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SURE PROFITS VIA FLASH STRATEGIES AND
THE IMPOSSIBILITY OF PREDICTABLE JUMPS

CLAUDIO FONTANA, MARKUS PELGER, AND ECKHARD PLATEN

ABSTRACT. In an arbitrage-free financial market, asset prices should not exhibit jumps of a pre-
dictable magnitude at predictable times. We provide a rigorous formulation of this result in a fully
general setting, only allowing for buy-and-hold positions and without imposing any semimartingale
restriction. We show that asset prices do not exhibit predictable jumps if and only if there is no
possibility of obtaining sure profits via high-frequency limits of buy-and-hold trading strategies. Our
results imply that, under minimal assumptions, price changes occurring at scheduled dates should

only be due to unanticipated information releases.

1. INTRODUCTION

In the financial markets literature, the importance of allowing for jumps in asset prices at sched-
uled or predictable dates is widely acknowledged. Indeed, asset prices typically change in cor-
respondence of macroeconomic news announcements (see [Evalll KW14, [KV91l [LMO0S8, Ranll]),
publication of earnings reports (see [DJ05, [LMOS]), dividend payments (see [HJ88]), Federal Reserve
meetings (see [Pia01l [Pia05]), major political decisionﬂ and all these events take place at dates
which are known in advance. In the context of continuous-time models, [Leel2] reports significant
empirical evidence on jump predictability, while a model of the US Treasury rate term structure
with jumps occurring in correspondence of employment report announcement dates is developed
in [KW14] (see also [GS16] in the case of credit risky term structures). Hence, realistic financial
models should account for the presence of jumps arriving at predictable times.

According to the efficient market hypothesis, asset prices should fully reflect all available infor-
mation (see [Fam70]). In particular, if asset prices suddenly change at scheduled or predictable
dates, then this can only be due to the release of unanticipated information. Indeed, under market
efficiency, if the information released does not contain any surprise element, then it should be al-
ready incorporated in asset prices and, hence, prices should not move. This implication of market

efficiency is also coherent with absence of arbitrage: if a price process is known to jump at a given
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point in time, then the size of the jump should not be perfectly known in advance, otherwise arbi-
trage profits would be possible. As pointed out in [ABD10], Sect. 2.1], this can be easily understood
by analogy to discrete-time models, where absence of arbitrage implies that the return over each
single trading period can never be known in advance. Summing up, market efficiency and absence
of arbitrage suggest that asset prices cannot exhibit predictable jumps, i.e., discontinuities such that
the time of the jump and the size of the jump can be known in advance.

The goal of the present paper is to characterize the minimal no-arbitrage condition under which
asset prices do not exhibit predictable jumps. We restrict from making any assumption on the
price process, except for mild path regularity. In particular, we do not assume the semimartingale
property. We only allow for realistic trading strategies, consisting of bounded buy-and-hold positions
and high-frequency limits thereof, which we name flash strategies (see Definition . Our main
result (Theorem shows that the existence of predictable jumps is equivalent to the possibility
of realizing sure profits via flash strategies. Moreover, in the semimartingale case, those sure profits
can be even realized instantaneously (see Corollary . In view of these results, we argue that any
reasonable financial model should not allow for sure profits via flash strategies and, therefore, the
time of a jump and/or the size of the jump should always be unpredictable.

Our results are closely related to arbitrage possibilities in high-frequency markets. In particular,
our notion of flash strategy is similar to a directional event-based strategy (see e.g. [Ald13, Chap. 9]).
Such strategies aim at realizing positive profits in correspondence of some predetermined market
events. In the case of anticipated events, such as scheduled macroeconomic announcements, the
strategy is opened ahead of the event and liquidated just after the event. The holding period is
typically very short and the speed of response determines the trade gain. Our notion of flash strategy
can also represent a latency arbitrage strategy (see e.g. [Ald13, Chap. 12]): if the same asset is
traded in two markets at slightly different prices, then high-frequency traders can arbitrage the price
difference by simultaneously trading in the two markets. Since our price process is allowed to be
vector-valued, this situation can be easily captured by representing the prices of the same asset on
different markets as different components of the vector price process. Other kinds of high-frequency
strategies that can be represented via flash strategies include front-running strategies, as described
in the recent best-selling book [Lew14]. Our results indicate that the existence of predictable jumps
lies at the origin of sure profits generated by all these types of high-frequency strategies.

The existence of sure profits generated by predictable jumps is also related to the classical issue
of the behavior of ex-dividend prices at dividend payment dates, as considered in [HJ8§] (see also
[Bat03]). Typically, the dividend payment date and the amount of the dividend are known in
advance (i.e., they are predictable). [HJ88] show that, if there exists a martingale measure, then
either the ex-dividend price drops exactly by the amount of the dividend or the jump in the ex-
dividend price cannot be predictable. In this perspective, our results can be regarded as the most
general formulation of the classical result of [HLJ88] (to this effect, see also Remark [2.4).

The rest of the paper is organized as follows. In Section [2.1| we introduce the probabilistic setting,
and in Section we define the class of trading strategies under consideration. Section contains
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our main result, which is specialized in the semimartingale case in Section We briefly discuss
in Section the relations with other no-arbitrage conditions and we then conclude in Section

2. CHARACTERIZING PREDICTABLE JUMPS IN TERMS OF SURE PROFITS VIA FLASH STRATEGIES

2.1. Setting. Let (2, F,P) be a probability space endowed with a filtration F = (F;):>0 satisfying
the usual conditions of right-continuity and completeness and supporting a cadlag (right-continuous
with left limits) real—valuedﬂ adapted process X = (X¢)¢>0. The filtration F represents the flow of
available information, while the process X represents the gains process of a risky asset, discounted
with respect to some baseline security. In the case of a dividend paying asset, this corresponds to
the sum of the discounted ex-dividend price and the cumulated discounted dividends. We do not
assume that X is a semimartingale nor that the initial o-field Fy is trivial. The results presented
below apply to any model in a finite horizon T' < +oo by simply considering the stopped process X7 .
We refer to [JS03] for all unexplained notions related to the general theory of stochastic processes.

Since X is cadlag and adapted, there exists a sequence of stopping times (7},),en exhausting the
jumps of X, in the sense that {AX # 0} = |U,,en[T%] (see [JS03, Proposition I.1.32])ﬂ We say
that exhibits predictable jumps if there exists at least one jump time 7,, which is a predictable time
and such that the random variable AX7, 117, ~ | is Fr, —-measurable. In other words, X exhibits
predictable jumps if there exists at least one predictable jump time at which the size of the jump is
known just before the occurrence of the jump. We aim at characterizing the absence of predictable

jumps in terms of a minimal and realistic no-arbitrage property.

2.2. Trading strategies. We describe the activity of trading in the financial market according to
the following definition.

Definition 2.1. A buy-and-hold strategy is a stochastic process h of the form h = {1y, -}, where
o and 7 are two bounded stopping times such that ¢ < 7 a.s. and £ is a bounded F,-measurable

random variable.

A buy-and-hold strategy corresponds to the simplest possible trading strategy, where a portfolio
£ is created at time o and liquidated at time 7. Note that the portfolio £ is restricted to be bounded,
thus excluding the case of arbitrarily large positions in the available assets. For a buy-and-hold
strategy h, the gains from trading at date ¢ are given by (h - X); := &(X;at — Xont), for t > 0.

Definition 2.2. A flash strategy is a sequence (h")nen of buy-and-hold strategies h" = "1}, -1
such that the random variables (£"),cn are bounded uniformly in n and the following two properties
hold a.s. for n — 4o0:

(i) the sequences (op,)nen and (7, )nen converge to some stopping time 7 with P(7 < 4+00) > 0;

(ii) the random variables (£"),cn converge to some random variable &.

2We restrict our presentation to the case of a one-dimensional process X for clarity of notation only. The multi-
dimensional case is completely analogous and can be treated with the same tools.

3We recall that the graph of a stopping time T}, is defined as [Th] = {(w,t) € Q@ x Ry : Th(w)
stopping times o and 7, we define the stochastic interval Jo, 7] = {(w,t) € QA x R4 : o(w) < ¢

= t}. Similarly, for two
< 7(w)}.
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A flash strategy (h")nen is said to generate a sure profit if (h" - X); converges a.s. to cl{;<y, for

all t > 0, for some constant ¢ > 0.

A flash strategy represents the possibility of investing at higher and higher frequencies. In the
limit case, the strategy converges to a bounded position £ which is constructed and then immediately
liquidated at some random time 7. If by doing so and starting from zero initial wealth an investor
can reach a strictly positive deterministic amount of wealth (provided that the investor trades at all,
i.e., from time 7 onwards), then the flash strategy is said to generate a sure profit. The requirement
that the positions (£")nen are uniformly bounded means that an investor is not allowed to make
larger and larger trades as the holding period 7,, — 0y, converges to zero. Note also that a sure profit
does not involve any risk, since in the limit the gains from trading are uniformly bounded from
below by zero. Clearly, if a flash strategy generates a sure profit for some ¢ > 0, then there exist

sure profits for every ¢ > 0, since the strategy can be rescaled to arbitrarily large values.

2.3. The main result. The following theorem shows that the absence of predictable jumps is

equivalent to the absence of sure profits via flash strategies.

Theorem 2.3. The process X does not exhibit predictable jumps if and only if there are no sure

profits via flash strategies.

Proof. We first prove that if X exhibits predictable jumps, then there exist sure profits. To
this effect, let T' be a predictable time with [T] € {AX # 0} such that the random variable
AX71{r< 400} I8 Fr—_-measurable. For simplicity of notation, we set AX7 = 0 on {T' = +oc}. Fix
some constant k > 1 such that P(T" < +o00,|AX7| € [1/k,k]) > 0 and define the stopping time
7= Tlgaxplen/kiy T 00Lgaxrign/kiy- By [S03, Proposition 1.2.10], 7 is a predictable time
and, therefore, in view of [JS03, Theorem 1.2.15], there exists an announcing sequence (pp,)nen of
stopping times satisfying p, < 7 and such that p,, increases to 7 for n — +o0. For each n € N, let
on = pp An and 7, := 7 An and define the sequence (h"),cn by

L{EAX, | Fo,)l€l1/k R}

hn = énl]]o'n,Tn}]’ Where gn = E[AX |f ] 9

for every n € N,

with the convention AX; = 0 on {7 = +o00}. By construction, it holds that [£"| < k, for every
n € N, so that (h"),en is well-defined as a sequence of buy-and-hold strategies. Moreover, as a
consequence of the martingale convergence theorem, the random variables (£"),cn converge a.s. to
_ LmaxoiE ey Lgaxoien/kny _ L{ax.zop

E[AX|F--] AX, AX,

where the second equality makes use of the fact that AX, is F,_-measurable, as follows from the

&

identity AX; = AX71gax,|e[1/kky together with the Fr_-measurability of AX7r1ipo | 1. This
shows that (h™),en is a flash strategy in the sense of Definition To prove that it generates a
sure profit, it suffices to remark that, for every ¢ > 0, it holds that lim,_, ., X7 A+ = X7a+ and

lim X, At = XT—]-{TSt} + Xt1{7—>t};

n—-4o0o
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so that
lim (hn . X)t = lim (gn(XTn/\t - Xo'n/\t)) = gAXT]‘{TSt} = l{TSt} a.sS.

n——+o0 n——+o0
This shows that (h"),en generates a sure profit with respect to the constant ¢ = 1.

We now turn to the converse implication. Let (h"),en be a flash strategy, composed by elements
of the form h" = {"1j,, .., generating a sure profit with respect to ¢ > 0 and a stopping time 7.
It can be checked that limy oo (R" - X);_1/p = (R" - X);— uniformly over n € N. Indeed, defining
€ 1= sup,en |€"| (which is a bounded random variable due to Definition , it holds that

lim sup|(h" - X)

A" - X)i—| = lim su
k—+00 peN ( )t P

k—+00 N

Xy = X7 - € (X - X7

L
t—%

< 5 lim sup _1{t7%§7'n<t}(XTn - Xo,) + 1{an<t7%§7-n}(Xt— - Xo,) — 1{an<t§Tn}(Xt— - Xo,)

1
k—+00 neN k

< -~ . _ J—
= gkil)l}rloo (i‘ég 1{t—%§Tn<t}‘XTn X |+ Zlég 1{t—%§0n<t}‘Xﬂn Xt—’)
<2¢ lim sup |X,— Xi_|=0.

k—+oo uelt—1.t)

By the Moore-Osgood theorem, we can then conclude that, for every ¢ > 0,

(2.1) cly—ry = lim (A" X);— lim lim (A" X)

n——+00 k—+4-o00 n—+00
Letting & = limy,—, 100 £ (see Definition[2.2)), a first implication of is that {7 < 400} C {£ # 0}
and [7] € {AX # 0}, up to an evanescent set, so that 7 is a jump time of X. Furthermore, always by
(2.1), it holds that AX; = ¢/(limp 400 §" 14, <7<r,}) @-8. on {7 < +o00}. Noting that the random
variables {"1y, .- and 1y,<, ) are F,_-measurable for every n € N (see e.g. [JS03, § 1.1.17]), this

1 =AX; lim hy a.s.
k n—-+4o0o

implies that AX;1 | is Fr_-measurable as well. To complete the proof, it remains to show
that 7 is a predictable time. For each n € N, let A, := {0, < 7 < 7,} N {{" # 0} and note that
A, C {7 < 400}, since each stopping time 7,, is bounded. Moreover, it holds that

1en 20} c
_ XT 1{T<+oo} a.s.

. T n
B i

This identity shows that the sequence (A;,),en is convergent, with lim,, 4~ 4, = {7 < 400} and
EAX; =con {7 < 400} (up to a P-nullset). Since the stopping times (o )nen and (7, )nen converge
a.s. to 7 for n — 400, this implies that [7] C liminf, o ]on, 7] C limsup,_, Jon, 7] € [7],
so that [7] = lim,—4co]lon, 7). Since each stochastic interval Jo,, 7] is a predictable set (see e.g.

[JS03|, Proposition 1.2.5]), it follows that [7] is also a predictable set, i.e., 7 is a predictable time. [

Remark 2.4. Classical examples of models allowing for sure profits via flash strategies are given by
the escrowed dividend models introduced in [Rol77, [Ges79, Wha&1]. Indeed, such models consider
an asset paying a deterministic dividend at a known date and assume that the ex-dividend price
drops by a fixed fraction of the dividend at the dividend payment date (see also [HJ8§]). This
corresponds to a predictable jump of the process X and, hence, in view of Theorem can be

exploited to generate a sure profit via a flash strategy.
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2.4. The semimartingale case. Theorem holds true for any cadlag adapted process X. If
in addition X is assumed to be a semimartingale, then the absence of predictable jumps admits a
further simple characterization. For a semimartingale X, we say that a bounded predictable process
h is an instantaneous strategy if it is of the form h = {1}, for some bounded random variable { and
a stopping time 7. In the spirit of Definition we say that an instantaneous strategy h generates

sure profits if (h - X); = cly,<4y a.s., for every t > 0, for some constant ¢ > 0.

Corollary 2.5. Assume that the process X is a semimartingale. Then the following are equivalent:

(i) X does not exhibit predictable jumps;
(ii) there are no sure profits via flash strategies;

(iii) there are no sure profits via instantaneous strategies.

Proof. (i) = (4i): this implication follows from Theorem [2.3| (i7) = (¢i7): let (h"),en be a flash
strategy, composed by elements h" = "1}, - 1, such that limy, oo (" X); = cl(r<4y a.s., for every
t > 0, for some ¢ > 0 and a stopping time 7. As shown in the second part of the proof of Theorem
h" converges a.s. to h := {1y for n — +o00. The dominated convergence theorem for stochastic
integrals (see [Pro04, Theorem IV.32]) then implies that (h - X); = limy 4 o00(h” - X)it = cliz<y
a.s., for every t > 0. (7ii) = (i): let h = {1, be an instantaneous strategy generating sure profits.
By [JS03} § 1.4.38], it holds that h - X = {AX 1, o[, so that {AX; = c a.s. on {7 < +oo}. This
implies that 7 is a jump time of X and {7 < 400} C {{ # 0}. Moreover, the random variable
AX:1p, o4 o0y is Fr_-measurable, since {17,y is Fr_-measurable, due to the predictability of
h. Finally, the predictability of 7 follows by noting that [7] = {h # 0}. O

2.5. Comparison with other no-arbitrage conditions. In the semimartingale case, the absence
of sure profits from instantaneous strategies must be regarded as a minimal no-arbitrage condition.
In particular, it is implied by the requirement of no increasing profit (NIP), itself an extremely weak
no-arbitrage condition for a semimartingale financial model (see [Fonl5] and [KKO7, Section 3.4] )ﬁ

The absence of predictable jumps can be directly proven by means of martingale methods under
the classical no free lunch with vanishing risk (NFLVR) condition. Note, however, that NFLVR
is much stronger than the absence of sure profits as considered above. We recall that NFLVR is
equivalent to the existence of a probability measure Q ~ P such that X is a sigma-martingale under

Q (see [DS9§|). For completeness, we present the following proposition with its elementary proof.

Proposition 2.6. Assume that the process X is a semimartingale satisfying NFLVR. Then X

cannot exhibit predictable jumps.

Proof. If X satisfies NFLVR, then there exists Q ~ P and an increasing sequence of predictable sets
(Ek)ren with Upey 2k = Q xRy such that 1y, - X is a uniformly integrable martingale under Q, for
every k € N (see [JS03, Definition II1.6.33]). Let T" be a predictable time such that [T] C {AX # 0}
and such that AXrliro i) is Fr_-measurable. The process AXr117 [ is predictable and of

4An X-integrable predictable process h is said to generate an increasing profit if the gains from trading process h - X
is predictable, non-decreasing and satisfies P((h - X)r > 0) > 0 for some T > 0, see [Fonl5l Definition 2.2].
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finite variation and
Y =15, (AXrlprjeof) = 1, - (- X) = 17y - (1, - X),

for every k € N, where we have used [JS03| §1.4.38] and the associativity of the stochastic integral.
For every k € N, the process Y¥) is null (up to an evanescent set), being a predictable local
martingale of finite variation (see [JS03, Corollary 1.3.16]). In turn, this implies that AX717

is null (up to an evanescent set), thus contradicting the assumption that 7" is a jump time of X. [

Remark 2.7. Predictable jumps can never occur under the no unbounded profit with bounded risk
(NUPBR) condition, introduced in [KK07, Definition 4.1]. This follows by Proposition noting
that NUPBR is equivalent to NFLVR up to a localizing sequence of stopping times. In turn, since
NUPBR is equivalent to the existence and finiteness of the growth-optimal portfolio (see [KKOT7,
Theorem 4.12]), this implies that predictable jumps are excluded under the benchmark approach,
see [PHOG].

3. CONCLUSIONS

In this paper we have shown that, under minimal assumptions, the existence of jumps of pre-
dictable magnitude occurring at predictable times is equivalent to the possibility of realizing sure
profits via flash strategies (see Theorem . Since flash strategies represent well typical strategies
adopted by high-frequency traders, as explained in the introduction, we deduce that the profitability
of high-frequency strategies is closely related to the presence of information not yet incorporated in
market prices. In this sense, the arbitrage activity of high-frequency traders has a beneficial role
in price discovery and leads to an increase of market efficiency (see [BHR14] for empirical results
in this direction). However, a general analysis of the impact of high-frequency trading is definitely
beyond the scope of this short theoretical paper.

Finally, we want to emphasize that, since predictability depends on the reference filtration, the
possibility of realizing sure profits via flash strategies depends on the information set under consid-
eration. This means that financial markets can be efficient in the semi-strong form and sure profits
via flash strategies impossible to achieve for ordinary investors having access to the publicly avail-
able information, while investors having access to privileged information (insider traders) can have
an information set rich enough to allow for sure profits via flash strategies, so that market efficiency
does not hold in the strong form. This is simply a consequence of Theorem together with the
fact that the predictable sigma-field associated to a smaller filtration is a subset of the predictable
sigma-field associated to a larger filtration. This observation is in line with the empirical literature
documenting violations to strong-form market efficiency in the presence of insider information (see
e.g. [Fam91), Sect. 6]). This is also in line with the empirical analysis of [HLS15], where it is shown
that institutional traders have an informational advantage which allows to predict to some extent

the time and the content of news announcements as well as the returns on the announcement date.
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