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THE EVALUATION OF MULTIPLE YEAR GAS SALES AGREEMENT WITH
REGIME SWITCHING

CARL CHIARELLA®, LES CLEWLOW- AND BODA KANG

ABSTRACT. A typical gas sales agreement (GSA) also called a gas swingyact, is an
agreement between a supplier and a purchaser for the detif/gariable daily quantities
of gas, between specified minimum and maximum daily limit€ra certain number of
years at a specified set of contract prices. The main constBsuch an agreement that
makes them difficult to value are that in each gas year theaanmimum volume of gas
(termed take-or-pay or minimum bill) for which the buyer Mae charged at the end of
the year (or penalty date), regardless of the actual qyanttigas taken. We propose a
framework for pricing such swing contracts for an undemygas forward price curve that
follows a regime-switching process in order to better capthe volatility behaviour in
such markets. With the help of a recombing pentanonial tkeeare able to efficiently
evaluate the prices of the swing contracts, find optimalydigicisions and optimal yearly
use of both the make-up bank and the carry forward bank atrdift regimes. We also
show how the change of regime will affect the decisions.

Keywords: gas sales agreement, swing contract, take-or-pay, makeaugy forward,
forward price curve, regime switching volatility, recombipentanomial tree.

1. INTRODUCTION

In todays challenging energy business environment, senaragement and company
shareholders are demanding ever greater financial scrotiapy assets that offer flexi-

bility of operation, and thus contain embedded value. Innthieiral gas markets, there is
an increasing focus on swing contracts and gas storagesasssburces of hidden, un-
tapped flexibility. This makes their accurate valuationgm@pion, and optimisation more
important than ever before.
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The best practice accountancy and management of flexiblasga$s now require a most
thorough understanding of the underlying gas market furestaats, and the range of sup-
porting mathematical techniques for the assets’ valuati@hoptimisation. An inadequate
understanding of these issues could result in the sub-apperformance of flexible as-

sets, in both financial and physical terms. In this paper waljnaoncentrate on the

evaluation of the gas swing contracts.

There are a number of papers that discuss the valuation & geareral swing contracts,
with the earliest being that of Thompson (1995) in which #dat(tree) method is intro-
duced and applied to take-or-pay gas contracts and moHgaged securities. Clewlow,
Strickland & Kaminski (2004&) and Clewlow, Strickland & Kaminski (20@). discuss the
risk analysis and the properties of the optimal exerciseggies with the help of a trino-
mial tree method. ez (2004) uses a simulation approach and seeks to deteamine
approximate optimal strategy before pricing swing optibpsmplementing another sim-
ulation. Barrera-Esteve, Bergeret, Dossal, Gobet, MeAtunos & Reboul-Salze (2006)
develop a stochastic programming algorithm to evaluategwptions with penalty. Bar-
doua, Bouthemya & Pa&g (2009) use the so called optimal quantization methodite pr
swing options with the spot price following a mean reverimgcess.

Most recently, Wahab & Lee (2009) implement a pentanomttitiaapproach to evaluate
swing options in gas markets under the assumption that thiepsjze follows a regime
switching Geometric Brownian Motion where the volatilitgreswitch between different
values based on the state of a hidden Markov chain. In Wahal® Edirisinghe (2010),
the authors develop a heptanomial lattice approach to pwagg options in the electricity
market with the spot price switching between mean-revgrirocesses and Geometric
Brownian Motion. However all of the above contributionsyuliscuss the single year
contracts without make-up and carry forward provisionsiciWlare quite different from
the multiple year GSA, that we consider in this paper.

Breslin, Clewlow, Strickland & van der Zee (20@8introduced the definition and ex-
plained many basic features of a typical gas swing contkalsich is an agreement be-
tween a supplier and a purchaser for the delivery of varidhly quantities of gas - be-
tween specified minimum and maximum daily limits - over a@@rhumber of years at a
specified set of contract prices. While swing contracts Heeen used for many years to
manage the inherent uncertainty of gas supply and demaisdynty in recent years with
deregulation of the energy markets that there has been arestin understanding and
valuing the optionality contained in these contracts. rtiodel of Breslin et al. (200
the volatility is a deterministic function of both the cunt¢gime and the time-to-maturity,
however there is a great deal of evidence indicating thathtbevolatility is stochastic in
gas markets and we argue that a regime switching model isrtagtte to capture such
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random features. The main contribution of this paper is tduate the multiple year GSA
introduced in Breslin et al. (20@8, but with a regime switching forward price curve and
over multiple years.

The remainder of the paper is structured as follows. In 8efi we propose a one fac-
tor regime switching model for the gas forward price curvd am build a recombining
pentanomial tree to approximate the gas spot price proeasd from the forward price
curve model. We introduce the basic features and the détguation procedures of the
multiple year gas sales agreement with make-up and camwafdrprovisions in Sectidd 3.
In Sectiorl#, we provide several numerical examples to detnate the properties of both
the decision surfaces and value surfaces of these consnagdtalso show how the change
of regime will affect the decisions. We draw some conclusionSectioli b

2. REGIME SWITCHING FORWARD PRICE CURVE AND A TREE

The stochastic or random nature of commodity prices playsréral role in models for
valuing contingent claims on commodities, and in proceslfioe evaluating investments
to extract or produce the commodity. There are currently &gproaches to modelling
forward price dynamics in the literature. The first startsrfra stochastic representation
of the energy spot asset and other key variables, such ativerdence yield on the
asset and interest rates (see for example (Gibson & Schi@®@) and (Schwartz 1997)),
and then derives the prices of energy contingent claimsistemsé with the spot process.
However, one of the problems in implementing such modelsasdften the state variables
are unobservable - even the spot price is hard to obtain thathroblem being exacerbated
if the convenience yield has to be jointly estimated.

The second stream of literature models the evolution of dhedrd curve. Forward con-
tracts are widely traded on many exchanges with pricesyealsflerved - often the nearest
maturity forward price is used as a proxy for the spot pricechwonger dated contracts
used to imply the convenience yield. Clewlow & Stricklan®@99a) work in this second
class of models, simultaneously modelling the evolutiothefentire forward curve condi-
tional on the initially observed forward curve and so setupified approach to the pricing
and risk management of a portfolio of energy derivative fpmss. In this paper we follow
the second approach to model the forward curve or the vitydtinctions of the forward
curve directly.

2.1. Forward price curve with regime switching volatility. Deterministic volatility func-
tions cannot capture the complicated movements of the foraarves. Hence we propose
a stochastic volatility model under which we price a muétigear GSA. Volatility of the
forward curve is stochastic due to a hidden Markov Chaindhases it to switch between
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“high volatility load” and “low volatility load” states. Clrella, Clewlow & Kang (2009)
have found that a regime switching model captures quite thelstochastic nature of the
volatility function in the gas market and they implement a@MC approach to estimate
the parameters of the model.

In this paper we consider a one factor regime switching fodvearve model:

where

dF(t, T o
ﬁ =< o0, Xt > C(t) & (T t)th, (1)

F(t,T) is the price of the gas forward at timevith a maturity at timer".

W, is a standard Brownian Motion.

The time varying terme(t) = ¢ + S207, (d;(1+ sin(f; + 27jt))) captures the
seasonal effect.

X, is a finite state Markov chain with state spéate- {e;, es, - - - ,en} Wheree; is
a vector of lengthV and equal td at thei—th position and) elsewhere, that is

e; =(0,...,0,1,0,...,0) € RY

where’ indicates the transpose operator.
P = (pij)nxn is the transition probability matrix of the Markov Chaity. For
alli=1,...,N,j =1,..., N, p;; is the conditional probability that the Markov
Chain X, transits from state; at current time to statee; at the next time + At,
that is,

pij = Pr(Xepar = ¢j| Xy = €)).

o = (01,09, ,0x) are the different values of the volatilities which evolvé fo
lowing the rule of the Markov Chaifx;.
< -,- > denotes the scalar producti®?, if o = (o, -+, oy) then

N
<o, Xy >= Zai]l(thei);

=1
1, if X; =ey;
0, otherwise
let the spot volatility of the forward price curve switch angodifferent values;
randomly depending on the state of the Markov Chgjn

where the indicator functiofi x,—.,) = This scalar product

We also know that fo#'(¢, T') satisfying [1) the spot pric8(t) = F'(t,t) is given by (see
e.g. Breslin et al. (2008)

t
S(t) = F(0,t) - exp (/ <0, X, > c(s) - e dw, — %Af) , (2)
0
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whereA? = [(< 0, X, > ¢(s) - e ) 2ds,

2.2. Pentanomial tree construction. The spot price dynamics ifl(2) is rather compli-
cated since it involves the path dependence of the histothehidden Markov chain
which makes it hard to construct a recombining discrete trigpproximate the continu-
ous spot price process. The multiple year GSA that we aregri evaluate has several
features and also can be early exercised multiple timesglthie life of the contract. The
complexity of evaluating these contracts with simulatiogtihods, for instance using that
of Ibanez (2004), is quite high and not really possible for pratticse. We have found
that lattice approaches are widely used because of theipatational simplicity and flex-
ibility. Bollen (1998) constructed a pentanomial lattioeapproximate a regime switching
Geometric Brownian Motion. Wahab & Lee (2009) extended thetgnomial lattice to a
multinomial tree and studied the price of swing options umdgime switching dynamics.
Those researchers study only the evaluation of one yeagsitions, however the market
swing options usually last for 5 or 10 years. Hence it is intqirto evaluate the multiple
year contracts properly.

In this paper, in order to construct a discrete lattice thataximates the spot price process
S(t), we letY; = [) < 0, X, > c(s) - e=*(=*)dWV, so that

dY, = —aYdt+ < o, Xy > c(t)dW,, (3)

and we build a discrete lattice to approximaidirst. Then at each time step we add an
adjustment term to the nodes on the lattice ¥pso that the lattice obtained for the spot
price is consistent with the observed market forward prigee. (as followed below)

2.2.1. Nodes. We assume that there are only two regini@dé = 2) for the volatility,
instead ofoy, 05, We useos; when X; = L for the low volatility regime andr; when

X; = H for the high volatility regime. In the one stage pentanortrieg in Figurdll, each
regime is represented by a trinomial tree with one branahgoghared by both regimes. In
order to minimize the number of nodes in the tree, the noaes both regimes are merged
by setting the step sizes of both regimes at: & ratio which is the only ratio to make the
tree recombine when we have two regil;]né?igurell demonstrates the recombing feature
of the tree.

The time values represented in the tree are equally spacktdave the form; = jA¢
wherej is a non-negative integer ansk is the time step, usually one day in our context.
The values oft” at timet; are equally spaced and have the farim = £KAY whereAY

is the space step ariddetermines the level of the variable in the tree. Any nodénen t

1This ratio should be adjusted accordingly if we have- 2 regimes, see Wahab & Lee (2009) for more
details.
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k+2

k+1

jat )
(+1)At

FIGURE 1. One step of a pentanomial tree. The outer two branches to-
gether with the middle branch represent the regime with fagjatility and

the inner two branches together with the middle branch sgprigthe regime
with low volatility.

] j*1 j*+2 j+3

FIGURE 2. The recombining nature of a pentanomial tree.

tree can therefore be referenced by a pair of integers,ghléinode at thg—th time step
andk—th level we refer to as nodg, k). From stability and convergence considerations,
a reasonable choice for the relationship between the spepgd\$” and the time step\¢
suggested by Wahab & Lee (2009) is given by

AY — O'L\/?)At, O'LEO'H/Q,
| &VBAL o <op/2.

The trinomial branching process and the associated priitigoare chosen to be consis-
tent with the drift and volatility of the process. The thremles that can be reached by the
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branches emanating from notlek) are(j + 1,1 —1), (j +1,1), and(j + 1,1+ 1) for the

low volatility regime andj + 1,1 — 2), (j + 1,1), and(j + 1,1 + 2) for the high volatility
regime. Heré is chosen so that the value Bfreached by the middle branch is as close as
possible to the expected valueYfat timet, ;. From the Euler discretization of equation
@), the expected value of at timet; ; conditional onY” =Y/, isY; ;, — aYj zAt.

2.2.2. Transition probabilities. For either regimer = L or H, letp; ; ;. py, ;. @andp ; ;.
define the probabilities associated with the upper, middtelawer branches emanating
from node(j, k) respectively. These probabilities can be calculated dsvsl When the
volatility is in the low regimeg = o, looking at the inner trinomial tree we need to match

E[AY] = —aYj;At, and E[AY?] = o2 c(t;)At + E[AY ]2

Therefore equating the first and second moment&Yfin the tree with the above values

we obtain
At

pﬁ,j,k((l +1) = k) +prLrL,j,k(l — k) +chl,j,k((l —1)—k)= _an’kE’ (4)

P ip((U+1) = k)2 +pp (U= k)? 4+ pg (U= 1) — k)? = (aFc(ty) At + (—aY;At)?) /AY?.

(5)
Solving equationd{4) andl(5) together with conditions @fat, + py, ;. + pi;x = 1 we
obtain

I 1 Jic(tj)At—l—oz2Yj2kAt2
Pujk =2 AY?2

(1= k) — 2R o — k) — (1 - k)] ,

o2 c(tj)At—i-aQYjQ,AtQ aYi
Py = & [T (g e g Ay o k) 4 (- k)]

pan,j,k: =1- pg,j,k - pCLz,j,k
When the volatility is in high regimes = o4, looking at the outer trinomial tree and
applying a similar procedure, we find that

o2 c(tj)At+o¢2Yj2 At? aY; A
pll = § [EUDSISIRAS (1 — 09— k) — 20— K)]
o2 c(t; a?2Y2, At? ay,
P = [ (1 k) + 2B 2 20— k) + 20— B)]

H o H H
Pk = 1 = Pujk = Pajr

2.2.3. Sate prices for both regimes. Following a similar approach to that in Chapter 7 of
Clewlow & Strickland (2000), we displace the nodes in thevaxmplified tree by adding
the driftsa; which are consistent with the observed forward prices.
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In fact, since we have two regimes, for= L, H we define state (or Arrow-Debreu) prices
Q7 as the present value of a security that payssofff Y = kAY and X, = x attime
JAt and zero otherwise. Thgj, are in fact the state prices that accumulate according to

Qo =1, Qfy = 0 for the lower volatility regime
Qb0 =0, Qff, = 1 for the higher volatility regime
Qfﬂ,k = Z(Qik/pL,L + ka/pH,L)Pﬁf,kP(jAt, (7 +1)At),
k/
ﬁ-l,k = Z(Qﬁk/PL,H + ka/pH,H)Pg,kP(jAt, (7 +1)At),
k./
wherep, . is the probability the Markov Chain transits from the state the stater’ and

P, andpyl . are the probabilities the spot price transits fréfrio & but arriving at low
and high volatility regime respectively.

We see that Arrow-Debreu securities are the building bladks| securities; in particular
when we have time steps in the tree, the price tod&y,0), of any European claim with
payoff functionC'(S) at time stepy in the tree is given by
C(0) = > (@i + QFC(Sx), (6)
k
whereS; ;, is the timet; spot price at levek and the summation takes place across all of
the nodeg: at timej.

In order to use the state prices to match the forward curve seetle special case of
equation[{b) that values the initial forward curve, namely

P(0, jALF(0, jAL) = (QF + Q%) S (7)
k

By the definition ofa; we haveS;, = ¥+, then the termy; is needed to ensure that
the tree correctly returns the observed futures curve by

0 —In P(0,jAt)F(0, jAt)
’ >l fk*’ka)eYj’k ‘

(8)

In fact, insertingS; , = ¢¥+*% into equation[{l7) we have
P(0, jJAL)F(0, jAL) = Z( ng + ka)eyj’ﬁaj = e% Z( JLk + ka)eyj’k-
k k
Hence we have
_ P(0,jAYF(0, jAt)
>l ng + ka)eyj’k ’
then equatior{8) follows immediately.

aj
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The upper panel of Figulld 3 demonstrates an example of ammentdl tree which has
been constructed to be consistent with the seasonal gaarbpwices shown in the lower
panel of Figuré&l3.
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FIGURE 3. Spot price tree fitted (upper panel) to seasonal forwardecu
(lower panel).

3. MULTIPLE YEAR GAS SALES AGREEMENT WITH MAKE UP AND CARRY
FORWARD PROVISIONS

A Gas Sales Agreement is an agreement between a suppliepanchaser for the delivery
of variable daily quantities of gas, between specified mummand maximum daily limits,
over a certain number of years at a specified set of contraagrThe main features of
these contracts that make them difficult to value and riskagarare the constraints on
the quantity of gas which can be taken. The main constrathgisin each gas year, there
is a minimum volume of gas (termed take-or-pay or minimun fidr which the buyer
will be charged at the end of the year (or penalty date), tigss of the actual quantity
of gas taken. Typically, there is also a maximum annual qtyanhich can be taken. The
minimum bill or take-or-pay level is usually defined as a petage of the notional annual
guantity which is called the annual contract quantity (ACQ)

These agreements usually last for ten or twenty years amd #re two more features
embedded in those contracts, namely the make-up and cawarid In years where
the gas taken is less than the Minimum Bill the shortfall dofir in the current year) is
added to théviake-Up Bank (M7,). In later years where the gas taken is greater than some
reference level (typically Minimum Bill or ACQ) additiongjas can be taken from the
Make-Up Bank and a refund paid.
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In years where the gas taken is greater than some referevale(tigpically ACQ) the
excess gas is added to tBarry Forward Bank (Cr). In later years Carry Forward Bank
gas can be used to reduce the Minimum Bill for that year.

With the help of the pentanonial tree that we have constd,ete are able to evaluate the
prices of the above swing contract. The value of the conétatiaturity (the final purchase
date) can be computed first. The final decision is simple sthe penalty amount is
known with certainty. Then we step back through the pentaalotree computing the
discounted expectations of the contract value at each rmvdmth low and high volatility
regimes and computing the optimal purchase decision atttelhpse dates for both regime
as well. The optimal purchase decision at each node and ¢br\edue of the remaining
volume and for each regime can be computed by searching beerange of possible
purchase volumes for the volume which maximises the sumeodli$tounted expectation
averaged by the transition probabilities of the hidden Mar&hain on different regimes
and the value of the current purchase.

3.1. Input and Notation. In this section, we introduce some notation for calculatimng
multiple year gas sales agreement with both make-up ang t@mward provisions. In
the following, we assume that the economy is in regiime L, H at the particular time
depending on the evolution of the hidden Markov chain.

e A multiple year swing contract; the buyer may face a pendittha end of each
year and both the make-up bank and the carry forward bankpadsibly start to
accumulate from the end of the first year of the contract.

e The contract will span years. Letl;,7 = 1,..., I denote the end of each year
i. Also assume that there aseperiods within each year and usually= 365 for
daily decisions and transactions.

° thj (x) is the value of the swing contract at day(7;_, < t;; < T;), given(1} -

J — t;;) periods to maturity.

® (min < @, (7) < gmax IS the amount of gas taken in periag and the correspond-
ing single period (daily) constraints.

e (), is called the period-to-date which is the cumulative amaiigias taken up to
timet;; in yearT; and is given byQ;,, = Zi;é qt,, and seQ)r, = @, which is
the total amount of gas taken during the year

e )M By, is the minimal bill for the yeat, namely the total amount of gas that should
be taken to avoid a penalty at tirfig the end of yead.

e My (x) is the amount of gas available in the make-up bank within de¥; (i =
2,...,1),which is a consequence of both the balance of the previcus yad the
decision of the current year.
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e M RLy, is the make-up bank recovery limit which is the maximal amafrgas
allowed to be recovered in year

e CBy, is the carry forward base for the year The surplus, if the period-to-date
consumption exceeds the carry forward base, will be addedfe carry forward
bank. This level could equall By, or be higher.

e Cr.(7) is the amount of gas available in the carry-forward bankiwithe yearT;.
It is derived from both the balance of the previous years &eddecision of the
current year.

e CRLr, is the carry forward bank recovery limit which is the maxinaatount of
gas allowed to be recovered from the carry bank in year

e S, (x) is the current spot price at tintg and ; is the purchase price in year

e The penalty at the end of each year will be witke [0, 1] :

—n-min{Qr, — MBr,,0} - K, for the first year;
—n-min{Qr, — (MBr, — 5,Cr,),0} - K;, i > 2,
wheref; is the percentage usage of the carry forward bark.at

3.2. Decisions. The buyers of the swing contract should take decisions dathle#& to-
tal expected discounted payoffs are maximized. In thevofig, we will give a detailed
analysis on the optimal decisions on the last day of the aohtfThen the dynamic pro-
gramming principle will be implemented to work out both thatimal decisions and the
optimal values of the swing contract at each day.

Generally speaking, in the first year of the contract, theebuecides on each possible
trading day whether to exercise one swing right or not, aedathounty,, () taken upon
exercise. From the second year, the buyer makes decisilowiftg analogous rules

to those in the first year before the last day of the year butt made a joint decision

on exercise, carry forward and make-up on thelast day of that year. In the following
discussiong;(z) and~;(x) are the decisions on the percentage usage of the carry fbrwar
bank and make-up bank at the end of each ygaaspectively. At the last day of each gas
year, the buyer should decide on:

e how much gas¢;, , (z)) to buy;

e how much in the carry forward bank(z) - Cr,(x)) should be used to lower the
minimal bill if possible;

e how much gas in the make-up bank(f) - M, (x)) will be taken free.

Denote the decision vector attimgby d;;(v) = (g, (z), Bi(x), vi(x)), Vi, j with 3, (x) =
0 and~; (x) = 0 since both make-up bank and carry forward bank are empty teecon-
tract initiates. Each decision will depend on the stateaddeis in a given year, namely, the
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underlying spot price{(x)), the cumulative gas také)(z)), the amount in the carry for-
ward bank C'(z)), the amount in the make-up bank/(z)) and the regime of the economy
(z). At the end of each yeadr the buyer would face the following possible cash flow:

e the pay offq;,, (z)(S:,,(z) — K;) from the decision to take gas;
¢ the possible penalty when the total gas taken in y&aless than the new minimal
bill which is adjusted by using the fractigf(z) of the carry forward bank

nKi min {Qtu + qt; s (l’) - (MBTZ' - ﬁ,(l’)CTz(l')), 0} ; (9)

e the possible refund from using the fractiof(x) of the make-up bank when the
total gas taken in years more than the adjusted minimal bill which is adjusted by
using the fractiorg; (=) of the carry forward bank

Kiymin {;(x) Mz, (x), max {Q¢,, + qu,, (x) — (M Br, + 5;()Cr,(x)),0}} . (10)
The evolution of the carry forward bank may be written
Cr,(z) = (1= i1 (2))Cr,_, () + max {Q;(x) — CBr,, 0}, (11)

namely, in yeat, the balance of the carry forward bank is the balance in yiearl) plus
the additional gas when the total gas taken in yestceeds the carry forward base.

The balance in the carry-forward bank can be used to redecaithimal bill
MBY)(x) = MBr, = Bi(x)Cr, ();
after which the evolution of the make-up bank is
M, (2) = (1= yim1(2)) Mz, (0) + max(M By (x) = Qr(2),0),  (12)

namely, in yeat, the balance of the make-up bank is the balance in giearl) plus the
shortfall, if the total gas taken in years less than the reduced minimal UMB%)(:c).

3.3. The Value of Swing Contract — Objective Functions. The total expected dis-
counted payoff at the end of the contract wih, = S, Q:, = @, Xy, = z is given
b

1 J
‘/},J(SancaMax>Q7/677):Z Ze ZJq LJ Xt Stij(th‘j)_Ki)

i=1 Lj=0
_H7Ki min {Qtu + Gt;; (Xtu) - (MBTL' - (ﬁZCTz)( tij))? 0} (13)
+K;_; min {(%MT,L-)(X%)’ max {Qt” + qtiJ(XtiJ) (MBT + (@CT 0}}

2In the following discussions, for the sake of brevity, we uke notation(3;Cr, )(X3,;) instead of
Bi(Xt,;)Cr, (X4,; ), meaning that bot¥; andC'r, depend onXy,; .
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1
= [PAYOFF, — PENALTY ; + REFUND,].
=1

Hereq = (q,(X4,)), B = (8:i(Xy,)), v = (1:(Xy,)) and we have foi > 2, with the
evolutions of both carry forward bank and make-up lpank

3.4. The Terminal Condition — the Initial Step. We first consider the decision and the
value of the contract at the last day and then step backwarfiad the decisions and

values at each day of the swing option. We also assume thratdbhe no differences in the

decisions and values on the last day between two regimes.

Hence in either regime, the following rule should apply. ¢ tast day of the contract, we
have to decide how much gag-() to take, how much to use from both the carry forward
bank (5;) and the make-up bank(). Since this is the last day of the contract, we should
use as much of the balance in both the make-up bank and cawgrbbank as possible,
hence,

B =~ =1

Next we need to compute the optimal quantity for this last:d&ySr, > K, then the
payoff is strictly increasing in the volume purchased arel ifieximum quantity of gas
Imax Should be purchased; (it —n)K; < Sy, < K, then the optimal choice is to purchase
a quantity up to that required to avoid the penalty or the maxn possible, whichever
is smaller. Since the loss on the purchase of the energy ie than compensated by the
reduction in the penalty payment; §i, < (1 — n)K; then the purchase of zero gas is
optimal. Summarizing the above, we haye(= ¢,,,) is equal to

Qmax; for STI 2 KI7
q’}k} = f(Qijla MBTN MTp CT[)v for (1 - n)KI S ST[ < K17 (14)
0, for 0 < STI < (]_ — H)K[,

where the functiory is derived in the appendix.

The terminal payoff for either regime or H including possible penalty is

P(ST17QT170T17MT]> = q;lk“I(ST[ _KI)+anmin{QT[ _'_q’j]k“l - (MBTI _CT[>70}
+K;_y min { My, max {Qr, + ¢;, — (MBr, + Cr,),0}} . (15)

In fact, it is a direct consequence of the penalty and refona fin equationd{9) an@(JL0).

3Please note that the second term in equalfioh (13) is nomiymgs$ience we put a minus-{ sign in front of
the PENALTY term.
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3.5. The General Step. The objective functiori; ;(S,Q,C, M, z,q, 3,~) at the begin-
ning of the contract can be rewritten as

I-1 J
‘/I,J(Su Q7 C7 M7 x,q, 67 7) = Z Z e_rtithij (Xtij)<Stij (Xtij) - KZ)
i—1 Lj=0
0K min { Qp,; + g1, (Xe,;) — (M Br, — (6:07,)(X4;)), 0}
+K;_ 4 mm{ YiMr,)(Xy,, ), max {Qtij + (X)) — (MBT + (6;Cr,) (X 0}}
J—1
+ Z e—Tththj (Xt[j)<St1j (Xt1j> - KI) + P(ST[7 QT[7 CT[7 MT[)' (16)
=0

The value of a swing contradty (S, Q, C, M, z) with both make-up and carry forward
provisions is determined by

‘/}’t](S"Q, C7 M7 I’) = mIBa“XE‘/I,J(S7Q7 Ca M7$7q7577)7
9,557

wheregq is a sequence of daily decisions andnd-~y are sequences of yearly decisions.

3.6. Evaluation using Dynamic Programming. We useV (S, Q,C, M, x,q, 3,7, t;;) to
denote the cost-to-go function of the total pay®if; (S, Q,C, M, z, q, 3,7), that is the
value of the payoff from time;; onwards up to maturity. Let

V*(S7 Qa C7 M7 X, tzy) = méiXEv(S? Qa C7 M7 x,dq, 57 7 tzy)
9,957
denote the optimal cost-to-go value function at tigype Obviously

VYITJ(Sv Q707 M’ 1’) = V*(S,Q, C, Mal'at10)~

With the help of the dynamic programming principle, we arkedb show that at the end
of the contract, the optimal value function for any= L, H follows

V*<S,Q,C,M7$,T[):P<S,Q,C,M), (17)
where we recall that the function is defined by EqU{15).

At the end of each gas day within a gas year, we should choeseptimal quantity;jij
according to

V*(S7 Qa C7 M7 X, tzy) =
H
max | gi,, (S = Ki) + Y prarBIV (St 100 Q + 0, Co M, 2/ tian)| Sy, = S, X,

ij :x] ‘
z'=L
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q*(S7 Qa C7 M7 X, tzy) =
H
argma)étlj [qti]‘ (S - Kz) + Z p:c:c’E[V*(Sti(jJrl)a Q + q7 C? M7 lj? tl(j+l))|5tu - Sa Xt

z'=L

L =7l

fori=1,2,---,1,7=0,1,...,J — 1.

However, at the last day of each year, we should choose tire@mfuantityg;, the fraction
taken from the carry forward banky) and the fraction taken from the make-up bamng)(
according to:

V*(S7Qa Ca Mal'airi) =

Qi>Bisi

max [CIZ<S - KZ) + Pl(qu Su Q7ﬂica fyZM7 .T) +

H
Z pxxlE[V*(St(iJrl)O’ Q+q, CTiJrl? MTi+1 ) :L’,, t(i+1)0) |STL' =5, XTi = :L’]]
=L

(q;,ﬁ;,’y;)(S,Q,C,M,Z’,TZ‘) =

argma)éi,ﬁi,% [qz(S - KZ) + PZ(Q» Sa Qa ﬁzca ViMa ZL’) +

H
Z pxxlE[V*(St(iJrl)O’ Q+q, CTiJrl? MTi+1 ) :L’/, t(i+1)0) |STL' =5, XTi = :L’]]
=L

fori=1,2,...,1 —1andCr, = C, My, = M. The evolutions of both make-up bank and
carry forward bank follow Equation§{lL1) arld112) respestiv Also P; is the possible
penalty or refund after taking actions at the end of year

+ K,y min {M(z), max {Q + q(z) — (M Br, + C(x)),0}}.

The nodes and transition probabilities of the pentanomea tonstructed in the previous
section can be used to calculate the conditional expent&fi¢ |.

4. NUMERICAL EXAMPLES

In this section, we provide a numerical example to demotestraw we evaluate the mul-
tiple year contracts and how we calculated the optimal dstéson the amount of daily
gas consumption and accumulation from the make-up and framard banks.
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FIGURE 5. Part of the Pentanomail tree based on the forward pricescur
of Figure3.

4.1. Value surfaces and decision surfacesn the following, we evaluate a six-year gas
sales agreement according to the following parametengstti

e \olatilities: 0, = 0.5,05 = 1.0;
e Mean reversion ratey = 5;
e Interest rater = 0;
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FIGURE 6. [(@),[(D)[(d) andl (dl) are Day 1825 value, decision and make u
and carry forward surfaces with 32 in the make up bank and @4eicarry
forward bank.

e The forward curve in Figurg 4:

(

110, 0<¢< 365,
90, 366 <t < 730,
95, 731 <t <1095,
115, 1096 < t < 1460,
85, 1461 <t < 1825,
105, 1826 < ¢ < 2190;

e Contract price:x = 100;

e Daily take limit: g, = 0 aNdgpax = 1;
e Maturity time:T" = 365 x 6 = 2190;

e Minimal Bill: M B = 365 x 75% = 273;
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e The penalty raten = 1;

e Carry Base(U'B = 365 x 80% = 292;

e Make-up bank recovery limitd/ RL = 365 x 20% = 73;

e Carry forward bank recovery limiC RL = 365 x 20% = 73;

0.99 0.01 ]

e Transition matrix of the hidden Markov Chaif =
0.01 0.99

Following the detailed procedures described in Sedflone€puild a pentanomial lattice

part of which is shown in Figurld 5. It is consistent with theard price curve shown in

Figure[4. In the panels of Figuré 6 we select a number of valtfaces, decision surfaces,
make-take surfaces and carry take surfaces in both regintetha differences between
two regimes at different days when there are different usitsaining in the make up bank
and carry forward bank. Our algorithm is very efficient; ikea less than 5 minutes to
evaluate such a six-year contract and produce the surfétles optimal values, day take
decisions, decisions on make-up and carry forward takes.

4.2. How the change of regime affect the decisiondn this section, we want to assess
how different regimes affect the decisions on day take ydake and make take and also
the influences of both regimes on the period-to-date consampWe simulate a path of
the Brownian motion first and then for this given path, we dateia number of different
realizations of the Markov Chai; and the corresponding spot prices and then we make
decisions based on the optimal decision surface we caézliat the previous section.
Figured¥ andl8 demonstrate how decisions on day take, @keyand make take change
when the realizations of the Markov Chain are different.
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5. CONCLUSIONS

In this paper, we propose a pentanomial tree framework foingy multiple year gas sales
agreements (GSAs) with make-up and carry forward provssfonan underlying gas for-

ward price curve that follows a regime-switching proces$ie TGSAs are complicated
because the buyer can exercise his or her rights in a dailyyerand make decisions on
the make-up bank and carry forward bank on a yearly basiscélenthe evaluation we

need to keep track of multi-variables on a daily basis Igstor multiple years. Those
complexities, along with the regime switching uncertaiotyhe daily price, require effi-

cient numerical procedures to value these contracts anel lieen the main contribution
of this paper.

With the help of a recombing pentanonial tree, we are abl#itnently evaluate the prices
of the contracts, find optimal daily decisions and optimaneuse of both the make-up
bank and carry forward banks in different regimes. We alsoatestrate how different
regimes are able to affect the decisions on make-up and foamgrd takes.

Breslin, Clewlow, Strickland & van der Zee (209&liscuss the risks and hedging of swing
contracts with the features we have discussed in this papence an important task of
future research will be to find the risks and the hedgingetyias for these contracts when
the underlying forward curve follows regime switching dgmes. The computational tools
developed in this paper will play an important role in thisearch agenda.
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Appendix In this appendix, we provide details of how to work out theimjai decisions on
the last day of the gas sales agreement, in particular thegifury in Equ. [14) in Sectiofl3.

In fact, when(1 — n)K; < Sy, < K, after taking into consideration the possible values
of Mz, andCr,, we find the optimal decisiong, as follows and consequently we know
the detail of the functiorf (Qr, ,, M Br,, Mr,, Cr,).

o If My, =0, then

q}l = min <maX(MBT1 - Qtl((],l) - CT17 O)7 qmax);

o If MTI > 0 but0 < Qtl((]il) — MBTI — CTI < MTI) then

q}l = min (MTI + MBp, + Crp, — QtI(Jl)a%nax);
o If My, >0 bthtl(H) — M By, — Cp, > My, then
qr, = 0;
o If My, >0 bthtl(H) — M By, — Cr, <0, then

—If MBy, 4+ Cr, — Quyy 1) < max, then
(1) f (M Bz, + Cr, — Quy,_,,) * K1, /S1y > qmax, then

qr, = 0;
(2) if (MBr, + Cr, — Quyy 1)) % K7, /7, < e, then
a1, = Gmax;

—If MBy, + Cr, — Q1) > Gmax, then

q;} = min (maX(MBTI - QtI(J—l) - CTI, 0), qmax) .
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