposition 9.1 The inverse Fourier transform, U(7, x,v1,v2; o, V1,0, v2,0) of equation (8.1)

can be expressed as

1 [ .
U(T,x,v1,v2; To, V1,0, V2,0) = %/ e H (7, z,v1,v2; =1, V1,0, V2,0)dN (9.1)
—0o0
where
0, -0 0, -0
H(7,2,v1,v2;m,v1,0,V2,0) = eXP{ < 102 1> (v1 —v1,0 +®17) + < 202 2> (v — w20 + 27) }
1 2
291 QT 292 Qo
X exp{— <70%(691T — 1)> (”1,06 1 +v1) - (703(6927 — 1) (vz,oe 2 +v2)

1 o

@ Q Q 272 Q 2~

« ez +in(r—a)T 20,77 20”27 v1,0e1 T\ o1 ? [vg0€ 2T\ o3 ?
1)

o2(ehT — 1) o3 (ef27 — vy vy
491 Qi7\ L 492 QoL
Proof: Refer to Appendix 6. O
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Now that we have managed to obtain U(T,z,v1,v2), we revert back to the original density

function G(r,S,v1,v2) which is expressed in terms of the underlying asset variable, S.

Proposition 9.2 The transition density function expressed in terms of the original state

variables can be represented as

1 .
G(1,5,v1,v2; S0, v1,0,V2,0) = %/ e’”lnSOH(T, In S, vy, v2; —n,v1,0,v2,0)dn. (9.3)
— 0

Proof: Recall that S = e” and U(7,,v1,v2;0,01,0,v20) = G(T,€%,v1,v2; €, 01 0,020).

Substituting these into equation (9.1) we obtain the result in the above proposition. 0

Having found the explicit form of the trivariate transition density function, we can now
obtain the full representation of the American call option presented in Proposition 3.1. As
demonstrated in that proposition, the American option price is expressed in terms of the
unknown early exercise boundary S = b(7,v1,v2). We use the value matching condition to
find the integral equation that determines this function, details of which are given in the next

section.

10 The American Option Price

As stated in the previous section, given the explicit transition probability density function in
Proposition 9.2, we can derive the simplified version of the American call option written on
the underlying asset, S whose dynamics evolve according to the SDE system (2.16)-(2.18). By
using the relationship C(7,z,v1,v9) = V(7, €, v1,v3), the value of the American call option

can be represented as
V(7,S,v1,v2) = VE(7, S,v1,v2) + Vp(T, 5,01, 02). (10.1)

The two terms on the RHS of equation (10.1) are presented in the two propositions below.
As pointed out earlier, the first component on the RHS of equation (10.1) is the European

option component whilst the second is the early exercise premium.

Proposition 10.1 The European option component of the American call option can be writ-

ten as
Ve(T, S,v1,v9) = e TSPy (1,5, v1,v9; K) — e """ K Py(1, S, v1,v9; K), (10.2)

where
Pj(1,S,v1,v9; K) = % - % /OOO Re<gj(7’ 5 01,1;?27; n)e_man>d777 (10.3)
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for j = 1,2 with

gj(T7 571)17'02;77) = €xp {”711154— Bj(Tun) + D17j(T777)1)1 + D2,j(7—7n)7}2}7

; P 1— oS24
ot By - am (28

0'1 1-— lej
P, 1 — Qg e27
+ O__%{(@QJ + Q2,g)7’ —21In (—1 — Q2,j )}, (10.4)

(O1,) + ) 1—e”
Dy 3 = 7 7 |: ]7
13 (7m) o? 1—Q jetham

(02, + Q) [ 1— 2T ]

Doy i(1,m) =
27]( 77) O’% 1_Q2,j692’j7—

Here, Qmj = (Om.j + )/ (Om,j = j) for m = 1,2 and j = 1,2 where ©1,1 = O1(i —n),
©12 = O1(—n), O21 = O2(i — 1), Oz = Oz(—n), Qi1 = (i —n), U2 = NU(—n),
9271 = QQ(’L — 77) cmd 92,2 = QQ(—’I’]).

Proof: Refer to Appendix 8. O

Remark 10.1 We recall that the definitions of ©1, ©2, 1 and Qs have been provided in
equation (5.2). Also ®1 and ®o have been defined in equation (3.6).

When numerically implementing this pricing function in Proposition 10.2, it is desirable to
adopt the ideas proposed in Kahl and Jackel (2005) and Albrecher, Mayer, Schoutens and
Tistaert (2007). Such techniques prevent the possibilities of branch cuts® and ensure that
the density function is continuous in the complex plane. Discontinuities are frequently more
pronounced when pricing long maturity options. An example to this effect can be found on
Table 1 of Albrecher et al. (2007).

Proposition 10.2 The early exercise premium component of the American call option can

be represented as

VP(7757U17U2):// / lqe" TSP (T — €,8,v1, v9; w1, wa, b(E, w1, wa))
o Jo Jo

- Te_T(T_f)KPZA(T - 57 Sv V1, V2; W1, W2, b(f, wiy, w2))]dw1dw2d£, (105)
where
A . 1
Py =& 8, vp0p5w1, w2, b(E, 01, 02)) = 5 (10.6)
oo A _ . —in Inb(&,w1,w2)
(T , S, v1,v9;m, wy, wo)e”
—I—l/ Re(QJ( £, 5, v 277’1 2) )d%
™ Jo m

SA branch cut is a curve in the complex plane across which a function is discontinuous.

17



for j = 1,2 with

O — O
93’4(7— _5757 U17U2;n7w17w2) = exp{ (%) (’Ul —w; + (I)l(T - 5)) (107)

07

N (%) (02 _wzww—@)}

2

2005 O, (r—8) 2 92,5 (r=6)
X exp {— (a%(eﬂw‘(f—f) — 1)> (wle + v1) - ag(eﬂw(T—ﬁ) — ) ( + V2
& 1
2

Qu,(1—€) Qo (7€) Q1 (r—E)\ o5~ O (r—E)\ 25—
inn Sin(r—q)(r—¢) 280,5€"" 2Q je°2i wie ! wae =Y 2
(691(7 £ — 1) ( Qa,;(1—8) — 1) V1 V2

-

X e

40 495 ;
X L2zy ( — (Ulw1eﬂl’j(76));) I2e, ( 2 = (021028512’j(76))é) .
2 g%

o7 g%(eﬂl,j(ffé) -1) 05 (e225(7=6) — 1)

The expressions for ©,, ; and €, ; are given in Proposition 10.1 above.

Proof: Refer to Appendix 9. O

Equation (10.1) is in terms of the early exercise boundary, b(7, v1, v2) which is still unknown.
This function needs to be determined for us to have the corresponding option price at each
point in time. Also, the three integrals of the early exercise premium component cannot be
integrated out as we do not know the functional form of this early exercise boundary. The
only knowledge we have is that it is a function of time and the two instantaneous variances.

The early exercise boundary also satisfies the value matching condition
b(T7'U17'02) _K = V(T7 b(T71)171}2)7U17'02)7 (108)

which, given the integral expression for V (7, b(7, v1, v2), v1,v2) is a non-linear Volterra integral
equation. This can be solved directly for the free-boundary but we seek some approximation
techniques in order to reduce the computational burden associated with solving the integral
equations directly. We present one approximation technique for the early exercise boundary

in the next section.

11 Approximating the Early Exercise Surface

The idea of approximating early exercise boundaries has gained popularity in pricing stan-
dard” American options; Ju (1998) uses multi-piece exponential functions to approximate the
early exercise boundary of the American put option. Chiarella, El-Hassan and Kucera (1999)
use Fourier-Hermite series expansions to represent the underlying asset price evolution and
then present a systematic approach for evaluating the corresponding options written on a
particular underlying asset. Ait-Sahlia and Lai (2001) approximate Kim’s (1990) early ex-

ercise boundary with a piecewise linear function. They first discretise the time domain into

"Here, the term “standard” means an option pricing model that satisfies all Black and Scholes (1973)
assumptions.
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equally spaced sub-intervals. Linear interpolation is then incorporated to fit the early exercise
boundary between two successive subintervals thereby generating the entire free-boundary.
Mallier (2002) consider series solutions for the location of the early exercise boundary close

to expiry.

Approximation techniques have also been generalised to American options under stochastic
volatility. Broadie et al. (2000) have shown empirically in the single stochastic volatility
case that Inb(r,v) can well be approximated by a function that is linear in v. Based on
these empirical findings, Tzavalis and Wang (2003) have expanded the logarithm of the early
exercise boundary using Taylor series around the long-run volatility. This expansion yields
two unknown functions of time which they later determine using Chebyshev polynomial
expansion techniques. Instead of applying a Chebyshev approximation, Adolfsson et al.
(2009) use numerical integration techniques and root finding methods to find these unknown
functions of time. This method proves to be adequate enough in terms of accuracy and
computational speed as compared to other valuation methods that they consider. It is this

approach that we employ in this paper.

We first use a Taylor series expansion to expand the logarithm of the early exercise boundary,

In b(7, v1,v2) around the corresponding long-run variances such that
Inb(7,v1,v2) & bo(T) + b1 (7)v1 + ba(T)va, (11.1)

where by(7), b1(7) and ba(7) are functions of time to be determined. This approach allow us
to simplify the two integrals with respect to w; and wsy in equation (10.1) before applying
the numerical algorithm. Incorporating the expansion (11.1) into equation (10.5) we obtain

the results in the proposition below.

Proposition 11.1 By approzimating the early exercise boundary with the expression
Inb(7,v1,v2) = bo(T) + b1 (7)v1 + ba(T)va, (11.2)
the value of the American call option can be re-expressed as
V(r,S,v1,v2) &~ Vi (7, S, v1,v2) + VA (1, S,v1,v2), (11.3)

where Vg(7,S,v1,v2) is as presented in Proposition 10.1 and the approzimation to the early

exercise premium s given by

Vp (T, S v1,v2) = /OT[qe_q(T‘f)SﬁlA(r—5,S,vl,v2;b0(§),b1(§),b2(§))

— e TTOK P (1 — €,8,v1,v2;bo(€), b1 (€), b2 (€))]dE, (11.4)
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where

PA(r = €,8, 01,025 b0(€), b1(£), b2(€)) = % .
+ 1 /°° Re(@f(T —&5, 111,212;77.7 bl(f),bQ(g))e—inbo(g))dn7
7 Jo -

for j = 1,2 with
gf(T7 57 U1, 02,1, b17b2) = exp {ZT]IHS + BJA(Tana b17b2) + Df%j(T7T]7 bl)?)l + Déj(Tana bQ)UQ}a

, P 1- Qi ™7
B]A(T, n,b1,b2) = in(r — q)T + —21 (©1,; + Q)T —2In #A
o1 1— Q1,j

(I)g 1- Q? 'eQQ’jT
+ — 1< (02 + Q)7 —2In | ——L— | 3,
& { L L - Qs

A . (@179' + Ql,j) R
Dy j(7,m,b1) = —inb1 + P 1— Qi |
7-]

A . (O, + Qo) | 1—ef2i7
D3 j(T,m,b2) = —inbs + p 1= Qb e
7-]

Here

Om,j + ina?nbm + Q5

Om,j + N2 bm — Qi Om,; =0t —n), and Q,,; =Q;(—n),

A
Qm,j =

form=1,2 and j =1,2.
Proof: Refer to Appendix 10. O

By using the approximation (11.1), we have managed to reduce the number of integral di-
mensions from four to two as we have simplified the two integrals with respect to w; and ws
in equation (10.5). The simplified version of the early exercise premium component enhances
computational speed of our numerical scheme for finding both the early exercise boundary and
the corresponding option price as the resulting equation is now independent of the modified
Bessel functions which tends to consume much computational time. Given the approximation

in equation (11.1), the value-matching condition can also be expressed as

Lo (T)+b1(T)vr+ba(T)v2 _ pr V(r, ebo(T)+b1 (’f)vl-i-bz(’f)vz,v17 v9). (11.6)

Equation (11.6) is implicit in by(7), b1 (7) and ba(7), hence root finding techniques need to be

employed for us to obtain explicit forms of these functions. In determining these functions,
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we formulate three equations such that

bo(1) = In[V (7, el (MFTorwt02(Tv2 0y 0y 4 K] — by (T)v1 — ba(T)va,

1
bi(7) = U_1<IH[V(T7 LM Mutba(Dee ) ) + K] = bo(r) — 52(7)1)2>7 (11.7)
by(7) = %(hﬂ[v(ﬂ oMo th2(Tvz g vy) + K] — bo(7) — 51(7')1)1)-

These equations need to be solved iteratively at each instant, details of which are outlined in

the next section.

12 Numerical Implementation

Having derived the integral expression for the American call option price in equation (11.3)
and the corresponding system of equations (11.7) for approximating the early exercise bound-
ary, we now present the numerical algorithm for the implementation of these equations. A
variety of techniques have been proposed in the literature for numerically solving equations
like (11.7). Huang, Subrahmanyam and Yu (1996) use a numerical integration scheme to
solve the Kim (1990) American put integral equation. Kallast and Kivinukk (2003) also use
quadrature methods to approximate the price, delta, gamma and vega of both American call
and put options. Adolfsson et al. (2009) use similar techniques to implement the integral
expression for the American call option price when the dynamics of the underlying asset
evolve under the influence of a stochastic variance process of the Heston (1993) type. In
implementing our pricing algorithm, we shall use quadrature techniques as applied in Kallast
and Kivinukk (2003).

The European option component of equation (11.3) involves only one integral with respect
to the Fourier transform variable, this integration is easily handled by standard methods.
However, the early exercise premium component has two integrals, one with respect to the
Fourier transform variable and the other with respect to running time-to-maturity, £&. The
integral with respect to the Fourier transform variable is handled in a similar way as in the
European component case. However, the integral with respect to £ requires the entire history
of the three functions, by(7), b1(7), and ba(7) up to and including the current time. We
therefore need to devise an algorithm to determine these three functions iteratively at each

point in time.

In implementing equation (11.3) and the system (11.7), we treat the American option as a
Bermudan option. The time interval is partitioned into M-equally spaced subintervals of
length h = T'/M. The algorithm is initiated at maturity and we then progress backwards
in time. We denote the starting point as, 79 = 0 which corresponds to maturity time. At

maturity, it has been shown in Kim (1990) that the early exercise boundary of the American
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call option takes the form
b(0,v1,v2) = max <SK, K) . (12.1)
By comparing coefficients, we can readily deduce that
bo(0) = max <ln K,In BK]) . 01(0) =0, and by(0) = 0. (12.2)

All other time steps are denoted as 7,, = mh, for m = 1,2,--- , M. The discretised version

of the American call option price is thus
V(mh7 Sa U1, U2) ~ VE(mh7 57 VU1, U2) + V}é(mhﬂ 57 U1, U2)' (123)

At each subsequent time step we need to determine the three unknown boundary terms,
byt = bo(mh), b* = bi(mh) and bJ" = by(mh) each of which depends on the entire early
exercise boundary history. We use iterative techniques to find the values of these three
unknown functions at each time step, that is, when iterating for b7’, by and b5', we use as
initial guesses® boo = b{)”_l, bl = b’ln_1 and by, = bg”‘l followed by solving the system of

linked equations

T R A
ok = [V (mh, "0k LETTRE1"2 yy 4g) + K| = b1 _qv1 — by 02,

1 bm m m
m +b" v1 400 v m m
k= — (ln[V(mh, e 0k TULEITI2 k=12 [y 0p9) 4+ K| — bo'k — b27k_1?]2>,

vy
1 m m 7
2k = vy (hﬂ[v(mha PORFRITOER2 g ) + K] — b, — bfk“)' (12.4)

We find the value of k such that b7 — b | < €0, [07% — 0% | < €1 and [b5Y — b5 4| < €2,
where €y, €1 and ey are tolerance values. Once the tolerance values are attained, we then
proceed to the next time step. This algorithm is applicable to any root finding method for
determining the triplet, by, by and by. Adolfsson et al. (2009) use Newton’s method while we
prefer to use the bisection method in this paper as it does not involve the computation of the

first derivative of the pricing function.

In the next section we present numerical and graphical results for the early exercise boundary
and the corresponding American call option prices obtained using the above approach. We
also provide graphs for the joint probability density functions of the state variables. Such
density functions are crucial as they give us a clue on how to handle the unbounded integral

domains of the state variables and address the convergence property of density functions.

8The subscript k in the three functions bg', b1 and by’ represents the number of iterations required for
convergence of the iterative process at time step m.
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13 Nwumerical Results

Having presented the numerical algorithm as outlined above, we now provide some numerical
examples in this section. In what follows, we will dub our method the numerical integra-
tion scheme. We have also implemented the Method of Lines (MOL) algorithm for the PDE
(2.21) for comparison purposes. Details on how to implement the MOL algorithm can be
found in Chiarella, Kang, Meyer and Ziogas (2009) where they consider the valuation of
American options under stochastic volatility and jump diffusion processes. In all the numer-
ical experiments that follow unless otherwise stated, we will use the parameters provided in

max

Table 1 where, v}

and vy are the maximum levels of the two instantaneous variances

under consideration. We have discretised the two variance domains into 30 equally spaced
sub intervals and M = 200 time steps. For the MOL algorithm a non-uniform grid is applied
to the underlying asset domain and a total number of 1,438 grid points has been used. The
large number of grid points in the underlying asset domain helps in stabilising the numerical
scheme and enhancing the smoothness of the early exercise boundary. For the numerical
scheme to be stable, we have used 40 grid points in the interval 0 < § < 1, 198 points in the
interval 1 < .5 < 100 and 1200 points within the interval 100 < S < 500.

Parameter Value wv; — Parameter Value vy — Parameter Value

K 100 01 6% 0 8%
T 3% K1 3 %) 4
q 5% o1 10% o9 11%
T 0.5 P13 +0.5 P24 +0.5
M 200 A1 0 A2 0
pmax 20% pnax 20%

Table 1: Parameters used for the American call option. The v; column contains parameters
for the first variance process whilst the v9 column contains parameters for the second variance
process.

We start by presenting the joint probability density function of S and v; when vy is fixed
and that of S and vy when v; is fixed in Figures 1 and 2 respectively. These surfaces are
generated by implementing equation (9.3). The nature of these probability density functions
guide us on how to truncate the infinite domains of the state variables when performing
numerical integration experiments. From these figures we note that density functions are zero
everywhere except near the origins of the state variables. For instance, instead of integrating
the underlying asset domain from zero to infinity in our case we have simply integrated from
zero to 50 since beyond this point the density function is extremely close to zero. Such
diagrams also provide a natural way of analysing the distribution of asset returns under

stochastic volatility.

Having established the integration domains for the state variables, we present in Figure 3 the
early exercise surface for the American call option when wvs if fixed. This surface shows how
an increase in v affects the free-boundary of the American call option. We note from this
figure that the early exercise surface is an increasing function of v; and is of the form typical

for that of an American call option written on a single underlying asset whose dynamics
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Joint PDF of S and vy when v2:11%

x 10

10

pdf(S,v. 1)

Figure 1: The probability density function of S and v; when v9 is fixed. We have considered
the case when p13 = 0.5 and poq = 0.5 with all other parameters as provided in Table 1.

Joint PDF of S and v, when A is 11%

x 10

Figure 2: The probability density function of S and ve when v; is fixed. We have considered
the case when p13 = 0.5 and poy = 0.5 with all other parameters as provided in Table 1.
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evolve under the influence of a single stochastic variance process as presented in Chiarella

et al. (2009). A similar surface can be obtained by fixing v; and allowing vy to vary.

Free Surface of the American Call Option

170

160

150

140

b(r,vl,vz)

Figure 3: Early exercise surface of the American Call option when vy = 0.67%, p13 = 0.5 and
p24 = 0.5. All other parameters are as presented in Table 1.

We can also compare the early exercise boundaries for the American call option when both v
and vy are fixed. Figure 4 shows these comparisons for varying correlation coefficients. Note
from this figure that for fixed v; and vo, early exercise boundaries typical for standard Amer-
ican call options are generated. We have also included the free-boundary generated from the
geometric Brownian motion (GBM) model to highlight the impact of stochastic volatility on
the American call option free-boundary. Since the two instantaneous variance processes un-
der consideration are mean reverting, we calculate the corresponding GBM constant standard

deviation as

oM =\ bh + 02, (13.1)

where 01 and 6, are the long run variances of v; and vy respectively. From Figure 4 we
note that zero correlations almost correspond to the GBM case. The early exercise boundary
generated when the correlations are negative lies above that of the GBM model whilst that

for positive correlations lies below as revealed in Figure 4.

Figure 5 shows the effects of varying volatilities of v1 and v to the early exercise boundary.
We note that increasing both o7 and o9 has the effect of lowering the exercise boundary.
We have considered the case when both pi3 and pay are equal to 0.5 and the instantaneous

variances equal to their long run means.

To justify the effectiveness of our approach in valuing American call options, we need to
compare the results with other pricing methods. In Figure 6 we present the early exercise

boundaries from the method of lines (MOL) algorithm and numerical integration respectively.
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From this diagram we note that the early exercise boundary generated by the numerical in-
tegration method is slightly lower than that from the MOL. This might be attributed to
approximation and discretisation errors from the numerical integration method. Discretisa-
tion errors can be reduced by making the grids finer. Errors from early exercise boundary
approximation can be reduced by devising better approximating functions empirically or
by any other suitable approach. Similar comparisons can be made for different parameter
combinations. We also present Figure 7 which compares the effects of different correlation
coefficients on the same process. For example when p13 = —0.5 and p2g = 0.5 we see that the
corresponding early exercise boundary is slightly below the p13 = 0 and py4 = 0 boundary.
This might be due to cancelation effect of the influential stochastic terms of the variance
processes.

Comparing Early Exercise Boundaries of the American Call Option
170 T T T T
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Figure 4: Exploring the effects of stochastic volatility on the early exercise boundary of the
American call option for varying correlation coefficients when ogpy = 0.3742, v = 6% and
vy = 8%. All other parameters are provided in Table 1.

We now turn to an analysis of option prices using the two approaches. Figure 8 shows the
general American call option price surface at a fixed level of vy. A similar surface can be gen-
erated by fixing v; and allowing S and v to vary. We can also assess the effects of stochastic
volatility on the option prices for different correlation coefficients by making comparisons
with GBM prices where we calculate the corresponding constant volatility using equation
(13.1) which is the square-root of the average of the two long run variances. Figure 9 shows
option price differences found by subtracting option prices from the numerical integration
method from the corresponding GBM prices. As with the early exercise boundary compar-
isons, the zero correlation price differences are not significantly different from GBM prices.
As documented in Heston (1993) and Chiarella et al. (2009), higher price differences are
noted for far out-and in-the-money options. Positive correlations yield option prices which
are lower than GBM prices for in-the-money options while generating prices which are higher

for out-of-money options. The reverse effect holds for negative correlations. Higher price
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Figure 5: Exploring the effects of varying the volatilities of v; and vy on the early exercise
boundary of the American call option. We have used the following parameters, capy =
0.3742, v1 = 6%, vy = 8%, p13 = 0.5 and pyy = 0.5 with all other parameters as given in

Table 1.
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Figure 6: Comparing early exercise boundaries from the MOL and numerical integration
approach when the two instantaneous variances are fixed. Here, v; = 0.67%, vy = 13.33%,
p13 = 0.5 and p9g = 0.5 with all other parameters as given in Table 1.
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Comparing Early Exercise Boundaries of the American Call Option
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Figure 7: Exploring the effects of mixed correlation coefficients on the early exercise boundary
of the American call option. We have used the following parameters, v1 = 6%, vo = 8% with
all other parameters as given in Table 1.

differences of up to 0.1 are noted for both positive and negative correlations.

We also present option prices obtained from the MOL and numerical integration methods
together with the associated GBM prices in Table 2 when pi3 = 0.5 and p24 = 0.5. From this
table we note that option prices obtained from the MOL and numerical integration methods
are not significantly different from each other which shows that both methods are suitable
for practical purposes in valuing American call options under stochastic volatility. We have
included GBM prices to highlight the impact of stochastic volatility on option prices. When
we presented numerical results for the early exercise boundaries we highlighted the effects of
changes in the volatilities of v1 and v, we also provide graphical results on how such changes
affect option prices in Figure 10. In this figure, we have used the case when p;3 = 0.5 and
po4 = 0.5. We can readily see that higher price differences occur for higher o1 and o9 with
all other parameters as provided in Table 1. This implies that higher volatilities of v; and v
have the effect of increasing the variances which then results in higher price differences for in-
and out-of-the-money options relative to GBM prices. Similar conclusions have been derived

in Heston (1993) when considering the European call option under stochastic volatility.

The most important feature of the MOL is that the option price, delta and the free-boundary
are all generated simultaneously as part of the solution process at no added computational
cost. Given such a tremendous convenience, we wrap up this section by presenting the delta
surface of the American call option in Figure 11 for fixed vy. A similar surface can be obtained
by holding v; constant. We also explore the effects of stochastic volatility on the delta by
making comparisons with the GBM delta in Figure 12. From this figure, we note that the

option delta is very sensitive to the changes in the variance.
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Figure 9: Option prices from the geometric Brownian motion minus option prices from the

Stochastic volatility model for varying correlation coefficients. Here, cgppyr = 0.3742, vq
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S Numerical Integration = MOL GBM

60 0.2036 0.2029  0.1850
80 2.4088 2.400 2.4154
100 9.8082 9.7918  9.9452
120 23.1069 23.0920 23.3006
140 40.4756 40.4686  40.5922
160 60 60 60
180 80 80 80
200 100 100 100

Table 2: American call option price comparisons when v; = 0.67%, vy = 13.33%, p13 = 0.5,
p24 = 0.5. We have taken GBM volatility to be ogpas = 0.3741657 and this is found by using
equation (13.1).

Price Differences for the American Call Option
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Figure 10: Option prices from the geometric Brownian motion minus option prices from
the Stochastic volatility model for varying volatilities of volatility. Here, ogpy = 0.3742,
vy = 6%, vy = 8%, p13 = 0.5 and poy = 0.5. All other parameters are provided in Table 1.
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Delta of the American Call Option
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Figure 11: Delta surface of the American call option when vy = 0.67%, p13 = 0.5 and
p24 = 0.5. All other parameters are as provided in Table 1.
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Figure 12: Exploring the effects of Stochastic volatility on the Delta of the American call
option when vy = 13.33%, p13 = 0.5 and poy = 0.5. All other parameters are as provided in
Table 1.
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14 Conclusion

In this paper we have presented a numerical integration technique for pricing an American
call option written on an underlying asset whose dynamics evolve under the influence of
two stochastic variance processes of the Heston (1993) type. The approach involves the
transformation of the pricing partial differential equation (PDE) to an inhomogeneous form
by exploiting Jamshidian’s (1992) techniques. An integral expression has been presented as
the general solution of the inhomogeneous PDE with the aid of Duhamel’s principle and this

is a function of the transition density function.

The transition density function is a solution of the associated Kolmogorov backward PDE
for the three stochastic processes under consideration. A systematic approach for solving the
Kolmogorov PDE using a combination of Fourier and Laplace transforms has been presented.
A means for numerically implementing the integral equation for the American call option
has been provided. The early exercise boundary approximation has allowed a simplification
of the double integrals with respect to the running variance variables. This reduces the

computational burden when one proceeds to numerical implementation.

Numerical results exploring the impact of stochastic volatility on both option prices and the
free-boundary have been provided and we have discovered that the correlations between the
underlying asset and the two variance processes have a significant effect on in-and out-of-the
money options. The numerical results presented yield similar findings of Heston (1993) and
Chiarella et al. (2009) on the impact of stochastic volatility on option prices where they
consider European and American option pricing under stochastic volatility respectively. We
have also analysed the effects of varying the volatilities of instantaneous variances on both
the early exercise boundary and the corresponding option prices. We note that an increase
in the volatility of the instantaneous variances increases the corresponding variance levels
resulting in higher price differences for in-and out-of-the-money options when compared with

geometric Brownian motion prices.

We have assessed the accuracy of the numerical integration approach by making comparisons
with numerical results from the method of lines (MOL) algorithm. Both approaches provide
comparable results though there are slight differences on the early exercise boundary plots.
Such differences are mainly due to early exercise boundary approximation and discretisation
errors associated with the numerical integration method. As the MOL has an additional
advantage of generating the option delta as part of the solution, we have exploited this
feature and explored the impact of stochastic volatility on the American spread option delta
generated by the Black and Scholes (1973) model.

The integral expression derived in this paper is applicable to any continuous payoff function,

which is a powerful feature of Fourier and Laplace transform based methods.

32



Appendix 1. Proof of Proposition 3.1

Consider the PDE

oC
E :D%ULUQC_TC—I_f(Tv:Ev’Ul)U?)v (All)
whose initial condition is the payoff at maturity, C'(0, z,v1,v2) = (¢* —K)T. The PDE (Al.1)
is to be solved in the region 0 < 7 < T, —c0o <z < 0o and 0 < vy,v2 < 00, and where we

define the Dynkin operator Dy 4, v, as

1 1 0 0 0 0 0 1 02
Dynn = (1 — g — =01 — =v9) = + B1=— — Brv1=— + By — Bovg=— + ~v] =
o = (M —¢ 51 2U2)8x + or ﬁﬂhavl + 2 50m ﬁ2v28 + 50153
+1v 82+ v e + % i +12U 824-121) o
o Oy ———— + =07V =5 + =05V —=
28 5 T P1301 189581)1 £1402 2(%(%2 571 1(%% 592 2(%%7
with
(I)j = /ijej and ﬂj = Kj + )\j, for j = 1, 2. (A12)
By use of Duhamel principle, the solution of the PDE (A1.1) is given by
C(r,z,v1,v2) / / / (e — K)YU (7, z,v1, vo; u, wy, wa)dudwy dws
/ / / / (& u,wi,w2)U(T — &, 2,01, v2; u, wy, wo ) dudw dwad.
= Cp(r,x,v1,v2) + Cp(T,2,01,02). (A1.3)

To verify that this is the correct solution, we will show that (A1.3) satisfies the PDE (A1.1).
Substituting C(7, z,v1,v2) = Cg(7,x,v1,v2) + Cp(T,2,v1,v2) into (Al.1) we proceed as fol-

lows:

8—C+ rC — Dy vy 0,C — f(T,2,01,02)

or
/ / / (e" — {8—[] — Dx,vsz} dudwidwy — rCg +rCg

+/ / / (1 u, wy, we)U (0, 2, v1, vo; u, wy, wa)dudwi dws
0 0 —00
T _T(T_g) o0 o o0 aU
+ e f(ﬁ,u,wl,wg)a—dudwldwgdé’—rC'p+7‘C’p
0
_/ / / / f §7u wlan)D:C vl,szdwaldedf f(T X 1)171)2)
/ / / flryz,v1,v2)0(e" — €e*)d(v1 — w1)d(ve — we)dudwy dws
+/ e—r(T—E)/ / / f(& z,v1,09) [8_ — DLULUQU] dudwidwyd€ — f(,2,v1,v9)
0 0 0 —00 T

:f(T,x,Ul,UQ)+0—f(’7',$,211,212) =0
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Hence C(7,x,v1,v2) satisfies the PDE (A1.1).

Appendix 2. Proof of Proposition 5.1

By use of equation (4.1) and the assumptions in (4.5), we note that

ou A 02U R
f{%(T,ﬂj‘,Ul,Ug)} = —inU(t,n,v1,v2), f{@(ﬂ:n,vl,z@)} = —772U(T,’I7,’U1,U2),
92U _aU 92U _aU
7:{ dzdv, (Tvl’a’ula’%)} = —”78—1)1(77777111,1)2)7 f{—c‘)azﬁvg (77967111,’02)} = —17]8—1)2(7',?’],1)1,2}2),
oU oU oU oU
f{a—m(77$avlyv2)} = 6—211(7_’77’2}1’,02)’ .7:{8—,02(7',:17,’01,2}2)} = 8—1;2(7—’77’2}1’,02)’
o*U 92U 92U 92U
]—“{a—v%(nx,vl,vz)} = O—U%(Tﬂhm,vz)’ f{a—vg(ﬂx,vl,vz)} = a—U%(T,T],’Ul,'Ug),
oU oU
7{5(7,%@1,1}2)} = E(Tﬂ?,vl,w)- (A2.1)

Substituting all these expressions into equation (3.8) we obtain the PDE in Proposition 5.1.

The Fourier transform of the initial condition in equation (3.9) is simplified as follows:

f{U(07$701,U2)}:/ U0, x,v1,v2)dx

—0o0

= / eM(x — x0)6(vy — v1,0)0(v2 — v20)dx

—00

= einl‘oa(vl — ?)170)5(?}2 — ?)270), (A2.2)

which is the result presented in equation (5.3) of Proposition 5.1.
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Appendix 3. Proof of Proposition 6.1

By applying equation (4.3) and the assumptions in (4.6) and (4.7) to the respective compo-
nents of equation (5.1) we obtain

£{vU(r,n,v1,v2) } 851 / / e~ U=5202 0] dyy duy = gU (7,1, 51, 82),
e 5118202 aU
E{UQU T 7771)171)2 } 832 UdvldUQ 8 (T 77731732)
E{ (1,m,v1,v2 } = / / e SrviTs2v2 Ud'UldUQ U(T,n, 0,s92) + slﬁ(T,n,sl,s2),
U ~ -
E{ (1,m,v1, v2 } / / 6_51”1_52”2—dv1dv2 = —-U(7,n,51,0) 4+ sU(7,1n, 51, $2),

E{vlg—Z(T,n,vl,vg / / vie” 1T Szvzg—Udvldvg

oU
— e~ S1v1— 8202
881 / / dvldv2

U(7,1,0,82) + s1U(7,1, 51, 2)]

881 [

- oU
= _U(T7777 31732) - 318—81(7'777731732)7

U o o O
ﬁ{vga—W(T,n,Ul,’L}g) :/ / vge 51V 228—dv1dv2

oU
e S1V1— 32112 d d
 Osg / / v

882 [ U(T m, 51, ) + 32U(T 77731732)]

. ou
= _U(Tvnv 51, 82) - 828—82(7—7777 S1, 82)7

97 ) ) -~
ﬁ{”l%(ﬂ%”h%)} = U(T77770732) - 231U(7'777731732) - S%S—Z(T7n731732)7

U - . oU
ﬁ{vz—a 3 (7',7%211,1)2)} =U(7,m,51,0) — 250U (7,1, 51, 52) — s5— (7, m, 81, 82).  (A3.1)
V5 052

Substituting these expressions into equation (5.1) and noting that fi(7,s2) and fa(7, s1) are
terms involving the Laplace transforms of U(7,7,0, s3) and U (7,7, s1,0) we obtain the result
in Proposition 6.1. Feller (1951) has demonstrated that assumptions like those in the first
equation of (4.7) imply that

lim U(7,n,s1,50) =0 and lim U(7,n,s1,s2) =0, (A3.2)

§1—00 8§9—00

which is equation (6.3) of Proposition 6.1.
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Appendix 4. Proof of Proposition 7.1

This appendix contains lengthy derivations for generating the solution of the partial dif-
ferential equation system (6.1). Because of the nature of this PDE, we use the method of
characteristics to find its solution. We break the appendix into three major parts where the
first involves derivation of the general solution of the characteristic equations. The second
part involves determination of the two functions, fi(7,S2) and fo(7, S1) appearing in equa-
tion (6.1). Once these two functions are determined, we then present the explicit form of

U(r,n,$1,82) in the third part.

1. Solving the Characteristic equation in terms of f;(7,53) and fa(7,S1):

Here we attempt to solve equation (6.1) subject to the initial condition (6.2) by using
the method of characteristics. Equation (6.1) can be re-expressed in characteristic form
as

dSl dSQ
T %U%S% —©O151 + 1A %0’%8% — O959 + %A ( )
dUu

{(®1— 0})s1 —in(r — q) + (P2 — 03)s2 + O +92}U+f1(77 s9) + fo(T,51)
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Simplifying the first characteristic pair

By adopting the method of characteristics, we solve the first pair of equation (A4.1) by

/d 2 / d81
T = —
o1 ) s3— 2913 + 5

By factorising the RHS of the above equation we obtain

1 1
/dT_ Q_1/< (@1—1—91) o 51 — (@10_%91)>d51- (A4.2)

integration to obtain

where we set
0 =4/62 — A(n)oi. (A4.3)

Equation (A4.2) implies that

T+ec —i/ ! - ! ds
o) e )
1

where ¢; is an integration constant®. Integrating the RHS yields

0'281 - @1 - Ql
NUT+ep=In| = A4.4
7 2 (O’%Sl—el-l-Ql ( )
which implies that
teTeCQ — 0'131 61 Ql
0'181 O, + Ql
hence 0
Qq)e T
e — (”181 O1 — e (A4.5)

0'181 - @1 + Ql

The exponent of an integration constant is another constant, so that equation (A4.5)

can be represented as
2 -Q
(O’l S1 — @1 Ql) 17

A4.6
0'181 O+ M ( )

C3 =

Now, given equation (A4.6), we can obtain an expression for s; by making it the subject

of the formula such that
3(0’181 O + Ql) (0'181 0, — 91)6—9177
that is

630'%81 — 0'%816_917 = (@1 — 91)63 — (@1 + Ql)e_ﬂlT,

°In what follows we use ¢; and d;, j = 1,2, 3 to denote integration constants.
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which becomes

0'%(03 — 6_917)31 — @1(03 _ 6—917) o Ql(Cg + 6—917' + e—er - 6—917—)7

which then implies that

. 01— B 2916—917

s )
! o? 02(c3 — e=hT)

Solving the second characteristic pair

The characteristic equation of the second pair can be represented as

/d 2/ dss

T=— .
2 20 A
o5 s%——232—|—0—§

2
03

By factorising the RHS we obtain

/dT _ L 1 — 1 ds
O 52— (953) 5y — (95%2) 2,
2

where we set

The above equation simplifies to

vdi=o | SR — d
T 1= 05 - (624592) oy (62—292) 52.

03 93
Solving the RHS yields
0'282 - @2 - Qg
Q d - 1 2 )
27 + a2 n<0§82—@2+§22

which implies that
U%Sg — @2 — QQ
U%SQ — 09 + Qg’

eQzTedz _

hence ) 0
€d2 . (0'282 — @2 — Qg)e_ 27

U%SQ — Oy +

which can be written as
(U%Sg — @2 — QQ)€_Q2T

da =
3 J%SQ-@Q—FQQ

Given equation (A4.11), we can show that

. Oy — Q9 292€_Q2T

03 03(dz—e27)

52
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Solving the third characteristic pair

We now turn to the last pair in equation (A4.1) which we represent as

—— {01 = ®1)s1+(05 — Da)sy +in(r —q) — O1 = O2}U
= f1(7,52) + fa(7, 51), (A4.13)

where s1 and sy are given by equations (A4.7) and (A4.12) respectively. The integrating
factor of equation (A4.13) is

R(7) = exp </ {( — ®1)s1 4 (05 — Ba)sy +in(r —q) — O1 — @2}(17’). (A4.14)

The integral inside the exponent can be simplified as

0. —Q 20 e~ 7 0 — Q0 2096227
2 1 1 1 2 2 2 2
/<(Cl 1) [ % T%(Cg e—QlT)] (62 2) [ % 7%(d3 6—927—)]

+in(r—q) — 601 — @2)(17‘

_ {(a% SB)O =) (B O D) @2}T
o 05

20 e~ T / 20227

2 1 2 2

— (o] — @ ———————d7 — (05 — O ———dT
( ! 2 / 0%(c3 — 6_9”) ( ? ?) 0%(d3 - e—Q2T)

2 _$)(O — 0 2 —Dy)(0y — Q
_ {(01 1)(2 1= | (o 2)(2 L @2}7
2 _ —QlT 2 _ _QZT
_ 291(0’12 (I)l) / e . dr — 292(0'22 (1)2) / e - dr.
o? c3 —e thT o5 dg —e"27

(A4.15)

Q7

In the first integral on the last line set uy = ¢g3 — e™"17, and in the second integral set

= d3 — e%27. The two integral components of (A4.15) then simplify to

/ e~ d 1 duy ln]u |
- dr=— ] = =__
c3 — e~ Q4 U1 Ql !

1
= —In|eg — e 97|, (A4.16)
M

and

e = 1 1 —e 8 A
—ilT) 4.1
/d3 e—QQT % nlds —e ( 7)
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Thus the integrating factor of (A4.13) can be represented as

;2%‘(0%—‘131) iz(ag—cbz)

1 1
R(r) = p——T p— (A4.18)
2 _ _ 2 _ —
X exp { [(01 @1()7(2@1 h) + (2 (I)2()7(2@2 ) +in(r —q) — 01 — O }
i 2

Now that we have the integrating factor of equation (A4.13), we can solve this equation

by writing it as

d

—(ROU (7 m.51,5)) = RO fa(7.52) + folr 50))

Integrating the above system yields
R(T)U(7, 1, 51, 52) =/ R(t)[f1(t, s2) + fa(t, s1)]dt + ca,
0

which implies that

0 (rym, 51, 8) = ﬁ{ /0 ROt s2) + Folt,s1)]dt + c4}. (A4.19)

The above equation can be explicitly represented as

Py —02)(07 - Q Py — 02)(Oy —
U(7'=77731732):eXP{[( ' 01)(2 1) +( : 02)(2 2= ) —in(r —q) + ©1 + 62 T}
O'l 0'2
X ‘03 —e ST %(J%_%) dz — e~ %27 %(Ug_%)

. { [ [t + st

2 _ 2 _
X exp <[(01 cI’1)(291 ) n (o3 ‘1’2)(292 ) Ll —q)— ©1 — Oy t)
(o2 g
1 2
2 (0f 1) 2 (03 —P2)
1 71 1 72

Here, ¢4 is a constant of integration whose value is determined by use of the initial

condition, that is when 7 = 0.

Determining the integration constant, c4.

The constant, ¢4, is a function of two constants namely ¢ and ds which are given by
(A4.6) and (A4.11) respectively. By letting ¢4 = A(cs,d3) at 7 = 0, it can be readily
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shown that equation (A4.20) becomes

U(0,n,s1,s2) = A(cs, d3) (A4.21)

2 2 2 2
= (07 —P1) =5 (05—P2)
71 0382—92—92_1‘7

U%SQ — O3 + Q9

M

O’%Sl - @1 — Ql

-1
0%81—914-91

By substituting the values of s; and sy from equations (A4.7) and (A4.12) at 7 = 0

and making A(cs, ds) the subject of formula we obtain

_ 0_2 ) a’2 ]
A(637d3) _ ‘Cg _ 1| =5 (of 1)‘d3 o 1| _25( 53— ®2)
- ©; — 2 02 — 20,
- B , A4.22

Having determined A(cs,ds3), the expression involving the constant term in equation
(A4.20) can be written as

2 ( 2 2 2
6—917";%(01 ‘1>1)|d e_QQT‘;g(crz 2)

2 A(Cg, dg)

é(ff%—‘l’l)

|3 — 53—

2916—917
(0%81 — 01+ Ql)(l — 6_917) + 2916_917

25 (03 —P2)

2926—927 o3

(0259 — O + Qo) (1 — e=%27) + 2Q9e 7
y U(O,n, 01— 20 9y 2

X

of ot(es—1)" o3 03(ds — 1)

). (A4.23)

With the knowledge of the two constants, c3 and d3 as in equations (A4.6) and (A4.11),
it can be shown that the expressions occurring in the arguments of U in (A4.23) can

be expressed as

20 _ 291(0‘%81 — 01+ M) (A4 )
0f(cs—1)  o?[(02s1 —O1 + Q) (e 0T — 1) — 20 e~ 7]’ .
and
2Q 20 (0352 — O2 + (o) (A125)

o3(ds — 1) 03[(0352 — O + Qo) (e %™ — 1) — 2Qpe= 27|’
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Also by use of equations (A4.6) and (A4.11), for 0 < ¢ < 7 we have

?22(05—4’1) fg(og—q)g)
2

cg —e T ds — e~S%27
c3 — et d3 — et
20 e~ 07 %(J%_%)
- (0251 — O1 4+ Q) (et — e=T) 4 20 eS0T
% (03— P2)
207 3
X | 2 - - . (A4.26)
(0582 — Og + Qo) (e~ — e=227) 4 20— 227
and it turns out that all real arguments in | - | are all positive. Substituting (A4.23)

and (A4.26) into (A4.20) we obtain the expression for the transform as

(®1 —0?)(01 — Ql) (P2 — 03)(02 — Qo) —in(r —q) + 01 + 6,

01 03

U(T7771 S1, 82) = €Xp {

g

20 e—qu— 7 (07 —®1)
1
. ((0151 01+ )1 —e 7)) + 2918917>

20,627 (2= 2)
x (U%SQ — 09 + Qg)(l - 6_927—) + 2926_927—

w0 (0, 2= 20 (0751 — 01+ Q1)
"’ U% 0%[(0151 01+ )(e=™H7 —1) — 2Q e ’
Oy — Qy _ 20 (0357 — Og + Qy)
o3 o3[(03s3 — O + Q) (e 27 — 1) — 2Qpe 27|

+/OT [fl(t752) + falt, 81)}

" exp{ [(‘1’1 —01)(01 =) | (P2 —03)(02 — Q)

= + g —in(r —q) + 01+ 64
1 2

(T—t)}

20 e~ 7 i)
X
(0351 — O1 + Q1) (e~ Ut —e= 7)) 4 20 e~ 07

(05 —P2)
29267927-
dt. A4.27
X <(O’§SQ — @2 4 Qg)(e*Qﬁ _ 675227-) + 292675227 ( )

This expression for the transform still involves the yet unknown functions fi (¢, s2) and

fa(t, s1). We next discuss how to obtain these functions.

. Determining the functional forms of f;(7,s2) and fa(7,s1):

The task of finding the functional forms of fi(7,sq) and fa(7,s1) is accomplished by
using the conditions in equation (6.3). We first tackle the fi(7,s2) component. As

s1 — oo and making use of 'Hépital’s rule, equation (A4.27) simplifies to
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o2 oie=7m —1)" o2 03[(0352 — Og + Qo) (e 27 — 1) — 2Qe 7]

= /T fi(t, s2) exp{ — t}
0

(02-1) 2 (02—a2)
" ( 1—e T ) AT ( (0259 — B9 + Qo) (1 — e75827) 4 20527 ERE
(

—U(O,’I], 0, —-M _ 20, ©s — Q9 292(0%82 —@2+Qg) )

®, —03)(01 — Q Oy — 03)(02 —
(@1 2001 =) | (22 02)(22 2 _in(r - q) + 01+ 6

2
01 03

-t _ ot 0255 — O3 + Qo) (et — 07 1 20567 dt.
(A4.28)
Now let
(Cr=1—et (Gl=1-—e (A4.29)
gt =1—e T ol =1 (A4.30)

We substitute these arguments into equation (A4.28) and defining the function

B —02)(0; — Q) | (P —02)(O3 — O
(1 ﬁél ) (P2 %gz 2) _in(r - g) + 1 + 05
1 2

91(C1) = fu(t, 82)6Xp{ -

t}
722 (o7 —@1)
1

« Col(0255 — O + Qg) + 200 (25 — 1)] U—g(of@z)gli
(0352 — ©2 4 D2) (2 — 22) + 202Ca(22 — 1) GG —1)

(A4.31)

which constitutes the terms inside the integrand of equation (A4.28) after factoring
the substitutions in equations (A4.29) and (A4.30). Equation (A4.28) becomes after
rearranging

2 (®1-07)

/ 91(C1)(G —21)1 d¢,

~ @1 — Ql 29121 @2 — QQ (U%SQ - @2 + 92)29222
=-0U|(0 .
! < T U% + 0'% ’ 0'% + [0’%82—@2-‘1-924—292(22—1)]0%
(A4.32)

We can obtain another expression for

(j 0 @1 - Ql 4 29121 @2 - Qg 4 (O’%SQ - @2 + 92)29222
o2 o? 7 o3 (0259 — O + Q2 + 2Q5(22 — 1)]02

appearing in equation (A4.32) from the definition of the Laplace Transform. From

Definition 4.3 we can write the Laplace transform on the RHS of equation (A4.32) as

~ (ST VA 200121 ©9 — Qo (U%SQ — 09 + 92)29222
U\om =52 2T 52 255 — O + D + 2Q5(25 — 1)]02
o? o3 o5 [0352 2 + Q2 + 2Qa(22 — 1)]o3
/OO /OO o 0, - n 20121 v ©s — Q9 (0’%82 — 09+ 92)29222 v
= X —_ —
o Jo P o2 o2 ! o3 [02s5 — O2 + Qo + 2Q0(22 — 1)]03 2
X U(O,T],’Ul,’l}g)d’uld’l)g. (A4.33)
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For convenience, we introduce a gamma function such that'®

~ 0, - 20121 O9 — Q9 (O’%SQ — Oy + QQ)QQQZQ
U\ 0., 7 T o7 7 T
o1 o5 (0259 — Og + Qo + 209 (22 — 1)]03

2<1>1
A 0; —Q 20z
&_1 / / UOn,vl,vg)exp{ ! 5 L4 12112)1}

01 01
X exp{ -

Further manipulations yield

©2 — O (0355 — O + 02)2052
dvrdus. A4.34
a% [0382 — g + Qo+ 2Q5(29 — 1)]03 vy pdvidug ( )

0 0 (I V1 n 20121 ©9 — Qo n (O’%SQ — Oy + QQ)QQQZQ
T od o? ' o} [0232 — O + N + 2Qs(22 — 1)]03

1 -2
2¢1 / / / e "a 01 (o, ?7,’01,’02)€Xp{
X exp { -

Now, we make the substitution aq = (29“’1)@/1 in equation (A4.35) and obtain

0; —Q 2Q
1 L

2 2
01 01

:

-0 — 09)2Q
62 2 (0282 @2+ 2) 272 vg}daldvldv2- (A435)

O’% [O’%Sg — @2 + QQ + 292(22 — 1)]0’%

[7 0 01— n 20121 Oy — Q9 n (O’%SQ — O9 + 92)29222
o o? ' o} (0259 — Og + Qo + 2Q9(20 — 1)]03

20 _9
2911)1 2911}1 7{ N
& _ eXp Y1 O'% Y1 U(Ov n,v1, U2)
91 - Q1 2912’1 2911)1
X exp — 5 + 5 U1 3

_ 26
" exp{ B <(92 Qo n (0552 — Og + 22)2Q0 29 ; 2>vg}dy1dv1dv2.
2

O'% [0382—924-924-292(22—1 g
(A4.36)

0The choice of the gamma function T (2(;& — ) may seem arbitrary as it seems we could have chosen
1

I'(81), for any (1. However it turns out that to make equation (A4.34) match with (A4.32) we need to take

_ 29y
ﬁl — a%
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Rearranging equation (A4.36) yields

~ (I V1 2Q1z1 O5 — Q9 (0%82 — Oy + 92)29222
U 0’ ) 2 + 2 ) 2 + 2 _ 9) QO _ 2
09 [0282 Oy + Q9 +2 2(22 1)]0’2

0, -
2<I>1 U(0,7,v1,v9) exp { — —— |u
- 1
% ox B Oy — 9 n (U%Sg — Oy + QQ)QQQZQ v
P o3 (0389 — Og + Qg + 209 (22 — 1)]03 2
K

2
219
© 291’01 2912}1 0% 29121
X exp — 5 Y1 Y1 expi — 5 v1 pdy1 | dvpdus.
0 01 01 01

(A4.37)

The terms inside the third integral component of equation (A4.37) can further be re-

arranged to yield

ﬁ 0 @1 - Ql + 2912’1 @2 - QQ + (O’%SQ - @2 + 92)29222
T o? a% T o2 (0259 — O + Qo + 209 (22 — 1)]02

01—
2q>1 0 ,7,V1,V2) €Xp q — T U1
291
p)
«expd — Oy — Q9 n (O’%SQ — 09 + 92)29222 v 2101 \ 71
O'% [O’%SQ-@Q—I—QQ—I—QQQ(ZQ—U]U% 2 U%
o0 20 2
v o2
X [/ exp{ ( - 1>(yl+zl)}y1l dyr
0 ot

We make one further transformation by letting 01 = y1 + z1. Incorporating this in

d’U1 dUQ. (A4.38)

equation (A4.38) we obtain

~ 0, - 20121 O9 — Q9 (O’%SQ — Oy + QQ)QQQZQ
U O’ ’ 2 + 2 0 2 + 2 _ _ 2
oy oy o5 (05592 — ©2 + Qo + 2Q5(22 — 1)]o3

201
= ;/OO /OO U(0,n,v1,v2)exp{ — 61— U1 2o, | F
F(%—l) o Jo Y ot o

_ 24, _
« exp{ B (@2 Qs n (0'282 ©9 + 92)29222 )] 2)2}2}

O'% [0382—924-924-292(22—1 g5

o Z(®1-0} 2Q)
X [/ (01 — 21)"%( 1m0 exp{ — < 012’01> gl}] do1dvidvs. (A4.39)
21 1
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This last equation can be represented as
(0282 — O + 92)29222 )

2

2

~ @1 — Ql 2912’1 @2 — Qg 2
Uulo
( 7 o? + o? ' o3 + (0352 — O2 + Qo + 209 (22 — 1)]
221
Y 722 (®1—07) U 777’01,1)2) 200 | 1 ©1 -1 20101
B z1 (gl _Zl ' 2q>1 — 0'% P 0'% * 0’% vl
@2 — QQ (0'282 - @2 + 92)29222
- dvidvy | do;. Ad4
x eXp{ < 0'% * [0’%82 — O+ Qo+ 292(2’2 — 1)] 2 vravz | aer ( O)
By comparing equations (A4.32) and (A4.40) we have in fact shown that
221
U(0,n,v1,v2) (201 | 71 01 -0 | 204G
g1(¢1) = —91/ / 2<I>1 — ) p expy — P + p U1
expd — Oy — Qg (0'282 — Oy + QQ)QQQZQ v S dos do
O'% [O’%SQ-@Q—FQQ—I—QQQ(ZQ—U]U% 2 12
(A4.41)
We recall from equation (5.3) that the initial condition is expressed as
U(O 7, Ul,’Ug) = ei”moé(vl — 'UL(])(S('UQ — V2 0) (A4.42)

Substituting this into equation (A4.41) we obtain
221
20 i 01— | 20
1U1> exp{—( ! 5 L 12<1>v1 —l—inxo}
o1 o1

—v1,0)0(v2 — V2,0) <
(A4.43)

07

& 5 ’U1
01(C) = - / / ey
(02 52~ 0 + ()22 5 |ve dvidvs.
)os

Oy —
+
[0’252 - @2 + QQ + 292(22 -1

o (2
2

Using properties of the delta functions the above expression simplifies to

201
(@) = - 20010\ T exn d O - 201G vt o 4 inz
g1(G1) = (& _ 1) O'% P O'% O'% 1,0 NZo
01
240
(7352 — ©2 + {19) 20029 i )1)2,0}- (A4.44)

X expq — 92_Q2+
O’% [0582—924-924-292(22—1

Given the explicit representation of g1((;) we can now find the explicit form of the
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function fi(t,s2) by comparing equations (A4.31) and (A4.44) such that!!

27
- 20010 \ 1 01 -0 204G .
e ’ =
e = g (Tg) 7w - (P T
a1
% ox B Oy — s n (U%Sg — Oy + QQ)QQQZQ v
P O'% [0382—62—1—92—1—292(22—1)]0'% 2,0

5 —in(r—q)+©1+ 69

X exp { [(‘IH - U%)(Ql —0) n (Py — 0%)(@2 — Q)
o5 o2

)

(0255 — O + Q) (o — 22) + 200Gz — 1)\ 3 Gy(er - 1)
CQ[(O’%SQ — @2 + Qg) + 292(22 — 1)]

%(Uf—‘i’l) '

1

(A4.45)
By performing similar operations it can be shown that
2P0 1
—Q 20v2 | 2 O1—Qs 202 .
t,s1) = ’ -

Ja(t, s1) P ) ( -2 exp 22 - 22 va,0 + iNTo

93

X expd — (I V1 n (0%81 — 01 + Ql)Qlel v
O'% [0%81 — 01+ Q + 291(21 — 1)]0’% 10

2 + 3 —in(r —q) +O1+ 62

< exp { [@1 —oD)(©1 =) | (22 03)(6r ~ )
91 93

)

(A4.46)

2 % (07 —1)
% (0751 =01+ Q) (¢ —21) +221C1(2 — 1) | 1 GGy — 1)
Cil(0%s1 — O1 + Q1) + 29 (21 — 1)) G
2

3. Deriving the explicit representation of fJ(T,n, S1,82):

Now that we have found the two unknown functions namely fi(¢,s2) and fa(t, s1), the
next step is to substitute these two functions into equation (A4.27) in order for us to
finally obtain the representation of the transform. We are going to do this in three
steps. We break equation (A4.27) into three parts. The first part being the first term
on the RHS of (A4.27), the second part is the term involving fi(t, s2) and the third
part is the one involving the f5(t,s1) term.

"Tn actual fact, from equations (A4.7) and (A4.12) s; = s;(7) and from equation (A4.29) ¢; = (;(¢) for
j =1,2. We suppress the dependence on time for convenience.
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The first component on the RHS of (A4.27) can be represented as

2 + 3 —in(r —q) + 01+ 63
01 03

g exp{ l@l —03)(01 - Q1) (@2 - 03)(O2 — D)

g

20 e~ i)
1
. <(0151 O1+02)1—e 7))+ 2916917>

207 RO
x (0'%82 — @2 + QQ)(l — 875127) + 29287027

XU 0 0 -0 _ 291(0’%81—@14—91)
TTOT T Aot Oyt (e T 1) 2 P
s — Q9 292(0%82 —@2+Qg)
- Ad4.47
0'% U%[(O’%Sg — 05 + Qg)(6_927 — 1) - 2926_927] ( )
Making use of equation (A4.30) we obtain
&, —02)(0; - Q Oy —02)(02 — Q
Jl_exp{ (@ 01)(21 1)—1-( 2 02)(22 2)—in(r—q)+®1—|—@2 T}
g1 03
2221 2222
291(21 — 1) 1 292(2’2 — 1) 72
X
(0'181 @1—|—Ql)+2Q (21 —1) (0’%52—@24—92)4—292(22 - 1)
y ﬁ 0 0, - 291(0’%81 O+ Ql)zl ©s — Q9 292(0%82 — 09+ QQ)ZQ
G o2(0251 — O1 + Q) + 20 (21 — 1))’ o2 02[(0253 — O3 + Q) + 2Q(23 — 1)]
(A4.48)
Applying the initial condition (6.2) to equation (A4.48) yields
24 2%y

L 201 (2 — 1) G 209 (25 — 1) -
P (0% — 01+ Q) + 200 (21 - 1) (0255 — O + Q) + 2Q5(20 — 1)
" exp{ l(‘l’l - 01)(91 ) | (@2 - 93)(02 — D) T}

— 9 — (S (S
= = in(r—q) + 061+ 62

01— O — Oy .
X expi{ — cr% V1,0 — U% V2,0 + X0

X eXp -2 O(Ul s1— 61+ 91)21 exp —292’1}270(0%82 — 09 + QQ)ZQ
0’%[(0’181 @1+Q )—|—2Ql(21—1)] 0’%[(0’%52—@2+Qg)+292(22—1)]

(A4.49)

The second component is here represented as'?

12We recall the link between ¢; and ¢ from (A4.29) and that between z; and 7 from (A4.30).
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®, —03)(01 —Q Py — 03)(02 — Q
(@1 012(2 1), (2 UQC)T(Q 2= ) - g)+ 01 + 0
1 2

1 oo
Jo = Q—l/z1 fi(t, Sz)exp{

Z (07 =P1)
" 2 G (s — 1) !
(0’%51 — @1 + Ql)(<1 — Zl) + 291(1(21 — 1)

% 2QQ<2(ZQ — 1) ¥(027¢2) d<1
(0352 — O + Q2)(Co — 22) + 2Q2(a(22 — 1) GG —1)
(A4.50)

Now by substituting the value of f1(t,s2) in equation (A4.45) into equation (A4.50) we
obtain

B -1 < 12010 %_1 0 -0 201G .
erm ), (o) e (P e v

% ex . @2 — QQ + (0'%82 - @2 + 92)29222 v

P o2 (0255 — Oa + O + 2Q5(22 — 1)]o2 | 2°

T}
% (o7 —®1)
% 291(21 — 1) 71
(0fs1 =01+ M)(G — 21) + 21 Gi(z1 — 1)

. exp{ l(@l —oD)(O1 — Q) | (22— 03)(€2 ~ D)
20 (20 — 1) e
2(%2 — 2
X < s 1)> d¢y. (A4.51)

03 03

2 + 3 —in(r—q) +©1+ 6
U%SQ - @2 +QQ —|—2QQ

By rearranging the respective components of equation (A4.51) we obtain

23

2— =34 ;
Jo = _[QQl(Zl _ 1)] " (2911}1’0)%71 exp{ — (61 — Ql)m 0 +inxo}
F(% —1) o2 o2 ’

 ox _ Oy — Q9 " (U%SQ — 05+ 92)29222 v
P 0’% [U%SQ - @2 + QQ + 292(22 - 1)]0’% 2,0

e { l(@l —oD)(O1 =) | (22— 03)(€2 ~ D)

p + = —in(r —q) + 601+ 64
1 2

]

2 (05— ®2)
292(22 - 1) 73
G A4.52
g <0552 — O3+ Qo + 2Q5(20 — 1) 1(v1,0), (A4.52)

where
o0 _291“1 Cl 9 2_‘2;_2
Gl(vl) = / e “1 [(0181 — 01+ Ql)(Cl — 21) + 291C1(Z1 — 1)] 1 d(l (A4.53)
21

As a way of simplifying equation (A4.53), we let y; = (0281 — O1 + Q1)(¢1 — 21) +
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201¢1(2z1 — 1) so that

dy

d¢, = .
Cl O’%Sl - @1 + Ql + 291(21 — 1)

Substituting this into equation (A4.53) and rearranging terms we obtain

Gi(v1) = ! exp{ — 2hun (0351 — 1+ Q)2
BT e 0+ O+ 200 (2 - 1) o7\ 0Zs1— O1 + Q1 + 201 (21 — 1)

20,
° —20v1 =2 2
X exp Y dyy. A4.54
/29121(21 1) {0’%[0’181 O+ U + 201 (21 — )] [ ! ( )
Now let
£ = 20 v1y1
%[0'181 01+ + QQl(Zl — 1)]
which implies that
dy1 _ O’%[O’%Sl - @1 + Ql + 291(21 — 1)] d€1.
2912}1
Substituting these into equation (A4.54) yields
G (’U ) 1 o 2912}1 (O’%Sl @1 + Ql)
pr— X J—
N S — o+ 2 (z 1) o2 \ o251 — 01 + Q) +20;(2 — 1)
229
X - e~ U%[O'%Sl — 01+ +2 (21— 1)) | 1
4Q%v1z1(2171) 2le1
03[0Fs1—01+9Q1 +20Q1 (21 -1)]
" 020251 — O1 + 0 + 294 (2 )]d§
2912}1 !
_ U% expd — 2011 (0181 01+ )
20101 o? 0251 — 01 + Q1 + 201 (21 — 1)
229 20
» 0%[0181 @1—1—91—1—291(21—1)] of o0 6_516(#_1)_16%
20101 - 4930121 (21 1) 1 1
o1lo1s1—01+021+2Q; (21 -1)]
(A4.55)

Rearranging and recalling the definition of the gamma function (see equation (7.4))
equation (A4.55) can be expressed as

221 4

2 2\ A —20Q) 01+ Q
Gr(1) = [0'151 O+ Q1 + 204 (21 — 1)] 2< o7 ) eXp{ 101(0181 14+ )z

291’1}1 %[01 S1 — @1 + Ql + 291(2’1 — 1)]

403 v 21 (21 1) 20,
29 20251 O - =t-1)-1
% lr( 1 1) _/ fl07s1-01+01+20Q1 (21— 1)] 6_5151( 2 ) d&]. (A4.56)
0

Substituting equation (A4.56) into (A4.52) and making use of equation (7.3) for the

50

—



incomplete gamma function we obtain

P ( 201 (21 — 1) )2—%< 20 (22 — 1) )2—%
2 P(%_l) 0181 @1—1—91—1—291(21—1) 0382—62—1—92—1—292(22—1)
1
01— O2 — Oy .
xexp{ - (T)”LO - (7)”%0 o |
 ox { —2Qv1 0(0181 O, + Ql)zl } { —29211270(0'%82 — 09+ QQ)ZQ }
P 0181 @1+Ql+291(21—1) [O’%Sg—@g—l—Qg—l—QQg(Zg—l)]U%

D —09)(01 —Q Oy — 02)(03 — Q )
xexp{[( ! 1)(2 ! 1)4—( 2 2)(2 2 2)—zn(r—q)+@1+®g]7}
01 03
2@1 2@1 49%’01 021(2’1 — 1)
I'Nf—-1){1-0 —1;
x ( o3 )[ ( o? "o2lo?s) — @1-1-91-1-291(21—1)])}
(A4.57)
The third component may be represented as
1 o o, —o? - by — 02 —Q
s=g [ B sl)exp{ (B o0 ), (22222 ) iy gy 401+, <T—t)}
2 zZ2 01 0-2
(A4.58)

" 2Q1¢1(21 = 1) A
(0751 = O1 4+ M) (G — 21) + 22 Ci(z1 — 1)

% 2QQ<2(ZQ — 1) %(027'@2) d<2
(0352 — Oz + Q2)(C2 — 22) + 202a(22 — 1) GG — 1)

Now by substituting the value of f3(t, s1) in equation (A4.46) into equation (A4.58) we

obtain

-1 20v2 21 ©2 — Q2 20(2 .
J3 = 7/ <7) 2 expq — + V2.0 + 1MT0
r(Z-1) /), \ o3 o3 o3

2

« expd — 0, - n (0'181 O, + 91)29121 "
U% [0'181 01+ + QQl(Zl — 1)] 0

o, — o? -Q Py — -Q
Xexp{[( 1 0’1)(2@1 1) n (P2 02)(2@2 2) —in(r — q) + 01 + O T}
o7 93
of—®
) 20 (1 — 1) 01( i—®1)
0'181 @1+Ql+291(21—1)
S (03-®2)
292(22 - 1) Jg

X d(s. A4.59
<(J§32 — 02+ Q2)(C2 — 22) + 2Q2(a(22 — 1)) < ( :

By proceeding as we did when handling the J5 term in equation (A4.51) it can be shown
that

51



Jy= 20( - 1] # (292;’270) Ea exp{ — (@2%%92)@270 + “7350}

« ex B 01— n (O’%Sl — 01+ 91)29121 v
P o2 (0251 — O1 + Q1 + 204 (21 — D)o ) 10
X exp { [(‘1’1 —01)(01 — ) n (@2 — 03)(02 — Q)

> o —in(r—q)+ 01+ 6,
1 2

]

2 ( 1) 0'2% (O—%_¢1)
521 21
— 01+ Q1+ G A4.60
: <0%81 L+ Q20 (21 — 1)) 2(v2,0); (A4.60)

where

0o _ 29221/2 Ca 2%2_2
GQ(UQ) = / e °2 [(U%Sg — Oy + QQ)(CQ — ZQ) + 2QQC2(22 — 1)] 72 d(s. (A4.61)
z2

Simplifying Ga(v2) in an analogous fashion to the way G;(v;) was simplified we obtain

222 4
223 _9 o2 3 —292’02(0'282 — 0+ Q2)252
Ga(v2) = [0352 — O2 + Qo + 20a(22 — 1)] 72 < : ) P { FoFe Oy 1 O 1 205z T

03

49%@222(2271) 20
2@ o2[02s0— zo— (0_271)71
% lr( 22 o 1) _A 5lo5s2—O©2+Q2+2Q2 (22 -1)] 675252 3 d§2 . (A462)

Substituting equation (A4.62) into equation (A4.60) we obtain

29 23y

A 204 (2 — 1) G 205(20 — 1) El
= 1—\(@—1) 0'%51—@1—1-914—291(21—1) G%SQ—@2+QQ+2QQ(ZQ—1)

93

©1 — O3 — s .
X exp{ — 0% V1,0 — U% V2,0 + 1MXq

{ —291’01_]0(0’%81 — @1 + Ql)Zl } { —2921)270(0'382 — @2 + QQ)ZQ }
X exp ex

0'%81 — @1 + Ql + 291(21 - 1) [U%SQ - 92 + QQ + 292(2’2 - 1)]0%

]

2(1)2 2(1)2 49%’02 0%<2 (2’2 — 1)
' —-1|(1-T(— —1; : . A4.63
x < o3 ) [ < o3 "03[02s9 — Oz + Qo + 205 (22 — 1)] ( )

p + = —in(r —q) + ©1 + 604
1 2

« exp { l(@l —oD)(©1 =) (B2~ 05)(0: — D)
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By combining Ji, Jo and J3 equation (A4.27) becomes

235

[l 27—
U(,n, 51,52) 20 (21 — 1) ot 205(22 — 1) E
T =
» 10, 81, 82 0251 — 01+ Q1 + 201 (21 — 1) 0352 — O + Qo + 2Q5(22 — 1)

01— O — Oy )
X expi{ — cr% V1,0 — C’% V2,0 + 1Nxg
T}

Xexp{ (®1 —07)(©1 = Q1) | (P2 —03)(O2 — M)

p + 5 —in(r —q) +©1+ 6
{ —2011 O(Ul s1— 61+ Ql) —292’02)0(0’%82 — 05+ 92)22
X expq — 7 exp [
1

01 02
[0’181 @1-}-914—291(21 -1 0'%82—@24‘924‘292(22—1)]0%

% F 2‘1)1 1 49%017021 (21 — 1)
U% 70%[0%81—®1+Ql+291(21—1)]
2‘1)2 495’02_022(22 — 1)
+T| =2 —1; : —1]. A4.64
< 0’% 03[0582—924—92-‘1-292(22—1)] ( )

We recall from equation (A4.30) that z;1 = 1 — e 7 and 2,1 = 1 — e where
2y and €9 have been defined in equations (A4.3) and (A4.8) respectively. Substituting
these expressions into the above equation we finally obtain

235

2—— 2222
0( )= 204 g 20,
M 81, 52) = (0'181 @1 + Ql)(eQIT - 1) + 291 (0’%52 - @2 + QQ)(€Q2T - 1) + 292

01— O — Oy )
X exp{ — cr% V1,0 — C’% V2,0 + 11xg
T}

Xexp{ (@1 20101 = %) | (2=0))(O2=) ;0 6 e,
 ox —201 11 0(0’181 O+ Ql) St ox _2Q2U2,0(0§52 — O+ 92)6927
PN 20251 — 01 + Q1) (B — 1) + 204] [ ©0) 02[(0252 — O + D) (e — 1) + 2023

o1 03
r 2‘1)1 1: 29101706917— % 291
U% ’ 0'%(6917 —1) (0’%81 —91-}-91)(6917 — 1)+291

2‘1)2 2921)2 08027 292
+ T -1 == X —5 3 -1,
0'2 02(6 27——1) (0282—®2+Qg)(6 27—1)4—292
(A4.65)

which is the result presented in Proposition 7.1.

Appendix 5. Proof of Proposition 8.1

Our calculations are facilitated by carrying out the transformations

2Q)
Al _ 11,0

0.2(1_67917') 9
A2 ! 2921}2,0 (A5 1)

- 05(1—67927—) ’
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20 ’
. (0’%82—@24—92)(6927—1)—}—292 (A52)
2 = 209 )

{ p o (J%Sl—®1+91)(6917—1)+291
1 =

and
Py —0})(O1 — Q Py —02)(02 — Q
h(nn,vl,o,vg,@:exp{[( 1= oDO1 =) @2 hO =) e, e, T}
1 2

0, -0 O — Q _
X exp{ — (%)vl,o - <%>U270 + mxo}. (A5.3)

Substituting these into equation (7.1) we obtain'?

%72 %*2 Ay A
U(Tvna 81(21),82(2’2)) = h(Ta 1, V1,0, UQ,O)ZI ! ) : eXp§ — _(Zl - 1) €Xp§ — _(ZQ - 1)

zZ1 Z9
29 A 29 A
(212 (20 ) ]
09 z1 05 Z9

Ho2 Z2oo A A
= h(7,n, vlyo,vgﬂo)zlv% z;g exp{ - —1(,21 — 1)} exp{ - —2(,22 - 1)}

X

21 22
Ay 20 Ao 289
1 : 252 1 : 202 g
x 7/16_5151% dﬁﬁi/%—ﬁwﬁ By —1|.
r(2 1) Jo r(2 -1)Jo
1 2

(A5.4)

In order to evaluate equation (A5.4), we break it into three parts such that

U(7,n,s1(21),82(22)) = Fi(7,m, 81(21), 82(22)) + F2(7, 1, s1(21), 82(22)) + F3(7, 1, 51(21), s2(22)),
(A5.5)

where

Tho2 TR Ay Ay
Fi(1,m,81(21), 52(22)) = h(T,1,01,0,v2,0)2, © 25> expg —— (21 —1)pexpq — —(22—1)

Z1 z22

A 20

1 ER = —2
x 7/ e P BT dpy, (A5.6)
91

Tho2 TR Aq Ay
Fs(1,m,81(21), 52(22)) = h(T,1,01,0,v2,0)2, © 25> expg —— (21 —1)pexpq — —(22—1)

Z1 Z2

28y

A
L / *etrg, T, (A5.7)
I‘(%—l) 0
2

B Note that the system (A5.2) defines s; as a function of z; and s2 as a function of zs.
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and

- 2 TR Ay Ao
F3(1,m,51(21),52(22)) = —h(7,m,v1,0,v2,0)2, * 25> expq ——(21—1)pexps — —(22 — 1) .

Z1 z2
(A5.8)
Simplifying the Fy(7,7,s1(z1),52(22)) term:
The first term is simplified by first setting &, =1 — % (1 in equation (A5.6) to obtain
201
- Artag A i 4 TE2
Fi(7,m,81(21), s2(22)) = h(Tﬂ%Ul,O,UzO)e_( o 2)F(211>17_1)ez2 2z °
o
1 2 2 —§
x/ (1—&)F “zlemtdg. (A5.9)
0
From the transformation (A5.2) we can express the Laplace transform variables as
291(21 - 1) @1 - Ql QQQ(ZQ - 1) @2 - QQ
51 = , Sa= ,
! o (et —1) o? 2 o3 (e — 1) o3

Using the definition of Laplace transforms provided in equation (4.3), we can represent the

above transform as
’02}

LR (7m0, 00) ) = //exp{

Fi(7,m,v1,v2)dvidvs. (A5.10)

291(21 - 1) + @1 - Ql vy — 292(22 - 1) @2 - QQ
o?(ethT —1) o? ! o3 (e — 1) o3

Making the change of variables

2Q1v1 2Q9v9

Y nd gy = 22 A5.11
S o R P ¥ Ay

in equation (A5.10) and rearranging we obtain

O,%(eﬂlﬂ' _ 1) QQT o 00 00

g = _Zlyl 22Y2
L{Fy(T,n,v1(y1), v2(y2)) } = 20 292 o
(01 = Q1) (™7 — 1) (02 — Qo) (™7 — 1)
X exp (— 50, — 1|y | exp 50, 1|y2
x By (7, m,01(11), v2(y2) ) dyr dys.- (A5.12)

The Laplace transform of the RHS of equation (A5.12) can also be represented as

. 0,2 6917 _ 0.2 eQQT o _ 6917 _
L{Fy(1,n,01(y1), v2(2)) } = i ol D o3 505 1)£{exp <— [(@1 Q;)él b _ 1] y1>

_ eSlaT _
< exo <_ [(92 Q;)éz D,

yz) Fy(r,m,01 (y1)=1)2(y2))}- (A5.13)
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Recalling that
L{F (1.0, y1,92) } = / / e PR By (1, g, yo)dyrdys = F(T,m, 21, 20),  (A5.14)

equation (A5.13) can be written in terms of the inverse Laplace transform as

20 20 O1— Q)(e™7 1
1{}711 7— 7, 31(21) 32 Z2 } = J (6917—1_ 1) (6927’2_ 1) exp ([( 1 ;él ) _ 1] yl)

_ Sl _
e ([(@2 ngz n_,

y2> E_l{ﬁl(T,n, 81(21),82(22))}. (A5.15)

Applying the inverse transform (A5.15) to equation (A5.9) we obtain

20,
2y
- A 2Q) 20
_ —(A1+A42) 1 1 2
Fl(Tv n,v1 (y1)7U2(y2)) - h(Tv 7,710, 1)2’0)6 ! ? P(2<I)1 _ 1) O'%(BQ”— — 1) J%(BQQT — 1)
of
(©1 = Q)(e™ — 1) (02 — Qo)(e™” — 1)
-1 -1
X eXp{ 20, Y1 ¢ €XpP 20 Y2
1 2 222 _9 4 4
/ (1—¢&) T E_l{z2 % e 2] 1671151}6151. (A5.16)
0
From Abramowitz and Stegun (1964)'* we find that
()™ VA (2) 7 nevEm) - et e s
A up—1 141 A, ug—1 2Y2) ¢ = zi“ 252 ) .

where, Ij(z) is the modified Bessel function of the first kind defined as

( )2n+k
L A5.18
I‘ (n+k+1)n! ( )
Application of the result in equation (A5.17) to equation (A5.16) yields
A 2Q) 2Q
_ —(A1+A 1 2
F1(7'7777vl(yl)7v2(?42)) - h(T7n7U1,072}2,0)e ( ! 2)0_ ( O 1) ( Qar _ 1)
(©1 — ) (™7 — 1) (02 — ) (e™7 — 1)
xexp{ 50, — 1|y pexp 50, —1|ys
29y
1%y 1 2
Y2)27 3 Al _
() V) s /0 1-&)T Iy AmE)de.
91
(A5.19)

By expanding both terms inside the integral in power series followed by integration we find

1 This result is tabulated on page 1026 of the referenced book.
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that

! 2y 20, -3
/0 (1 — 51) 71 I(](2 A1y1§1)d§1 = F<? — 1) (Alyl) 71 IL}—I(Q Alyl)' (A520)
1 71

Substituting this into equation (A5.19) we obtain the inverse Laplace transform of the first

component of (A5.4) as'®
. _ 200 2029
F , 1, s = h , 1, , (A1+A2)
(7,01 (Y1), v2(y2)) = h(7,m, v10,v20)€ (e — 1) o3(e = 1)

_ efht _ _ eSlaT _
X exp { [(@1 Q;)ggl b _ 1] yl} exp { [(@2 Q;i% b _ 1] y2}

o)
o2

A q%_% Ay —3
X<I>Jl (g) 5 J%_1<2 Alyl)l%_1(2 Azys) (A5.21)

Simplifying the Fy(7,7,s1(21),52(22)) term:

By performing similar calculations to those outlined from (A5.9) - (A5.19) we find that

~ 2Q) 20}
_ —(A1+A2) 1 2
Fy(m,m,01(y1), v2(y2)) = h(7,m,v1,0,v20)€ Tl — 1) o3 = 1)

X exp { (61— Q)™ — 1) - 1] yl} exp { (62 — a)(e™7 — 1) — 1] yz}

20, 2005
Ap\ o33 Ao\ 233
8 <_1>:12 2(_2):25 lony 2V A1) e, (20 Asy). (A5.22)
Y1 Y2 o2 o3

Simplifying the F3(7,7,s1(z1),s2(22)) term:

By using similar steps to those presented from (A5.9) - (A5.17) we obtain

-~ 202 2Q)
- _ —(A1+A42) 1 2
Fy(m,m,01(y1), v2(y2)) = —h(7,m,v10,v2,0)e o2 1) o2 (e — 1)

_ efht _ _ eSlaT _
X exp { [(@1 Q;){gl 1) _ 1] yl} exp { [(@2 Q;z% D — 1] ?JZ}

A3 A\ 33
8 <_> 1 (y_) 20 aey (20 Aayi)I) e, (24/ A2yp). (A5.23)
2 g% 0'%

o

Explicit form of the inverse Laplace transform:

Combining (A5.21), (A5.22) and (A5.23) we conclude that

U(r,m,v1(y1),v2(y2)) = Fi(m,n,v1(y1), v2(y2)) + Fa(7,m,v1(y1), v2(y2)) + F3(7,m,v1(y1), v2(y2)),

15We make use of the symmetry relation

Ilfa(:c) = Ia71(£C).
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which implies that

2Q) 202
U(Tvnavl(yl)aUQ(yQ)) = h’(Tvnavl,OvUQ,O)ei(A1+yl)7(A2+y2) ! 2

o7 (ehT —1) o3(e2m — 1)
(01 — Q1) (™™ - 1) (02 — Q) (e™7 — 1)
e ]y} exp{ 25 ]y}

Al)ag—%( z)gg—%
22 I 20/ Ay 2\/A
(yl " 2‘%_1( 1Y1) 1_%( 2Y2)

. (A5.24)

Now, substituting for A, Aa, h(T,n,v1,0,v20), y1 and y2 from equations (A5.1), (A5.3) and
(A5.11) we obtain
T}

®, —0})(01 - Q Oy — 03)(02 —
(@1 01()7(2 1= ) | (@ 02)(2 2= %) - q) 4+ 01+ 0,
1

03

0, -0 Oy — Oy . 20 209
e T\ T e\ Ty et e =y e =)

2Q1 [93%s 292 Qo1
X exp{ - (m (U1706 1 +v1) — (7_1)) (U2708 2 _|_,02)

U(T7 m, Ul,’l}g) = exXp {

Qo7 1
x I, 2 V22 p€ 2 2)
=7 \o3(efr 1)( )
@
’Ul()teT T%_% 1)206927 ?_% 491 Q 1
+ ! 2 Il 20, 370 (’Ul’Ul o€ L )2
v v z \oi(ethm — 1)
4Q9 1
Q >
X 120 ( V22 o€ 2 2)
.3 "1\ o3 (e 1)( )
@ @
V1,067 G373 (v90e2T N S3 % 40 Q1
— - 1 _ 2 I_2<b1 SO (vlvl_oe 1 )2
v V2 2 \oi(efhT —1) ’
4Q9 1
QQT 5
< (705@927 —y(vaa0e™) ) . (A5.25)

After making further simplifications to the above equation and noting again that Iy_;(x) =
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I_4(x) we obtain

i ALY, Oy —
U(T,T],'Ul,'UQ) = exp { (%) ('Ul — V1,0 + q)lT) + (72 2
1

= ) (w2 = w20+ %T)}
}

291 Q 292 Q
X exp { — (70'%(65217— — 1)> (01,0607 +v7) — (705(692T — 1)> (v2.06™7 + 1)

T QoT My 211 Qor &2 _1
% einmo—iﬁ(T—Q)T 2916 2926 ('UL(]E >;1§ 2 <’U2,0€ );25 2
o2 (e — 1) g2 (ef27 — 1) U1 Vo
404
X Iz<1>1 _

. N i _ My )3
=7 1 (a%(eQ” _ 1) (?}1?}1706 )2>I%—1 (O’%(GQZT _ 1) (7}2?}2706 )2 )

(A5.26)
which is equation (8.1). This concludes the proof.

Appendix 6. Proof of Proposition 9.1

By applying equation (4.2) to equation (8.1), the inverse Fourier Transform of the density
function can be represented as

. 1 [
FHU(r,nv,0)} = —/

e~ (7,1, 01, v2)dn = U(7, 2, v1, v2). (A6.1)
27 J_ o
Substituting for U(T,’I’},’Ul,l)g) from equation (8.1) we obtain
1 >
U(r,z,v1,v2; %0, v1,0,V2,0) = —/ e H (1, x,v1, v2; —1, V1,0, V2,0)dN (A6.2)
™ — 0o

where

0,-0Q 0, —Q
H(7,2,v1,v2;7,v1,0,2,0) = exp{ ( 102 1) (v1 —v1,0 + ®17) + ( 20_2 2) (v2 — 2,0 +‘I’2T)}
i

2
20

Ql‘r 292
X expy§ — m (’Ul)oe + ’Ul) — 0_%(7

ks Qo
x ginetin(r—a)T 20 e 202pe"2
U%(eﬂl"' _ 1) 0'%(6927— _ 1)

40, I 40,
X I%—l (m(vlvl_’oe 1 )2 I%—l 0_2( (A63)
which is the result given in Proposition 9.1.
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Appendix 7. Some Useful Complex Integrals

In this appendix we reproduce the integral representation of complex functions given in
Adolfsson et al. (2009) and Shephard (1991) as they are required for the calculations in
Appendices 8 and 9 . We seek complex integral representations of expressions involving the

function g which satisfies the following two conditions:

We need to consider integrals of the form

1 [ee] o0 X
Q=g [ gl-0) [ ereayas, (A7)
and
Q=5 [ g(=0) [ cvdyds. (AT2)
Equation (A7.1) is simplified by letting £ = ¢ — 4. Substituting this into (A7.1) gives
Q=g [ ol=c—i) [ cvayag. (A73)

Making a further change of variable n = —¢ yields

1 00 . 00 i
Q1 / 9(77—%)/ e " dydn

:% .

1 o) —ina __ ,—inb
o, (A7

oo

:% .

Equation (A7.4) can be expressed as

1 o9 . e—ina _ e—inb e . eina _ einb
Q1= g7 [/0 90 ‘”(T)d”*/o g(=n ‘”(_7247)6“7]

_ 1 /°° gln = 8)e™" — g(=n = i)e™ dn
2 Jq m
oo _ Np—mb _ (0 i\ pind
L [/ 9ln = ™™ = g(=n = i)e }dn. (A7.5)
21 b—oo | Jo m

Now using the result in Shephard (1991) that!S

1 1 0o _ N\p—inx __ 3\ pinT
Fa)=L+-L g(n —ie .9( n =i,

AT.
> " om ), i n, (AT7.6)

'The function F is defined by F(z) = [*__ g(n)dn.
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where F(x) is a cumulative density function we can show that

1 /""g(n —i)e”"™ —g(=n — i)™
0 in

I
bggo 2 "
1 [eS) —inb __ _ inb
i L [ R = A
b—oo 27 Jq m
= lim [1 - F(b)} L (A7.7)
b—oo L2 2

Using this result, equation (A7.5) can be represented as

L1 [ h(n)e ™ —h(=n)e™

=—4+ — dn. AT.
Qir=75+5- ; - U (A7.8)
Also, if h(n) and h(—n) are complex conjugates'” then
i) sina T h(im)e—ina \
h( m)e _ (h(zn?e ) (AT.9)
- m
Using this result (A7.8) simplifies to
1 1 00 h —ina
Q1=+ + —/ Re <L> dn. (A7.10)
2 mJy m
Performing similar operations on equation (A7.2) we obtain
1 1 00 —ina
Q- 141 / Re <7g(").e >dn. (AT.11)
2 7 m

Appendix 8. Proof of Proposition 10.1

By first letting = = log(.S) and making use of the relation Cg(7,log(S), v1,v2) = Vg(r, S, v1,v2)
which we introduced in equation (3.2), followed by substituting the explicit density function
presented in Proposition 9.1 into the European option component in equation (3.15) we obtain

after rearranging

Ve(T,S,v1,v2) = 6_”/ / / (e" — K) —/ e
o Jo Jmk 27 J_ oo

Xug(T, S, v1,vo; —n,wl,wg)dn] drdwidws, (A8.1)

"Note that h(—n) = h(n) represents the complex conjugate.
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where

©12—0 O22—0
ua (7,8, v1, v2; M, W1, We) = €Xp { (#) (v1 —wy + ®17) + (%) (v2 —wa + @27)}

07 03

2 2 Qa7 20, oot
% exp{ B (U%(eﬂlwﬂ — 1)) (wle T Ul) - (03(69227 — 1)) (wge o v2)}

inln S+in(r—q)T

> 1 L 1
29172691‘27 29272692’27 (wleQmT) 7%1_5 (w2692,2‘r)7§_§

X
‘ o?(ehT — 1) o3(e22m — 1) vy )
491)2 Ql 2T 1 49272 Qg 2T 1
X*’%A(m@me )Z)I%fl(m(“me *).

with ©11 = 01(i — 1), ©12 = O1(—n), O21 = O2(i — 1), O22 = Oz(—n), Q1 = Qi (i —n),
M2 =Q(=n), Qo1 = (i — n) and Qg5 = Qo(—7).

From the above equation, we note that the payoff of the European call option is independent
of the running variance variables namely w; and ws. This gives us the flexibility to calculate

the integrals with respect to wy and wy first thus equation (A8.1) can be written as

_ =TT [0 [0 S
Ve(T, S,v1,v2) oy /—oo/ane (e )
X [/ / ug(T, S, v1,v9; —n, w1, we)dwy dws | dndzx. (A8.3)
o Jo

In evaluating the double integral with respect to the running variance variables, we first let'®

20 2w
Ay = — 2w
1 0'%(1—6791’27),
20 2w2
03(1—6792’27)’

(A8.4)

and

_ 291,2111
yl - 0'2(691»27——1)7

! 203 2v2 (A85)

o322’

Using go(7, S, v1,v2) to denote the inner double integral in equation (A8.3) we find that it

18Note that we have introduced these functions before in the systems (A5.1) and (A5.11).
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can be written as

92(7, S, v1,09) = exp{(@) (vl + (1317') + (

1
20 2

X exp{ <m)v1 - (%)W}

12 — Qu)(L — e~ o) A\ -3
A ()
<@2,2 —2)(1 — ) Ap\ -4
xexp{— [ 20 +1]A2}< ) 2
X 12%_1(2 Al@h)l'@_l@ Asyo)dA1dA,, (AS.6)
72

o1

@2,2 _2 Q2,2> (2)2 + (I)QT) }ein In S+in(r—q)t

03

Now using the definition of the modified Bessel function, we can further simplify the above

equation to

12— Og9 — , .
92(7,8,v1,v2) = exp { (%) (Ul + <I>1T) + (%) (vz + <I>27') }emlnSJ””(’"_q)T
i 2

X exp{ — <%)U1 - (%)W}

yl @1,2 - Ql,2)(1 - 6_91’27—) + 29172
8 Z Z ny! no! / / eXp 291,2 }Al}

n1=0mn2=0

y exp{ B [(62,2 — Q) (1 — 6‘92»27) + 29272]142}

2092
n1+2%1—1 nz-i-@—
A 71 A o3
X L 2 dAldAg (A87)
T (ni+ 25 ) (o + 22
Let
¢ = [(@1,2 — Qo) (1 — =27 4 291,2]A £ = [(@2,2 — Qap)(1—e7™227) + 20557
1 2012 1, &2 202 2
Substituting these into (A8.7) we obtain
_ O12— 1 O22 — Qoo inln S+in(r—q)r
g2(T, S, v1,v2) —exp{( p )(vl +<I>1T) + ( p )(U2+(I)2T)}€
29172 29272
<en{ = (Crmar =) - (Gemer =)
y{n y;m 29172 n1+—1
X
n1ZOnzzO n1'I‘(n1 + 2{)1) nz'I‘(nz + 2<I’2) ((61 2= U2)(l—e 27 + 291,2)
20 5 n2+2<1>2 o—61—¢ o2 21 ne +(r_27
) 1—¢2 1 2 d d .
x ((@272 — Qg)g)(l — 6792’27) + 292 2 / / 6 52 51 52
(A8.8)

By noting that

n1+——1 n2+2:>2 2P, 20,
/ / e 61— §2£ ot & 2 d&des =T <n1 + ?> r <n2 + —2> ) (A8.9)
1

05
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we obtain

(7. 5,01 1) = exp { (@1,20—2 Ql,z> (01 + @17) + (@2,2 —292,2) (02 + (I)2T)}einln5+in(r—q)7'

2
O’%( 91,27 — ) 1 J%(GQQ,Z — ) 2

291 2 n1+—
. A8.10
Xng:Onz TL1' na! ((@12—91 2)(1—6_9127)+2912> ( )
X ( : Q > 72 1 3
(@272 — 92,2)(1 — e $227) 4 205 >

(o)1

The above equation simplifies to

(CI ) Os5— 0 . )
g2(7, S, v1,v2) = exp { (71’2 5 1’2) (vl + <I>1T) + (72’2 5 2’2) (U2 + @27) }6”7 InS+in(r—q)r
o7 o

2

e e

G A CEm e W
201 =

( o2 ( 292)2 2_@21
(912 - 2)(1 —e e + 20 5 (022 — N22)(

72
1-— 8792’27) + 29272)

it 200 2 m
X
mz:omz: n1l no! ( (O1,2 = Qu2)(1 — e 9127) + 20, 2)
209 9 2
X ’ . A8.11
((@2_]2 — 9272)(1 — G_szzT) + 292_’2) ( )

Now applying Taylor series expansion of the exponential function to the double summation
we obtain

BO12—0 O30 —0 . )
92(7, S, 01, v3) = exp {( 1,2 _ 1,2) (Ul n <I>1T) n ( 2,2 _ 2,2) (U2 i @27) }6“7 In S+in(r—q)r
01

03
X exp{ — (7I 1,2 )v — (79 2,2 )v }
0%(6 127 1) ' 0%(6 2 1) ?

(@172 — Ql)g)(l — 6791’27-) + 29172 (@272 — Qg)g)(l — e %2, 27) + 29272
20 211 292 2Y2 }
% , AR.12
oxp { (@172 — 9172)(1 — 6—91,27') =+ 29172 (@2 2 — QQ 2)(1 — € — 2T) =+ 292 2 ( )

Reverting to the v; and vy variables from the system (A8.5) we obtain

O, —Q s — ) , .
g2(T, S, v1,v2) = exp { (#) (v1+ ®17) + (#) (va + ®o7) }em In S-+in(r—q)7
01

92
2042 2Q 9
% exp{ B (U%(eﬂlvﬂ — 1))U1 B (05(89227 — 1))1)2}
( 291 ) )% ( 292_]2 )%
(O12— Q1 2)(1 —e H2T) 420, 5 (B2 — Na2)(1 — e P227) 420 5
% ex { 291 2 291721)1 }
P (@1)2 — Ql)g)(l —e 27) + 291 2 U%(GQLW— — 1)

292)2 29272’02 }

AR.13
X exp { (@272 — 9272)(1 — 6_92,27) i 29272 X 05(692,27 _ 1) ( )
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For convenience, we now attempt to represent this density in the form presented in Heston
(1993). This is accomplished by adopting the representation

92(7-7 Su V1, V23 _77) = €exp ( - ”7 InS + BZ(T7 _77) + DI,Z(T7 _77)”1 + D2,2(T7 —77)1)2)7 (A814)

where

. d ©12— 1 —e27) 420
Bo(r.) = infr — )7 + 24 { (©15 — Qo) — 21 (12 =202 ) H 20z
1

291)2
) (O2.2 — Qa2)(1 — 227) 4+ 205 5
+ U—%{(GQQ - 9272)7’ —2In ( 29272 ) }7
(O1,2— Q1 2) 2012 2012 20 211
D SRS e L ' , !
172(7’7 77) 0'% U%(GQLW— — 1) * (@1)2 — 9172)(1 — 6791’27) + 291)2 % U%(@Ql’fr — 1)7
(O2,9 —Q22) 2Q5 9 2Q5 9 2Q 202
D = 152 2 _ , , , .
2’2(7-7 77) 0'% U% (692’27 — 1) * (@2)2 — 9272)(1 — 6792’27) + 292)2 % 03(692’27 — 1)
By letting
O12+ Q12 ©22 + (9
Qr2 = — = and Q2= —"——,
’ O12 — Q12 ’ O29 — 29
the above three functions reduce to
. O 1 — Q627
Baron) = i — -+ 21 {(@na + gy 210 (1222
o ’ ’ 1—Q12
1 b
o 1— 227
+ —22{(@272 + 92,2)7— —2In <622+2) }, (A815)
o5 1—Q22
(@124 Q) 1 —eer
Dyglrn) = 2L , [ } A8.16
172(7— 77) O'% 1— Q1’2691,2T ( )
(@2 o+ Q9 2) 1 — eft227
Dao(r,n) = 22 , [ } A8.17
2’2(T ) U% 1-— Q272692,2T ( )
Substituting equation (A8.14) into equation (A8.3) we obtain
e—TT o o0 i
Ve(r,S,vi,v2) = / g2(7, S, v1,v2; —77)/ e"e"" dxdn
27 —0o0 In K
o o .
—K/ g2(7, S, v1,v2; —n) / e dxdn. (A8.18)
—00 In K

The two components on the RHS of the above equation have similar properties to equations
(A7.1) and (A7.2) respectively described in Appendix 7. We can evaluate the integrals in
equation (A8.18) using equations (A7.10) and (A7.11) provided that go(7, S, vy, va; n—1) satis-
fies appropriate assumptions. The first assumption we we must verify is that go(7, S, v1, vo; n—

i) can be expressed as a function of 1. This assumption is satisfied since

92(7—7 Sa V1,021 — Z) = Se(r_q)Tgl(T7 57 Ul,’Ug;’l’}),
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where
g1(7, S, v1,v2;m) = exp (in In S+ By(7,1) + D11(7,m)v1 + Do (T, —?7)?)2), (A8.19)
with

. ¢y 1— Q17

D) 1 — Qg €217
+ 0—%{(@271 + 92’1)7’ —2In <—1 — Q271 )}, (A820)
_ (O Qi) LT
DLl(Ta 77) - O'% |:1 — Ql,leﬂl’lT} (A821)
(@271 + 9271) 1 — ef2a7
D271(T7 n) = 2 |:1 _ Q2 1692’1T:| : (A822)

g3

Furthermore, by using the same reasoning as in equation (A7.9) it can also be shown that

.gj(7_7 57 U1, V23 _77) = .gj(7_7 57 U17U2;777)7 for ] = 1727 (A823)

and hence all the assumptions required to carry out the calculations yielding (A7.10) and
(A7.11) are satisfied. Thus equation (A8.18) becomes

Vi(r,S,v1,v2) = e T SPi(1,S,v1,02; K) — e ""K Po(r, S, v1,v2; K), (A8.24)
where
L ! = -gj(7_7 Syvl,’l)g;’l’])e_mln[{
BinSuemk) =g+ ), : dn, (A8.25)
2 7 Jy n

for j = 1,2 which is the result in Proposition 10.1.

Appendix 9. Proof of Proposition 10.2

We proceed as we did in Appendix 8 by first letting = = log(.S) and making use of the relation
Cp(t,log(S),v1,v2) = Vp(T,S,v1,v2) introduced in equation (3.2). Substituting the density
function presented in Proposition 9.1 to the early exercise premium component in equation

(3.16) we obtain after rearranging

Ve(rSonw) = [Terma [T ] lge - rK] (A9.1)
0 0 0 In b(&,w1,w2)
1 e
X |:2_ / elnyg?(T - 67 S7 U1, V2, _777w17w2)d77 dydUJ1dw2d€,
T J -
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where
A . . O12 — Q1
g2 (T - 57 Sv V1, V2;17, W1, w2) = exp { (T) ('Ul — W1 + (bl(T — 5)) (A92)
1
n (M)(W o+ Do — 5))}

2
03

29172 Q T—£ 29272 O (T—ﬁ)
X exp{ — (0%(6912(7_5) — 1)) (wle 1,2(7—§) + ’Ul) - (05(692,2(7—5) _ 1)) (w2e 2,2 > 4 v2)}

Qua(r—
% i S+in(r—q)(r—¢) 204 o€ 1,2(7=8)
o2 (e (7€) — 1) g2(eP22(—8) — 1)

wzeQ“(T*f))%—%

292_’2692’2(775) (wleﬂm(T*E) ) %1—% (
U1
40 o O1a(r—€) 3 45 o
X 12@%_ (0’%(691«2(7—_5) ) (vywse )2)1%_ (05(69212(7__5) .y

1

U2

(’UQ’LUQGQ2’2(775))%).

Equation (A9.1) is equivalent to

o0

T B o0 o0 1 [e ]
VP(T,S,’Ul,’Ug) :/ ef'r(‘r f)/ / 7|f]/ g?(T_57571)17”2;_777’“}1711}2)/
0 0o Jo m —o0 In b(£,w1,w2)

oo

)
_TK/ g?(T_5757’0171)2;_777“}17“}2)/
i In b(§,w1,w2)

By proceeding in the same way that we handled equation (A8.18) when simplifying the

eYe™ dydn

ei"ydydn] dw dwadE. (A9.3)

complex integrals we can write

(A9.4)

A

9o (T - 57 S7 V1,V2;1 — Z‘7'10171'02) = e(T—q)(T—ﬁ)ng(T - 67 S7 U1, V2; 777w17w2)’

so that equation (A9.3) reduces to

VP(T,S,Ul,W):/ / / [qe_q(T_g)SplA [T — &, 8, v1,v2; w1, wa, b(§, Wi, wa)]
o Jo Jo

—re "I R P 1 — €,5, 01, v9; w1, wa, b(E, wy, ws)] ] dwidwad, (A9.5)

where

—5757v1,v2;n,w1,wz)e‘i”l“b“’wl’w)d
n,

11>~ (gl
A , _ j
P (7'—57S,vl,vz,wl,wz,b(f,wl,wz))—5—1—;/0 Re( -

for j = 1,2 which is the result given in Proposition 10.2.

Appendix 10. Proof of Proposition 11.1

Going back to equation (A9.1), we have expressed the early exercise premium value as

Vi (1,8,v1,v2) :/ E_T(T_S)/ / Q—[Q/ gy (T =&, 5, v1,v2; =1, w1, wa)
0 0 0 ™ —00

o0 .
X / e’e"dydn
1

n b(ngl 7’11}2)
o0

o0
—TK/ 9&4(7'—575701702;—77,101,102)/ e dydn | dw dwodé .
—o° In b(§,w1,w2)
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With the approximation, Inb(7,v1,v2) = bo(7) + bi(7)v1 + ba(T)ve, the above equation is
transformed to

T e oo roo q o
Vﬁ(T757U17U2):/ € ( 5)‘/ / 2_|:Q/ gf‘(T—ﬁ,S,vl,vg;—n,wl,wg)
0 o Jo 4T —00

X / e¥e™ dydn (A10.1)
bo (&) +b1 (§)wi+b2(&)wo

S 00
_TK/ g?(T_5757’0171)2;_777“}17“}2)/
—o0

ey dydn] duwn dwsd.
bo (&) +b1(§)wi+b2(§)ws

By letting z = y — by (§)w1 — ba(§)wa and substituting this into equation (A10.1) we obtain

VA (1,8,v1,v2) / / / / ?(7—575701702;—77,1017102)

oo

/ (i) (b1 (€)wi-+b2(€0w2) g (A10.2)
bo(€)
- TK/ 92 — &, S, vy, v2; —n, w1, W) / ei"(”bl(5)w1+b2(5)w2)dzdn] dwy dwayd€.
bo (&)
This can be further simplified to
VA S.one) = [ 700 [ gt (e z) - rK (6 )deds (A10.3)
0 bo(&)
where
/ / €)w1+ba (€)wa-tin(z-+b1 (€)wr +ba(€)ws)
X% / g2 (T - 67 S7 U1, V2; _T,awlan)dndwldw27 (A104)
and
/ / E)wi+ba(Ewa] 1 5 / e g5 (1 — €, S, v1, va; —n, wi, wa)dndwi dws.
Tr — 0

(A10.5)

The two expressions for Ji (&, z) and J(, z) are now in a form that can allow us to simplify
the integrals with respect to w; and wy. By making use of equations (A8.4) and (A8.5)
followed by repeating similar steps to those from equations (A8.6)-(A8.13) in Appendix 8 we
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note that Jy(&, z) becomes

&= [ [exp{(@) (01 + @107 =) + (2222 (13 + a7 - )}

—00 1 03
20 20,2 in(z—In §)—in(r—q)(r—€)
% eXp{ - <g§(691,2(r—£) - 1))”1 - (gg(eﬂz,z(r—a - 1))”2}6
% ( 29172 )%
(@172 — ino‘%bl(f) — 9172)(1 — 6_91’2(7_5)) + 29172
205 22
X 2 72 A10.6
((@2,2 — ino3ba (&) — Qo2)(1 — e~ P22(7=8)) 4 292,2) ( )
% eXp{ 29172 % 291722}1 }
(©12 — mofbi(§) — Q2)(1 — e h208) 120, 5 of(eh2(778) —1)
" exp{ 2005 2 " 2005 2v9 } dn
(@2,2 — ’i?]O'%bQ (f) — 92,2)(1 — 6_92’2(7—_5)) + 292’2 05(692’2(7_5) — 1) )

Proceeding the way we handled equation (A8.14) the above equation simplifies to

1 < .
Jo(&,2) = —/ e gat (T — €, vy, v9; —n, by, by )dn, (A10.7)

2 J_

where

g?(Ta Sa U1702§77,b1,b2) = exXp {ZT}lnS + B?(TanvblvbQ) + Df,Q(Tvnabl)’Ul =+ D?,Q(TvnabQ)’UQ}v

. d
B;‘(T, n) =in(r—q)T + 0_—21{(@172 —Q12)7—2In (

(©1,2 +inotby — Qi2)(1 — e 127) + 29172)}

1 291)2
P 1) ino2by — Q) 1 =27 90)
+ _5{(@2,2 —Qo2)7 —2In (( 2,2 10302 22)(1—e )+ 2,2)}’
72 205
O1,2— Q1 20 2 20 5 20
DA = 2L 2 _ : 7 |
1,2(77 77) 0'% 0'%(@521,27' — 1) + (6172 + ”’]O'%bl — 9172)(1 —_ 67511’27) ¥ 291)2 X 0‘%(@91,27 — 1)
DA (7_ ) _ @2,2 - 92,2 . 292)2 29272 . 292)2
2,2\7, 1 0’% 0’%(@92,27' — 1) (@272 + inagbg — 9272)(1 _ 8_Q2~27) + 20, 05(69227_ — 1).

(A10.8)

The functions B3\ (7, 7), Df2 (r,m) and DQQ(T, n) can be simplified further by letting

_ O1,2 + ina%bl + Q0
@172 + iT]O'%bl — 91727

Q1 (A10.9)

such that
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: P 1 — QfyetheT
B?(T,T}, b1, b2) = “7(7" - Q)T + 0_—21 {(@1,2 + 91,2)7’ —2In (L

1 1-Qf,
" %2 {((92,2 Q)7 — 2 (%) } ,
Diy(r,1,b1) = —inbs + (@1’2:591’2) 1 ié;j;;:w] :
Dily(rm.ba) = —inby + (92, :% Q) 1 iégj;:ﬂ] (A10.10)

By using a similar transformation to that between (Q; and Q5 in Appendix 7 we can write
35 (1 — &S, v, 00 — i, by, bo) = e NTTOSGT — € S v v by b),  (AL01D)

where

91 (r, S, v1,v25m, b1, ba) = exp {inlns + Bi' (7,0, b1, b2) + D1ty (7,7, b1)v1 + Dgy (7,1, bz)vz},

. @ 1 _ QA 691’27—
BiM1,m, b1, ba) = in(r — q)7 + 0'_21 {(@1,1 + 1)1 —2n (AA

: 1 - Q1
+ %2 {(@2,1 +Q21)7 —2In <1_1qié4—£jﬁ> } ’

Dﬁl(T,??a by) = —inbs + (@1,1:%91,1) - ié;?;;:ﬂ] ;

D3ty (7,1, ba) = —inba + (@271;;29271) 1 ig?;f;;”]

Incorporating these into equation (A10.3) we obtain

T —r(t— > zl > inz (r—q)(t— ~
VR (r, So1,02) = /0 err) /b 0o / e NTTISG (7 — €, 8, v1, v9; =, ba(€), ba (€))dndzdg
0 —00

- / ) / K / e G (7 — €S, 01, Va3 —1, b (€), ba(€))dd=d,
0 bo (€) 21 ) o

which implies that

T —r(r— r—q)(T— 1 OO ~ = Z oinz
Vi (7, S, v1,v9) = / e (T8 gGer—a( 5)%/ 91 (r — €, 8,01, 093 —77751(5)752(5))/ e*e" dzndg
0 —o0 bo (&)
T 1 oo o i
— / efr(ng)TK_ / g?(T — 5, S, U1, V2; —1), bl(f), bQ (5)) / eznzd?}dndf. (A1012)
. o ) bo (€)
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Proceeding as we did in equation (A8.18) we obtain the result that
VP(T7 Sa V1, '02) = / [qe_q(T_f)SplA(T - 57 Sa V1, V2, bO(S)? bl(é.), b2(§))
0
—re "TIK P (T — €801, 02:00(€), b1 (€), ba())}dS, (A10.13)

where

1 1 o f];‘(T _5757 U17U2;n7b1(§)7b2(§))6_inb0(£)
5 Re| = - dn,
T Jo

PJA(T_57valav?;bo(g)abl(f),bg(g)): -+ — o
(A10.14)

for 7 = 1,2, which is the result presented in Proposition 11.1.
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