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Abstract. The square-root measurement (SRM) is regarded as the optimum quantum mea-
surement for symmetric signals and the quasi-optimum measurements for any quantum signals.
In this paper, we demonstrate that the calculation of the channel matrix with the SRM for
4m2-ary QAM coherent-state signals can be simplified by using their partial symmetry.
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1 Introduction
Well-known modulation scheme such as phase-

shift keying (PSK), amplitude-shift keying (ASK),
and quadrature amplitude modulation (QAM) are
used in quantum cryptography [1]∼[4]. Among
these signals using these modulation schemes, the
channel matrix formulae have been obtained for
symmetric signals using the square-root measure-
ment (SRM) [5, 6]. However, for non-symmetric sig-
nals (e.g., ASK signals, QAM signals), the channel
matrix formula has not been obtained. We recently
showed for the ASK and AMPM signals that the
calculation of the channel matrix can be simplified
by using partial symmetry of the signals [7, 8]．
In this paper, we deal with practically more im-

portant signals, i.e., QAM signals. Applying an an-
alytical approach to 4m2-ary QAM signals (where,
m = 1, 2, . . .), we show that the size of the problem
is reduced by a quarter of the original problem.

2 Main result
We consider QAM coherent-state signals with

4m2 signal points as depicted in Fig. 1. Using SRM,
the channel matrix for the signals can be computed
using the eigenvalues and eigenvectors of their Gram
matrix Γ (4m2), which is a square matrix of order
4m2. Looking closely at Fig. 1, the 4m2-ary QAM
signals are a collection of m2 4-ary PSK signals.
To take advantage of this fact, consider block par-
titioning of the Gram matrix into m2 submatrices

Γ
(4)
k,l of order four. Here, k, l ∈ {1, 2, . . . ,m2}. Con-
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Fig. 1: 4m2-ary QAM coherent-state signals (m = 2)

sidering the signal location, we notice all Γ
(4)
k,l have

common eigenvectors independent of k and l. Let
|λi⟩ (i = 1, 2, 3, 4) be the common eigenvectors and

let λ
(k,l)
i be the corresponding eigenvalues. Then,

we have Γ
(4)
k,l =

∑4
i=1 λ

(k,l)
i |λi⟩⟨λi| and

Γ (4m2) =

4∑
i=1

Ai ⊗ |λi⟩⟨λi|, (1)

where Ai is m
2×m2 matrix which consists of λ

(k,l)
i .

We can see that Ai is hermitian and has a spectral

decomposition Ai =
∑m2

j=1 a
(i)
j |a(i)j ⟩⟨a(i)j |. Therefore,

Γ (4m2) =

4∑
i=1

m2∑
j=1

a
(i)
j |a(i)j ⟩ ⟨a(i)j | ⊗ |λi⟩⟨λi|, (2)

from which we can calculate the channel matrix.

3 Conclusion
We have clarified for 4m2-ary QAM coherent-

state signals that the size of the problem of calcu-
lating the channel matrix reduces to m2, which is a
quarter of the number of elements.
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