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We introduce the operational tasks of quantum horse betting (QHB) games with a risk factor
parametrised by a coefficient in the extended line of real numbers α ∈ R ∪ {+∞,−∞}. We do
this by modifying and extending, to the quantum regime, the operational tasks of (classical) horse
betting (CHB) games with risk. We prove that the operational tasks of CHB and QHB games are
characterised by the Arimoto’s dependence measure of order α. Explicitly, the Arimoto’s measure
quantifies the ratio between CHB games with and without side information. In QHB games on the
other hand, and within the quantum resource theory of measurement informativeness, the Arimoto’s
measure quantifies the ratio between QHB games being played with a fixed (potentially informative)
measurement against the best uninformative measurement. Furthermore, we prove that QHB games
recover, as limit cases, the operational tasks of: quantum state discrimination (QSD) (α → +∞)
and quantum state exclusion (QSE) (α→ −∞). Additionally, Arimoto’s measure recovers, as limit
cases, the information-theoretic quantities of: accessible information (α → +∞) and excludible
information (α → −∞) of quantum-classical channels. Inspired by these connections, we also
introduce quantum Rényi divergences for measurements, and derive a family of resource monotones
for the quantum resource theory of measurement informativeness. This family of resource monotones
recovers, as limit cases, the known measures of: generalised robustness of informativeness (α→ +∞)
and weight of informativeness (α → −∞). Altogether, these results therefore establish a four-way
correspondence between: operational tasks, dependence measures, quantum Rényi divergences, and
resource monotones. This correspondence recovers the known four-way correspondences at the
extremes α ∈ {+∞,−∞}, whilst generalising it to include the spectrum α ∈ R.

I. INTRODUCTION

The field of quantum information theory (QIT) was
born out of the union of the theory of quantum mechan-
ics and the classical theory of information [1]. This union
also happened to kickstart what it is nowadays known as
the (ongoing) second quantum revolution which, roughly
speaking, aims at the development of quantum technolo-
gies [2, 3]. Compared with its direct predecessors how-
ever, QIT is still a relatively young field and therefore, it
is important to keep unveiling, exploiting, and strength-
ening the links between classical information theory and
quantum theory.

On the one hand, in classical information theory, the
Kullback-Leibler (KL) divergence (also known as the
Kullback-Leibler relative entropy) emerges as a central
object of study [4]. The importance of this quantity is,
part due to the fact, that it acts as a parent quantity for
various other quantities: Shannon entropy, conditional
entropy, conditional divergence, and the mutual infor-
mation [5]. Within this classical framework, it has also
been proven fruitful to consider Rényi-extensions of these
quantities [6]. In particular, there is a clear way about
how to define the Rényi-extensions of both the Shan-
non entropy and the KL-divergence, which are known as
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the Rényi entropy and the Rényi divergence, respectively
[6, 7]. Interestingly however, there is yet no consensus
within the community, as to what is the “proper” way to
Rényi-extend the other quantities. As a consequence of
this, there are several different candidates for: Rényi con-
ditional entropies [8], Rényi conditional divergences [9],
and Rényi mutual information measures [10]. The latter
quantities are also known as: measures of dependence [9]
or α-mutual information measures [10], and we address
them here as (Rényi) dependence measures. In particu-
lar, we highlight the dependence measures proposed by:
Sibson [11], Arimoto [12], Csiszár [13], as well as a recent
proposal independently derived by Lapidoth-Pfister [14],
and Tomamichel-Hayashi [15]. It is known that these
dependence measures (with the exception of Arimoto’s)
can be derived from a respective conditional Rényi diver-
gence [9] and therefore, we address this relationship as a
dependence-divergence correspondence.

On the other hand, the framework of quantum resource
theories (QRTs) has emerged as a fruitful resource-
theoretic approach to quantum theory [16, 17]. A central
subject of study within QRTs is that of resource quanti-
fiers [16, 17]. Two well-known families of these measures
are the so-called robustness-based [18–28] and weight-
based [19, 29–32] resource quantifiers. These resource
quantifiers happen to be linked to operational tasks
and therefore, this establishes a type of quantifier-task
correspondence. Explicitly, robustness-based quanti-
fiers are linked to discrimination-based operational tasks
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[20, 21, 23, 33–35], whilst weight-based resource quan-
tifiers are linked to exclusion-based operational tasks
[36, 37]. A resource quantifier is a particular case of a
more general quantity known as resource monotone [38]
and therefore, this correspondence can alternatively be
addressed as a monotone-task correspondence.

These two worlds of classical information theory and
QRTs, represented by the above-mentioned correspon-
dences: i) dependence-divergence and ii) monotone-
task, respectively, are actually intimately connected
via a more general four-way dependence-divergence-
monotone-task correspondence. Explicitly, the above
mentioned robustness-discrimination correspondence [23,
35] is connected to the information-theoretic quantity
known as the accessible information [39], which can in
turn be written in terms of dependence measures and
therefore, establishing a first example of such a four-way
correspondence. In a similar manner, and as a second
example, the weight-exclusion correspondence [36, 37]
is linked to the excludible information [36, 40]. Even
though it was not explicitly stated in any of these ref-
erences the “four-way” nature of the correspondences
(this, by making explicit reference to the respective quan-
tum Rényi divergence), it is nowadays a well known fact
within the community, first noted by Datta [41], that
the measure of generalised robustness is related to the
quantum divergence of order +∞ (also called the max
quantum divergence) [41], with a similar case happening
for the measure of the weight and the divergence of order
−∞ [36]. This apparently “minor” remark, both hints at
and raises the fascinating possibility of the existence of a
spectrum of connections between: dependence measures,
Rényi divergences, resource monotones, and operational
tasks, with only the two extreme ends at {+∞,−∞} cur-
rently being uncovered [36].

In this work we report on the existence of such con-
struction, by explicitly providing a spectrum of connec-
tions task-dependence-divergence-monotone, which we
summarise in Fig. 1, and succinctly describe as follows.

Starting from the corner of tasks, we introduce the op-
erational tasks of quantum horse betting (QHB) games
with a risk factor parametrised by a coefficient α ∈
R∪{+∞,−∞}. We do this by modifying and extending,
to the quantum regime, the operational tasks of (classi-
cal) horse betting (CHB) games [9, 42]. CHB games were
first introduced by Kelly in 1956 [42], and were recently
generalised by Bleuler, Lapidoth, and Pfister in 2020 [9],
in order to include a factor representing the risk taken
by a Gambler playing these games. It turns out that
when properly extended to the quantum regime, quan-
tum horse betting (QHB) games happen to provide the
desired connection between quantum state discrimina-
tion (QSD) and quantum state exclusion (QSE), as the
limit cases {+∞,−∞}, respectively.

Addressing the corner of dependence measures, and
starting from a purely classical framework, we provide an
operational interpretation to the Arimoto’s dependence
measure of order α [12], by proving that it quantifies the
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FIG. 1. A four-way correspondence for the QRT of measure-
ment informativeness. The correspondence is parametrised
by the Rényi parameter α ∈ R ∪ {+∞,−∞}. The outer
rectangle represents α = +∞, the inner rectangle represents
α = −∞, and the shaded region in-between represents the val-
ues α ∈ R. This four-way correspondence links: operational
tasks, dependence measures, Rényi divergences, and resource
monotones. The operational task is quantum horse betting
(QHB) with risk β(α) := (α− 1)/α. QHBβ(α) becomes quan-
tum state discrimination (QSD) when α → +∞, and quan-
tum state exclusion (QSE) when α → −∞. The dependence

measure is the function IWα (p
(M,E)
G|X pEX) from which we can re-

cover: the accessible information Iacc+∞(ΛM) when α → +∞
and the excludible information Iexc−∞(ΛM) when α → −∞,
with ΛM the measure-prepare channel of the measurement
M, and W ∈ {S,C,BLP} a label representing the depen-
dence measures of: Sibson, Csiszár, and Bleuler-Lapidoth-
Pfister. The quantum Rényi divergence of two measurements
M and N as DW

α (M||N). The resource monotone is the func-
tion Mα(M), which becomes the generalised robustness of
informativeness R(M) when α → +∞, and the weight of in-
formativeness W(M) when α → −∞. The outer rectangle
was first derived in [23], whilst the inner rectangle was first
derived in [36]. The contribution of this work is the shaded
region connecting these two correspondences for all α ∈ R.

ratio with-without side information of the figure of merit
representing CHB games (the average-wealth with risk).
This finding complements the results found by Bleuler,
Lapidoth, and Pfister [9], where they characterised CHB
games in terms of a Rényi conditional quantum diver-
gence. Addressing now the quantum extension of CHB
games, and within the quantum resource theory of mea-
surement informativeness [23], we prove that the Ari-
moto’s measure (now in the quantum domain) quantifies
the ratio between QHB games being played with a fixed
(and potentially informative) measurement, against all
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possible uninformative measurements. Additionally, we
show that from Arimoto’s measure, we can recover both
the accessible information [23], and the excludible infor-
mation [36], as the limit cases {+∞,−∞}, respectively.

Finally, and building on the above-mentioned results,
we define quantum Rényi divergences for measurements,
which consequently allows us to identify a family of re-
source monotones for the QRT of measurement informa-
tiveness. This family of resource monotones recovers,
as limit cases, the resource monotones of generalised ro-
bustness of informativeness [23, 43] (α → +∞) and the
weight of informativeness [36, 37] (α→ −∞).

Altogether, these results therefore establish a four-
way task-dependence-divergence-monotone correspon-
dence for the QRT of measurement informativeness, via
the Rényi parameter α ∈ R∪{−∞,+∞}. This four-way
correspondence recovers, as the limit cases {+∞,−∞},
the two cases already uncovered in the literature [23, 36],
and therefore generalising it to include the spectrum
α ∈ R.

This work is organised as follows. We start by ad-
dressing Arimoto’s dependence measure as well as addi-
tional dependence measures of interest. We then address
the operational task of classical horse betting with risk
and side information. We then report a first result in
classical information theory, by relating the Arimoto’s
dependence measure to the operational task of classical
horse betting. We then provide a succinct introduction
to the quantum resource theory of measurement infor-
mativeness, followed by the extension of classical horse
betting games to the quantum regime. We then address
quantum Rényi divergences and resource monotones. We
finish with open questions, perspectives, and avenues for
future research.

II. DEPENDENCE MEASURES

We start by introducing the dependence measures of
interest (also known as measures of dependence [9] or α-
mutual information measures [10]) and particularly, the
Arimoto’s dependence measure [12]. A side note on nota-
tion before we start. We consider random variables (RVs)
(X,G, ...) taking values in sets with finite elements, and
the probability mass function (PMF) of X represented
as pX satisfying: pX(x) ≥ 0, ∀x, and

∑
x pX(x) = 1. For

simplicity, we omit the summation space, and consider
pX(x) as p(x) when evaluating. We address the support
of pX as supp(pX) := {x | pX(x) > 0}, the cardinality
of the support as |supp(pX)|, and the extended line of
real numbers as R := R ∪ {+∞,−∞}. We now start by
considering the Rényi entropy.

Definition 1. (Rényi entropy [6]) The Rényi entropy of
order α ∈ R of a PMF pX is denoted as Hα(X). The

orders α ∈ (−∞, 0) ∪ (0, 1) ∪ (1,+∞) are defined as:

Hα(X) := − log [pα (X)] , (1)

pα (X) :=

(∑

x

p(x)α

) 1
(α−1)

. (2)

The orders α ∈ {0, 1,+∞,−∞} are defined by contin-
uous extension of Eq. 1 as: H0(X) := log |supp(pX)|,
H1(X) := H(X), with H(X) := −∑x p(x) log p(x) the
Shannon entropy [5], H+∞(X) := − log maxx p(x) =
− log pmax, and H−∞(X) := − log minx p(x) =
− log pmin. The Rényi entropy is a function of the PMF
pX and therefore, one can alternatively write Hα(pX).
However, we keep the convention of writing Hα(X).

The Rényi entropy is mostly considered for positive or-
ders, but it is sometimes also being explored for negative
values [44–47]. In this work we use the whole spectrum
α ∈ R. We now consider the Arimoto Rényi-extension of
the conditional entropy.

Definition 2. (Arimoto-Rényi conditional entropy [12])
The Arimoto-Rényi conditional entropy of order α ∈ R
of a joint PMF pXG is denoted as HA

α (X|G). The orders
α ∈ (−∞, 0) ∪ (0, 1) ∪ (1,+∞) are defined as:

HA
α (X|G) := − log

[
pAα (X|G)

]
, (3)

pAα (X|G) :=


∑

g

(∑

x

p(x, g)α

) 1
α




α
(α−1)

. (4)

The orders α ∈ {0, 1,+∞,−∞} are defined by
continuous extension of Eq. 3 as: HA

0 (X|G) :=
log maxg |supp(pX|G=g)|, HA

1 (X|G) := H(X|G), with
H(X|G) := −∑x,g p(x, g) log p(x|g) the conditional en-

tropy [5], HA
+∞(X|G) := − log

∑
g maxx p(x, g), and

HA
−∞(X|G) := − log

∑
g minx p(x, g). The Arimoto-

Rényi entropy is a function of the joint PMF pXG and
therefore, one can alternatively write HA

α (pXG). How-
ever, we keep the convention of writing HA

α (X|G).

We remark that there are alternative ways to Rényi-
extend the conditional entropy [8]. Most of these al-
ternatives have found operational interpretations and
are therefore useful, but the Arimoto-Rényi conditional
entropy is the only one (amongst five alternatives [8])
that simultaneously satisfy the following desirable prop-
erties for a conditional entropy [8]: i) monotonicity, ii)
chain rule, iii) consistency with the Shannon entropy,
and iv) consistency with the +∞ conditional entropy
(also known as min-entropy). Consistency with the condi-
tional entropy means that limα→1H

A
α (X|G) = H(X|G),

and similarly for property iv). In this sense, one can
think about the Arimoto-Rényi conditional entropy as
the “most appropriate” Rényi-extension (if not the out-
right “proper” Rényi extension) of the conditional en-
tropy. We now consider Arimoto’s dependence measure.
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Definition 3. (Arimoto’s dependence measure [12]) The
Arimoto’s dependence measure of order α ∈ R of a joint
PMF pXG is given by:

IAα (X;G) := Hα(X)−HA
α (X|G), (5)

with the Rényi entropy Eq. 1 and the Arimoto-Rényi con-
ditional entropy Eq. 3. The case α = 1 reduces to the
standard mutual information [5] IA1 (X;G) = I(X;G),
with I(X;G) := H(X) − H(X|G). The Arimoto’s de-
pendence measure is a function of the joint PMF pXG
and therefore, one can alternatively write IAα (pXG) or
IAα (pG|XpX). We use these three different notations in-
terchangeably.

We remark that there are alternatives as candidates
as Rényi-extensions of the mutual information [8, 10].
In particular, the dependence measures of: Sibson [11],
Csiszár [13], and Bleuler-Lapidoth-Pfister [9], which we
address as IWα (X;G) with the label W ∈ {S,C,BLP}
representing each case. These dependence measures are
going to be useful, in particular, due to their connection
to conditional Rényi divergences.

Definition 4. (Dependence measures of: Sibson [11],
Csiszár [13], and Bleuler-Lapidoth-Pfister [9]) The de-
pendence measures of Sibson, Csiszár, and Bleuler-
Lapidoth-Pfister of order α ∈ R of a joint PMF pXG
are defined as:

IWα≥0(X;G):= min
qG

DW
α≥0

(
pG|X ||qG|pX

)
, (6)

IWα<0(X;G):= max
qG

DW
α<0

(
pG|X ||qG|pX

)
, (7)

with the label W ∈ {S,C,BLP} denoting each case, the
minimisation (maximisation) being performed over all
PMFs qG, and DW

α (·|| · |·) the conditional Rényi diver-
gences of: Sibson, Csiszár, and Bleuler-Lapidoth-Pfister,
of order α ∈ R, which are defined in Appendix A. The
case α = 1 reduces to the standard mutual information [5]
IW1 (X;G) = I(X;G) for all four cases. Similarly to the
Arimoto’s measure, we also use the notation IWα (pXG)
and IWα (pG|XpX) interchangeably.

Having defined these four dependence measures, we
now address the fact that they become equal when max-
imising or minimising (depending on sign(α)) over PMFs
pX , whilst keeping fixed the conditional PMF pG|X .

Lemma 1. (Rényi capacity [12, 13, 48]) The dependence
measures of: Arimoto, Sibson, Csiszár, and Bleuler-
Lapidoth-Pfister of orders α ≥ 0 (α < 0) become equal
when maximised (minimised) over pX , and this quantity
is known as the Rényi capacity of order α. The Rényi
capacity of order α ∈ R, of a conditional PMF pG|X is
then given by:

Cα≥0(pG|X) = max
pX

IWα≥0(pG|XpX), (8)

Cα<0(pG|X) = min
pX

IWα<0(pG|XpX), (9)

with W ∈ {A,S,C,BLP}, the maximisation (minimisa-
tion) over all PMFs pX , and the dependence measures
as in Eq. 5, Eq. 6, and Eq. 7. The case α = 1 reduces to
the standard channel capacity [5] C1(pG|X) = C(pG|X) =
maxpX I(X;G).

This Lemma, for the cases α ≥ 0, has been proven
in different places in the literature [11, 13, 48]. In Ap-
pendix A we provide further details and, we provide a
proof for the cases α < 0. We can understand this result
as Cα(pG|X) being the Rényi capacity of the classical
channel specified by the conditional PMF pG|X , which
simultaneously represents the dependence measures of:
Arimoto, Sibson, Csiszár, and Bleuler-Lapidoth-Pfister.
We now move into (classical) operational tasks.

III. OPERATIONAL TASKS

We start by addressing the operational tasks of classi-
cal horse betting (CHB) games. CHB games were first
introduced by Kelly in 1956 [42], a modern introduction
can be found, for instance, in Cover & Thomas [5], as well
as in the lectures notes by Moser [49]. Recently, Bleuler,
Lapidoth, and Pfister generalised CHB games in order to
include a factor β ∈ R [9], representing the risk taken by
a gambler playing these games, with the standard risk-
less case being recovered by setting β = 0. In this work
we address this generalisation including risk and we dis-
tinguish CHB games without and with side information,
which we describe in what follows.

Definition 5. (Classical horse betting (CHB) games
with risk [9, 42]) CHB games with risk involve two
agents: a Bookmaker and a Gambler. Consider a horse
race with K horses and the probability of winning for
each horse given by a PMF pX . The Bookmaker estab-
lishes the reward that the Gambler receives for betting
on each horse by means of a function denoted as the
“odds” oX (not necessarily a PMF). The Gambler then
proposes a betting strategy as the PMF bA in order to
play one of the following two games: classical horse dis-
crimination (CHD) or classical horse exclusion (CHE).
In a CHD game, the Gambler’s bet for the winning horse
is compared with the actual result of the race, and the
Gambler is then rewarded only for the percentage allo-
cated to a = x. In a CHE game on the other hand, the
Gambler is penalised when a = x, and rewarded other-
wise. The risk in CHD games is represented by a param-
eter β ∈ [−∞, 1], whilst in CHE games is represented by
β ∈ [1,+∞]. The figure of merit for these games comes
in the form of the utility function of “log-average-wealth
with risk β” Uβ(bA, oX , pX), β ∈ R. The figure of merit
for risk β ∈ (−∞, 0) ∪ (0,+∞) is given by:

Uβ(bA, oX , pX) :=
1

β
log
∑

a,x

δax
[
b(a)o(x)

]β
p(x),

= logWβ(bA, oX , pX), (10)
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Wβ(bA, oX , pX) :=

[∑

a,x

δax
[
b(a)o(x)

]β
p(x)

] 1
β

. (11)

The cases β ∈ {0,+∞,−∞} are defined by continuous
extension of Eq. 10 as:

U0(bA, oX , pX) := log

[∏

x

(
b(x)o(x)

)p(x)
]
, (12)

U+∞(bA, oX , pX) := log
[
max
x

(b(x)o(x))
]
, (13)

U−∞(bA, oX , pX) := log
[
min
x

(b(x)o(x))
]
. (14)

A CHB game with risk is then specified by a triple
(pX , oX , β). A Gambler then plays this game with the
betting strategy bA.

Remark 1. The case β = 0 reduces to the standard CHB
games without risk [5, 42, 49], where we want to max-
imise the wealth. We distinguish the cases β ∈ [−∞, 1]
where we want to maximise the average-wealth (because
we are playing horse discrimination), and the cases β ∈
[1,+∞] where we want to minimise the average-wealth
(because we are playing horse exclusion). In the case
β = 1 we are interested in both maximising and minimis-
ing the average-wealth.

We now consider a variant of CHB games with risk, in
terms of CHB with risk and side information (SI). Here,
the Gambler has now access to a random variable G,
which is potentially correlated with the outcome of the
race X and therefore, the Gambler can try to use this
for her advantage. Apart from this new element, the de-
scription of CHB games with risk and side information is
otherwise similar. For completeness however, we describe
it in what follows.

Definition 6. (Classical horse betting (CHB) games
with risk and side information [9, 42]) CHB games with
risk and side information involve two agents: a Book-
maker and a Gambler. Consider a horse race with K
horses and the probability of winning for each horse given
by a PMF pX . The Bookmaker establishes the reward
that the Gambler receives for betting on each horse by
means of a function denoted as the “odds” oX (not neces-
sarily a PMF). The Gambler now has access to some side
information in terms of the random variable G, which is
correlated to the outcome of the race by means of the con-
ditional PMF pG|X . The Gambler then proposes a betting
strategy, conditional on the side information, as the con-
ditional PMF bA|G, in order to play one of the following
two games: classical horse discrimination (CHD) or clas-
sical horse exclusion (CHE). In a CHD game, the Gam-
bler’s bet for the winning horse is compared with the ac-
tual result of the race, and the Gambler is then rewarded
only for the percentage allocated to a = x. In a CHE
game on the other hand, the Gambler is penalised when
a = x, and rewarded otherwise. The risk in CHD games
is represented by a parameter β ∈ [−∞, 1], whilst in CHE

games is represented by β ∈ [1,+∞]. The figure of merit
for these games comes in the form of the utility func-
tion of “log-average-wealth with risk β” Uβ(bA, oX , pX),

β ∈ R. The figure of merit for risk β ∈ (−∞, 0)∪(0,+∞)
is given by:

USI
β (bA|G, oX , pXG)

:=
1

β
log

∑

a,g,x

δax
[
b(a|g)o(x)

]β
p(g|x)p(x)

= logW SI
β (bA|G, oX , pXG), (15)

W SI
β (bA|G, oX , pXG)

:=

[∑

a,g,x

δax
[
b(a|g)o(x)

]β
p(g|x)p(x)

] 1
β

. (16)

The cases β ∈ {0,+∞,−∞} are defined by continuous
extension of Eq. 15 as:

USI
0 (bA|G, oX , pXG) := log

[∏
g,x

(
b(x|g)o(x)

)p(x,g)]
, (17)

USI
+∞(bA|G, oX , pXG) := log

[
max
g,x

(b(x|g)o(x))

]
, (18)

USI
−∞(bA|G, oX , pXG) := log

[
min
g,x

(b(x|g)o(x))

]
. (19)

A CHB game with risk and with side information is then
specified by the triple (pXG, oX , β). A Gambler then plays
this game with the betting strategy bA|G.

Remark 2. The case β = 0 reduces to the standard CHB
games without risk and with side information [5, 42, 49].
We distinguish the cases β ∈ [−∞, 1] where we want
to maximise the average-wealth (because we are playing
horse discrimination), and the cases β ∈ [1,+∞] where
we want to minimise the average-wealth (because we are
playing horse exclusion). In the case β = 1, we are in-
terested in both maximising and minimising the average-
wealth.

We now establish a first result in classical information
theory, by relating the Arimoto’s dependence measure to
the ratio between: CHB games with risk and side infor-
mation against CHB games with risk and no side infor-
mation.

IV. ARIMOTO’S DEPENDENCE MEASURE
AND CLASSICAL HORSE BETTING

The operational tasks of CHB games were charac-
terised by Bleuler, Lapidoth, and Pfister, in terms of
a Rényi conditional divergence [9], which we address
as the Bleuler-Lapidoth-Pfister Rényi conditional diver-
gence (Appendix A). We now relate Arimoto’s depen-
dence measure to CHB games.
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Result 1. Consider: a PMF pXG, constant odds
oC(x) := C > 0, and the risk parametrised as β(α) :=
α−1
α , with α ≥ 0 (α ≤ 0) or equivalently β(α) ≤ 1

(β(α) ≥ 1). Consider now the following two games: i)
a CHD (CHE) game with side information defined by
the triple (pXG, o

C
X , β(α)) and ii) a CHD (CHE) without

side information defined by the triple (pX , o
C
X , β(α)) with

p(x) :=
∑
g p(x, g). Consider now a Gambler playing

these games with the optimal betting strategies for each
game. Remembering that the Gambler is interested in:
maximising the average-wealth when β ∈ [−∞, 1] (α ∈
[0,+∞]), minimising when β ∈ [1,+∞] (α ∈ [−∞, 0]),
and both maximising and minimising when β = 1, we
have the two equalities:

IAα≥0(X;G) = log




max
bA|G

W SI
α−1
α

(bA|G, o
C
X , pXG)

max
bA

Wα−1
α

(bA, o
C
X , pX)


 , (20)

IAα≤0(X;G) = log




min
bA|G

W SI
α−1
α

(bA|G, o
C
X , pXG)

min
bA

Wα−1
α

(bA, o
C
X , pX)


 . (21)

This means that the Arimoto’s dependence measure quan-
tifies the ratio with-without side of information of the
average-wealth with risk β(α) = α−1

α of the CHD (CHE)

game defined by (pXG, o
C
X , β(α)) and (pX , o

C
X , β(α)),

when each game is being played with the best possible bet-
ting strategy.

The proof of this Result is in Appendix B. We now
address some particular cases of interest as corollaries.

Corollary 1. In the case α = 1 which is related to CHB
games without risk (β = 0), we get:

I(X;G) = max
bA|G

USI
0 (bA|G, o

C
X , pXG)

−max
bA

U0(bA, o
C
X , pX), (22)

with IAα=1(X;G) = I(X;G) the standard mutual infor-
mation, and U0 = logW0. This is a particular case of a
known relationship which actually holds for all odds o(x)
[5, 49].

This is a new result on classical information theory,
which complements a previous relationship between CHB
games and the BLP-Rényi-conditional divergence [9] (See
Appendix B for more details). Here on the other hand,
we are characterising instead the ratio between the two
scenarios of CHB with and without side information. It
is also interesting to remark that CHB games, is a partic-
ular family of a larger family of tasks which are related
to the investment in portfolios [5]. We now prepare to
leave the classical setup, and extend all of these notions
to the quantum domain.

V. QUANTUM RESOURCE THEORY OF
MEASUREMENT INFORMATIVENESS

The framework of quantum resource theories (QRTs)
has proven a fruitful approach towards quantum theory
[16, 17]. In this work we focus on the convex QRT of
measurements, with the resource of informativeness [23].

Definition 7. (Convex QRT of measurement informa-
tiveness [23]) Consider the set of Positive-Operator Val-
ued Measures (POVMs) acting on a Hilbert space of di-
mension d. A POVM M is a collection of POVM ele-
ments M = {Ma} with a ∈ {1, ..., o} satisfying Ma ≥ 0
∀a and

∑
aMa = 1. We now consider the resource of

informativeness [23]. We say a measurement N is un-
informative when there exists a probability distribution
q(a) such that Na = q(a)1, ∀a. We address the set of
all uninformative measurements as UI. We say that the
measurement is informative otherwise.

The set of uninformative measurements forms a con-
vex set and therefore, defines a convex QRT of measure-
ments. We now introduce the notion of simulability of
measurements.

Definition 8. (Simulability of measurements [23, 50]) A
measurement N = {Nx}, x ∈ {1, ..., k} is simulable by the
measurement M = {Ma}, a ∈ {1, ..., o} when there exists
a conditional probability distribution {q(x|a)} such that:
Nx =

∑
a q(x|a)Ma, ∀x. The simulability of measure-

ments defines a partial order for the set of measurements
and therefore we use the notation N � M, meaning that
N is simulable by M. Simulability of the measurement
N can be understood as a classical post-processing of the
measurement M.

Two quantifiers for informativeness are the following.

Definition 9. (Generalised robustness and weight of in-
formativeness) The generalised robustness and the weight
of informativeness of a measurement M are given by:

R (M) :=

min
r ≥ 0
N ∈ UI

MG

{
r

∣∣∣∣Ma + rMG
a = (1 + r)Na

}
, (23)

W (M) :=

min
w ≥ 0
N ∈ UI

MG

{
w

∣∣∣∣Ma = wMG
a + (1− w)Na

}
. (24)

The generalised robustness quantifies the minimum
amount of a general measurement MG that has to be
added to M such that we get an uninformative measure-
ment N. The weight on the other hand, quantifies the
minimum amount of a general measurement MG that has
to be used for recovering the measurement M.

These resource quantifiers are going to be useful later
on. We now address Arimoto’s dependence measure and
the operational task of classical horse betting in a quan-
tum setting.
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VI. HORSE BETTING AND ARIMOTO’S
DEPENDENCE MEASURE IN A QUANTUM

SETTING

We start by describing the extension, to the quantum
domain, of (classical) horse betting with risk and side
information.

Definition 10. (Quantum horse betting (QHB) games
with risk and side information) QHB games involve three
agents: a Bookmaker, an Informant, and a Gambler.
Consider a horse race distributed according to the PMF
pX . Consider now an Informant, who encodes the infor-
mation of the horses as a set of quantum states {ρx}.
These two quantities together define the ensemble of
states E = {ρx, p(x)}. Consider a Bookmaker, establish-
ing the reward that the Gambler receives for betting on
each horse by means of a function, denoted as the “odds”)
oX (not necessarily a PMF). Consider now the Informant
communicating the information of the winning horse to
the Gambler, by sending one of the states from the en-
semble, say ρx. This information, in the form of a state,
is then received by the Gambler who then decodes this in-
formation with the help of a measurement M = {Mg}.
The Gambler measures the state and obtains an output
g with a probability given by the Born rule as the condi-
tional PMF p(g|x) = Tr[Mgρx]. The Gambler then uses
this output g to propose a betting strategy as the PMF
bA|G, in order to play one of the following two games:
quantum horse discrimination (QHD) or quantum horse
exclusion (QHE). In a QHD game, the Gambler’s bet for
the winning horse is compared with the actual result of
the race and the Gambler is then rewarded only for the
percentage allocated to a = x. In a QHE game on the
other hand, the Gambler is penalised when a = x, and re-
warded otherwise. The risk in QHD games is represented
by a parameter β ∈ [−∞, 1], whilst in QHE games is
represented by β ∈ [1,+∞]. The figure of merit for these
games comes in the form of the utility function of “log-
average-wealth with risk β” USI

β (bA|G,M, oX , E), β ∈ R.

The figure of merit for risk β ∈ (−∞, 0) ∪ (0,+∞) is
given by:

USI
β (bA|G,M, oX , E)

:=
1

β
log

∑

a,g,x

δax
[
b(a|g)o(x)

]β
p(g|x)p(x)

= logW SI
β (bA|G,M, oX , E), (25)

W SI
β (bA|G,M, oX , E)

:=

[∑

a,g,x

δax
[
b(a|g)o(x)

]β
p(g|x)p(x)

] 1
β

. (26)

The cases β ∈ {0,+∞,−∞} are defined by continuous

extension of Eq. 25 as:

USI
0 (bA|G,M, oX , E) := log

[∏
x,g

(
b(x|g)o(x)

)p(x,g)]
, (27)

USI
+∞(bA|G,M, oX , E) := log

[
max
x,g

(b(x|g)o(x))

]
, (28)

USI
−∞(bA|G,M, oX , E) := log

[
min
x,g

(b(x|g)o(x))

]
. (29)

A QHD with risk and with side information is specified
by the triple (β, oX , E) with β ∈ [−∞, 1]. A QHE with
risk and with side information is specified by the triple
(β, oX , E) with β ∈ [1,+∞]. It is assumed that the Gam-
bler does not have influence on the Informant and there-
fore, the Informant generating the set of states {ρx} is
being considered as part of the game. The Gambler then
plays either of these games with a pair (bA|G,M).

Remark 3. Similarly to CHB games, depending on the
value of β, we would be interested in maximising or
minimising the figure of merit. Explicitly, in the cases
β ∈ [−∞, 1] we want to maximise the average-wealth
(because we are playing horse discrimination), and in
the cases β ∈ [1,+∞] we want to minimise the average-
wealth (because we are playing horse exclusion). In the
case β = 1, we are interested in both maximising and
minimising the average-wealth.

We now move on to describe the Arimoto’s measure of
dependence in this quantum setting, as well as the other
dependence measures.

Remark 4. (Dependence measures of Arimoto, Sibson,
Csiszár, and Bleuler-Lapidoth-Pfister in a quantum set-
ting) We address the dependence between two classical
random variables encoded into quantum objects. Explic-
itly, the random variable X is being encoded in an en-
semble of states E = {ρx, p(x)}, and therefore we ad-
dress it as XE . On the other hand, G is considered
as the random variable obtain from a decoding measure-
ment D = {Dg = |g〉〈g|}, and therefore we address it as

GD. We consider a quantum conditional PMF as p
M,{ρx}
G|X

given by p(g|x) := Tr[DgΛM(ρx)], with the quantum-
to-classical (measure-prepare) channel associated to the
measurement M and given by:

ΛM(σ) :=
∑

a

Tr[Maσ] |a〉〈a| , (30)

with {|a〉} an orthonormal basis, and Dg := |g〉〈g|, and
then we effectively have p(g|x) := Tr[Mgρx], and there-
fore we can think about the decoding variable GD as GM.
We are therefore interested in dependence measures quan-
tifying the dependence between variables XE and GM,
when encoded and decoded in the quantum setting de-
scribed previously. We start by considering the Arimoto’s
dependence measure:

IAα (XE ;GM) := Hα(XE)−HA
α (XE |GM), (31)
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with the standard Rényi entropy Eq. 1 and the Arimoto-
Rényi conditional entropy Eq. 3 for the quantum condi-
tional PMF described above. The other dependence mea-
sures are defined via their Rényi conditional divergences
counterparts as:

IWα≥0(XE ;GM) := min
qG

DW
α≥0

(
p
(M,E)
G|X

∣∣∣
∣∣∣qG
∣∣∣ pEX

)
, (32)

IWα<0(XE ;GM) := max
qG

DW
α<0

(
p
(M,E)
G|X

∣∣∣
∣∣∣qG
∣∣∣ pEX

)
, (33)

with the quantum conditional PMFs p
(M,E)
G|X and q

(N,E)
G|X

given by p(g|x) := Tr(Mgρx), q(g|x) := Tr(Ngρx), respec-
tively, the minimisation (maximisation) over all PMFs
qG, and the classical conditional Rényi divergences of:
Sibson, Csiszár, and Bleuler-Lapidoth-Pfister, which we
address with a label W ∈ {S,C,BLP}, and which are ex-
plicitly defined in Appendix A.

We now address the Rényi capacity in quantum terms.

Remark 5. (Rényi capacity of a quantum conditional
PMF) The Rényi capacity of order α ∈ R of a quantum

conditional PMF p
M,{ρx}
G|X is given by:

Cα≥0

(
p
M,{ρx}
G|X

)
:= max

pX
IWα≥0

(
p
M,{ρx}
G|X pX

)
, (34)

Cα<0

(
p
M,{ρx}
G|X

)
:= min

pX
IWα<0

(
p
M,{ρx}
G|X pX

)
, (35)

with W ∈ {A,S,C,BLP}, and the maximisation (min-
imisation) over all PMFs pX .

We therefore have an unique quantity representing all
of these dependence measures. However, the quantity
we are interested in the quantum domain is the Rényi
capacity of order α of a quantum-classical channel.

Definition 11. (Rényi capacity of a quantum-classical
channel) The Rényi capacity of order α ∈ R of a
quantum-classical channel ΛM associated to the measure-
ment M is given by:

Cα≥0(ΛM) := max
{ρx}

Cα≥0

(
p
M,{ρx}
G|X

)
, (36)

Cα<0(ΛM) := min
{ρx}

Cα<0

(
p
M,{ρx}
G|X

)
, (37)

with the maximisation (minimisation) over all sets of
states {ρx}. We remark that we can also write:

Cα≥0(ΛM) = max
E

IWα≥0

(
p
(M,E)
G|X pEX

)
, (38)

Cα<0(ΛM) = min
E
IWα<0

(
p
(M,E)
G|X pEX

)
, (39)

with the maximisation (minimisation ) over all ensembles
E = {ρx, p(x)}.

We now restate, in the quantum regime, our result re-
lating the Arimoto’s dependence measure and horse bet-
ting games.

Result 2. Consider: a PMF pXG, constant odds
oC(x) := C > 0, and the risk parametrised as β(α) :=
α−1
α , with α ≥ 0 (α ≤ 0) or equivalently β(α) ≤ 1

(β(α) ≥ 1). Consider now the following two games: i) a
QHD (QHE) game with side information defined by the
triple (β(α), oCX , E) and the Gambler using a fixed given
measurement M ii) a QHD (QHE) with side informa-
tion defined by the triple (β(α), oCX , E) with the Gambler
being allowed to implement any uninformative measure-
ment N ∈ UI. Consider now a Gambler playing these
games with the optimal betting strategies for each game.
Remembering that the Gambler is interested in: max-
imising the average-wealth for [−∞, 1] , minimising for
[1,∞], and both maximising and minimising when β = 1,
we have the following two equalities:

IAα≥0(XE ;GM)

= log




max
bA|G

W SI
α−1
α

(
bA|G,M, oCX , E

)

max
N∈UI

max
bA|G

W SI
α−1
α

(
bA|G,N, oCX , E

)


 , (40)

IAα≤0(XE ;GM)

= log




min
bA|G

W SI
α−1
α

(
bA|G,M, oCX , E

)

min
N∈UI

min
bA|G

W SI
α−1
α

(
bA|G,N, oCX , E

)


 . (41)

This means that the Arimoto’s dependence measure quan-
tifies the ratio of the average-wealth with risk β(α) = α−1

α

of the games defined by (β(α), oCX , E),when each game is
being played with the best betting strategy, and the Gam-
bler implements the measurement M in comparison to
using any uninformative measurement N ∈ UI.

Proof. The proof of this result follows from noticing that
optimising over uninformative measurements is equiva-
lent to be playing a QHB without side information, in
which case we can use Result 1.

We now analyse the particular cases of interest α ∈
{+∞,−∞} as the following corollaries.

Corollary 2. In the case α→ +∞ we recover the result
found in [23]. Explicitly, we have:

C+∞(ΛM) = max
E

IW+∞(XE ;GM),

= log

[
max
E

PQSD
succ (E ,M)

maxN∈UI P
QSD
succ (E ,N)

]
, (42)

with W ∈ {A,S,C,BLP}, the denominator being max-
imised over all uninformative measurements, and
PQSD
succ (E ,M) the probability of success in a quantum state

discrimination (QSD) game defined by E, and being
played with the measurement M, explicitly:

PQSD
succ (E ,M) := max

{q(g|a)}

∑

g,a,x

δgx q(g|a) p(a|x) p(x), (43)
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with p(a|x) := Tr[Maρx], and the maximisation over
all classical post-processing p(g|a). We remark that the
Rényi capacity of order +∞ has also been called as
the accessible information of a channel, and denoted as
Iacc+∞(ΛM) [23, 39]. This means that quantum horse dis-
crimination (QHDβ(α) becomes quantum state discrimi-
nation (QSD) when α→ +∞.

Corollary 3. In the case α→ −∞ we recover the result
found in [36]. Explicitly, we have:

C−∞(ΛM) = min
E
IW−∞(XE ;GM),

= log

[
min
E

PQSE
err (E ,M)

minN∈UI P
QSE
err (E ,N)

]
, (44)

with W ∈ {A,S,C,BLP}, the denominator being min-
imised over all uninformative measurements, and
PQSE
err (E ,M) the probability of error in a quantum state

exclusion (QSE) game defined by E, being played with the
measurement M given by:

PQSE
err (E ,M) := min

{q(g|a)}

∑

g,a,x

δgx q(g|a) p(a|x) p(x). (45)

with p(a|x) := Tr[Maρx], and the minimisation being per-
formed over all classical post-processing p(g|a). We re-
mark that the Rényi capacity of order −∞ has also been
called the excludible information of a channel, and de-
noted as Iexc−∞(ΛM) [36, 40]. This means that quantum
horse exclusion (QHEβ(α)) becomes quantum state exclu-
sion (QSE) when α→ +∞.

It is not immediately obvious to see how these two
latter corollaries actually derive from the main result and
therefore, in Appendix C we provide further details on
how to achieve this.

Result 2 therefore establishes a connection between
dependence measures and operational tasks. In partic-
ular, it recovers as limit cases, the two known cases at
{+∞,−∞} [23, 36]. This therefore represents a family
of connections via the Rényi parameter α ∈ R. Building
on these results, we now propose quantum Rényi diver-
gences for measurements.

VII. QUANTUM RÉNYI DIVERGENCES

Considering that the KL-divergence is of central im-
portance in classical information theory, it is natural to
consider quantum-extensions of such quantities. There
are many ways to define quantum Rényi divergences [51–
57], with most of the effort being concentrated on di-
vergences as a functions of quantum states. Recently
however, divergences for objects like channels and mea-
surements have been started to be explored [58, 59] as
well as the concept of Rényi entropy [60]. We are now
interested in addressing quantum Rényi divergences for
measurements. The approach we take here is by tak-
ing inspiration from both: measured Rényi divergences

for states [57, 61, 62], as well as Rényi conditional di-
vergences [9, 11, 13]. Explicitly, we invoke the measures
for Rényi conditional divergences, and use them to define
measured Rényi divergence of two measurements.

Definition 12. (Measured Rényi divergences of: Sib-
son, Csiszár, and Bleuler-Lapidoth-Pfister) The mea-
sured Rényi divergences of Sibson, Csiszár, and Bleuler-
Lapidoth-Pfister of order α ∈ R of two measurements
M = {Mg} and N = {Ng} are given by:

DW
α≥0(M||N) := max

E
DW
α≥0

(
p
(M,E)
G|X

∣∣∣
∣∣∣q(N,E)G|X

∣∣∣ pEX
)
, (46)

DW
α<0(M||N) := min

E
DW
α<0

(
p
(M,E)
G|X

∣∣∣
∣∣∣q(N,E)G|X

∣∣∣ pEX
)
. (47)

with the maximisation (minimisation) over all ensem-

bles E = {ρx, p(x)}, the quantum PMFs p
(M,E)
G|X and q

(N,E)
G|X

given by p(g|x) := Tr(Mgρx), q(g|x) := Tr(Ngρx), re-
spectively, and the classical conditional Rényi divergences
of Sibson [11], Csiszár [13], and Bleuler-Lapidoth-Pfister
[9], which we address with the label W ∈ {S,C,BLP},
and which are explicitly defined in Appendix A.

As it is common practise within QIT, we now define a
measure with respect to a free set of interest, the set of
uninformative measurements in our case.

Definition 13. (Measurement informativeness mea-
sures of: Sibson, Csiszár, and Bleuler-Lapidoth-Pfister)
The measurement informativeness measures of Sibson,
Csiszár, and Bleuler-Lapidoth-Pfister of order α ∈ R of
a measurement M are given by:

EW
α≥0(M) := min

N∈UI
DW
α≥0(M||N), (48)

EW
α<0(M) := max

N∈UI
DW
α<0(M||N), (49)

with W ∈ {S,C,BLP}, and the minimisation (maximisa-
tion) over all uninformative measurements.

Interestingly, it turns out that these three, in principle
different, definitions are actually equal.

Result 3. The measurement informativeness measures
of Sibson, Csiszár, and Bleuler-Lapidoth-Pfister are equal
and furthermore, they are equal to the Rényi capacity of
order α ∈ R of the quantum-classical channel associated
to the measurement M as:

EW
α (M) = Cα(ΛM), (50)

with W ∈ {S,C,BLP}, and the quantum-classical chan-
nel associated to the measurement M Eq. 30.

The proof of this result is in Appendix D. This re-
sult establishes a connection between Rényi dependence
measures (which are used to define the Rényi capacity)
and quantum Rényi divergences of measurements (which
are used to define the measurement informativeness mea-
sure). We now analyse particular cases α ∈ {+∞,−∞}.
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Corollary 4. The measurement informativeness mea-
sures of Sibson, Csiszár, and Bleuler-Lapidoth-Pfister re-
cover the generalised robustness and the weight of re-
source at the extremes α ∈ {+∞,−∞} as:

EW
+∞(M) = + log [1 + R(M)] , (51)

EW
−∞(M) = − log [1−W(M)] , (52)

with the generalised robustness of informativeness Eq. 23
[23], and the weight of informativeness Eq. 24 [36].

This result follows from the fact that the Rényi capac-
ity becomes the accessible information and the excludible
information at the extremes α ∈ {+∞,−∞}, according
to [23] and [36]. Result 3 therefore establishes a connec-
tion between Rényi dependence measures and quantum
Rényi divergences of measurements. Inspired by these
results, we now proceed to propose a family of resource
monotones.

VIII. RESOURCE MONOTONES

An impart subject of study within the framework of
QRTs, is that of resource quantifiers. Resource quanti-
fiers are special cases of resource monotones, which are
also objects of study within QRTs[38]. Particular cases
of resource monotones are the so-called robustness-based
[18–28] and weight-based [19, 29–32] resource monotones.
Inspired by the previous results, we now define mea-
sures which turn out to be monotones and furthermore,
monotones connecting the generalised robustness and the
weight.

Definition 14. (α-measure of informativeness) The α-
measure of informativeness of order α ∈ R of a measure-
ment M is given by:

Mα≥0(M) := +2+E
W
α≥0(M) − 1, (53)

Mα<0(M) := −2−E
W
α<0(M) + 1, (54)

with the minimisation (maximisation) over all uninfor-
mative measurements, and the measurement informative-
ness measure defined in Eq. 49.

The motivation behind the proposal of this resource
measure is that its satisfy the following property:

Remark 6. They α-measure of informativeness of or-
der α ∈ R of a measurement M characterises the per-
formance of the measurement M, when compared to the
performance of all possible uninformative measurements,
when playing the same QHB game as:

max
E

max
bX|G

W SI
α−1
α

(
bA|G,M, oX , E

)
max
N∈UI

max
bA|G

W SI
α−1
α

(
bA|G,N, oX , E

) = 1 + Mα≥0(M), (55)

min
E

min
bX|G

W SI
α−1
α

(
bA|G,M, oX , E

)
min
N∈UI

min
bA|G

W SI
α−1
α

(
bA|G,N, oX , E

) = 1−Mα<0(M). (56)

These two equalities follow from the definitions and
the previous results. We now have that the α-measure of
informativeness does define a resource monotone for the
simulability of measurements.

Result 4. (The α-measure of informativeness is a re-
source monotone) The α-measure of informativeness
(Eq. 53) defines a resource monotone for the simulability
of measurements. They satisfy the following properties.
(i) Faithfulness: Rα(M) = 0 (Wα(M) = 0) ↔ M =
{Ma = q(a)1} and (ii) Monotonicity under measure-
ment simulation: N � M → Rα(N) ≤ Rα(M)(Wα(N) ≤
Wα(M)).

The proof of this result is in Appendix E. It would
be interesting to find a geometric interpretation of this
quantifier, in a similar manner that its two extremes ad-
mit a geometric interpretation as in Eq. 23 and Eq. 24,
and explore additional properties, like convexity, in order
to talk about a resource quantifier. It would also be in-
teresting to explore additional monotones, in particular,
whether the average log-wealth forms a complete family
of monotones, this given the fact that this is the case for
for its two extremes.
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IX. SUMMARY OF RESULTS

Corollary 5. Results 2,3, and 4 establish a four-way quantum correspondence between: operational tasks, dependence
measures, quantum Rényi divergences, and resource monotones. This is qualitatively summarised in Fig. 1, and
quantitatively summarised in the following five chains of equalities, following the order α = +∞, 0,−∞

max
E

IW+∞(XE ;GM) = + log

[
max
E

pQSD
succ (E ,M)

maxN∈UI P
QSD
succ (E ,N)

]
= + log [1 + R(M)] = min

N∈UI
DV

+∞(M||N), (57)

max
E

IWα (XE ;GM) = + log


max
E

max
bA|G

W SI
α−1
α

(
bA|G,M, oX , E

)

max
N∈UI

max
bA|G

W SI
α−1
α

(
bA|G,N, oX , E

)


 = + log [1 + Mα(M)] = min

N∈UI
DV
α (M||N), (58)

max
E

IW0 (XE ;GM) = + log




max
bA|G

W SI
−∞

(
bA|G,M, oCX , E

)

max
N∈UI

max
bA|G

W SI
−∞

(
bA|G,N, oCX , E

)




= + log




min
bA|G

W SI
+∞

(
bA|G,M, oCX , E

)

min
N∈UI

min
bA|G

W SI
+∞

(
bA|G,N, oCX , E

)


 = + log [1 + M0(M)] = min

N∈UI
DV

0 (M||N), (59)

max
E
−IWα (XE ;GM) = − log


min
E

min
bA|G

W SI
α−1
α

(
bA|G,M, oX , E

)

min
N∈UI

min
bA|G

W SI
α−1
α

(
bA|G,N, oX , E

)


 = − log [1−Mα(M)] = min

N∈UI
−DV

α (M||N), (60)

max
E
−IW−∞(XE : GM) = − log

[
min
E

PQSE
err (E ,M)

minN∈UI P
QSE
err (E ,N)

]
= − log [1−W(M)] = min

N∈UI
−DV

−∞(M||N), (61)

with W ∈ {A,S,C,BLP}, V ∈ {S,C,BLP} labels representing either the measures of: Arimoto, Sibson, Csiszár, or
Bleuler-Lapidoth-Pfister.

X. CONCLUSIONS

In this work we report on the existence of a four-way
correspondence for the QRT of measurement informative-
ness linking: operational tasks, dependence measures,
quantum Rényi divergences, and resource monotones.
This correspondence is parametrised by a coefficient in
the extended line of real numbers α ∈ R ∪ {+∞,−∞}
and recovers, as limit cases, the previously two known
four-way correspondences at α ∈ {+∞,−∞} [23, 36].

An explicit list of the contributions within this work
is the following. First, we prove a result on classical
information theory. Explicitly, we prove that the Ari-
moto’s dependence measure [12] quantifies the ratio with-
without side information of CHB games with risk. This
result complements the results of Bleuler, Lapidoth, and
Pfister, where CHB games were characterised in terms
of the Rényi divergence and the BLP-CR-divergence [9].
Second, we extend the operational task of CHB games to
the quantum domain, where the side information is now
being encoded as an ensemble of states, which the Gam-
bler consequently needs to decode by means of a measure-
ment, this, in order to try to use it for her advantage, and
propose the best possible betting strategy. We prove that

the Arimoto’s dependence measure [12], now in the quan-
tum domain, quantifies the ratio of QHB games played
with a fixed (and potentially informative measurement)
against a Gambler having at her disposal, all possible
uninformative measurements. Third, we propose three
measured quantum Rényi divergences for measurements,
by extending to the quantum realm, the classical Rényi
conditional divergences of: Sibson [11], Csiszár [13], and
Lapidoth-Pfister [9]. Interestingly, it turns out that when
minimised over the set of uninformative measurements,
these three divergences all collapse into a unique function
and consequently, defining a unique “distance” measure
of order α between measurements. Fourth, we introduce
a family of resource monotones for the resource of mea-
surement informativeness. These resource monotones re-
cover, as limit cases, the generalised robustness of in-
formativeness and the weight of informativeness at the
two extremes {+∞,−∞}, respectively. Fifth, we prove
that all of these elements are elegantly connected via a
four-way correspondence for the QRT of measurement
informativeness.

This work raises several questions and opens up vari-
ous avenues for future research. First, it would be inter-
esting to explore additional resources for measurements,
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in addition to measurement informativeness, as well as
QRTs with different objects, besides measurements, like
states and channels. Second, even though we have es-
tablished a connection by means of the Rényi parameter
α ∈ R∪ {−∞,+∞}, we do not discard the possibility of
other types of connections being possible. In particular,
we highlight the known connection between the measures
of the generalised robustness and the weight, by means
of the generalised measures introduced by Brandao [63].
Third, we have introduced new measured quantum Rényi
divergences for measurements and therefore, it would also
be interesting to further explore their relevance for other
other areas within quantum information theory. Fourth,
we have introduced new resource monotones, for which it
would be interesting to find a geometric interpretation,
in order to explore additional properties, like convexity,
in order to interpret these measures as resource quanti-
fiers (in addition to being monotones). Fifth, it would
also be interesting to explore additional monotones, in
particular, whether the average-log-wealth forms (for all
α) a complete set of monotones for the order induced by
the simulability of measurements, this, given that this is
the case for the two extremes at α ∈ {+∞,−∞} [23, 36].
Finally, an exciting broad possibility is to explore more
generally the concept of risk in quantum information the-
ory. Risk is a concept that we are just starting to un-
derstand and incorporate into the theory of quantum in-
formation and therefore, we believe this is an exciting
avenue of research which could have far-reaching impli-
cations when considered for additional operational tasks,
like Bell-nonlocal games, and interactive proof systems.
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Appendix A: Rényi divergence and
conditional-Rényi divergences

In this Appendix we address the information-theoretic
quantities represented in Fig. 2 namely, the Rényi diver-
gence, and the conditional Rényi divergences of: Sibson,
Csiszár, and Bleuler-Lapidoth-Pfister. All of these quan-
tities are already defined in the literature, and we define
them here as well because of the following reasons. First,
for the document to be as self-contained as possible. Sec-
ond, and most importantly, because in this work we con-
sider these quantities for the whole spectrum α ∈ R, and
these are rarely being addressed in the literature.

Dα(·||·)

DS
α(pG|X ||qG|pX) DC

α (pG|X ||qG|pX) DBLP
α (pG|X ||qG|pX)

ISα(X ;G) ICα (X ;G) IBLPα (X ;G)

min
qG

min
qG

min
qG

FIG. 2. Hierarchical relationship between: the Rényi di-
vergence Dα(·||·), conditional Rényi divergences DW

α (·|| · |·),
and dependence measures IWα (X;G), with W ∈ {S,C,BLP}
a label specifying the measures attributed to: Sibson [11],
Csiszár [13], and Bleuler-Lapidoth-Pfister [9]. The depen-
dence measure associated to the BLP-conditional-Rényi di-
vergence was independently discovered by Lapidoth-Pfister
[14] and Tomamichel-Hayashi [15].

1. The Rényi divergence

Definition 15. (Rényi divergence [6, 7]) The Rényi di-
vergence (R-divergence) of order α ∈ R of PMFs pX
and qX is denoted as Dα(pX ||qX). The orders α ∈
(−∞, 0) ∪ (0, 1) ∪ (1,+∞) are defined as:

Dα(pX ||qX) :=
1

α− 1
log

[∑

x

p(x)αq(x)1−α

]
,

= logEα(pX ||qX), (A1)

Eα(pX ||qX) :=

[∑

x

p(x)αq(x)1−α

] 1
α−1

. (A2)

The orders α ∈ {1, 0,+∞,−∞} are defined define by
continuous extension of Eq. A1 as:

D1(pX ||qX) := D(pX ||qX), (A3)

D0(pX ||qX) := − log
∑

x∈supp(pX)

q(x), (A4)

D+∞(pX ||qX) := log max
x

p(x)

q(x)
, (A5)

D−∞(pX ||qX) := log min
x

p(x)

q(x)
. (A6)

with the standard Kullback-Leibler (KL) divergence given

by D(pX ||qX) :=
∑
x p(x) log p(x)

q(x) [4, 5].

2. Conditional-Rényi divergences

Definition 16. (Sibson’s conditional-Rényi divergence
[11]) The Sibson’s conditional-Rényi divergence (S-CR-
divergence) of order α ∈ R of PMFs pX|G, qX|G, and

pX is denoted as DS
α(pG|X ||qG|X |pX). The orders α ∈
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(−∞, 0) ∪ (0, 1) ∪ (1,+∞) are defined as:

DS
α(pG|X ||qG|X |pX)

:=
1

α− 1
log
∑

x

p(x)
∑

g

p(g|x)αq(g|x)1−α

= logES
α(pG|X ||qG|X |pX), (A7)

ES
α(pG|X ||qG|X |pX)

:=

(∑

x

p(x)
∑

g

p(g|x)αq(g|x)1−α

) 1
α−1

. (A8)

The orders α ∈ {1, 0,+∞,−∞} are defined by continu-
ous extension of Eq. A7 as:

DS
1 (pG|X ||qG|X |pX) := D(pG|X ||qG|X |pX), (A9)

DS
0 (pG|X ||qG|X |pX) := − log

∑
x∈supp(pX )

p(x)
∑

g∈supp(pG|X=x)

q(g|x),

(A10)

DS
+∞(pG|X ||qG|X |pX) := log max

x∈supp(pX )
max
g

p(g|x)

q(g|x)
, (A11)

DS
−∞(pG|X ||qG|X |pX) := log min

x∈supp(pX )
min
g

p(g|x)

q(g|x)
, (A12)

with the conditional Rényi divergence given by
D
(
pG|X ||qG|X |pX

)
:= D

(
pG|XpX ||qG|XpX

)
, the latter

being the standard KL-divergence [4, 5].

Definition 17. (Csiszár’s conditional-Rényi divergence
[13]) The Csiszár’s conditional-Rényi divergence (C-CR-
divergence) of order α ∈ R of PMFs pX|G, qX|G, and

pX is denoted as DC
α (pG|X ||qG|X |pX). The orders α ∈

(−∞, 0) ∪ (0, 1) ∪ (1,+∞) are defined as:

DC
α (pG|X ||qG|X |pX)

:=
1

α− 1

∑

x

p(x) log

[∑

g

p(g|x)αq(g|x)1−α

]

= logEBLP
α (pG|X ||qG|X |pX), (A13)

EC
α (pG|X ||qG|X |pX)

:=
∏

x

(∑

g

p(g|x)αq(g|x)1−α

) p(x)
α−1

. (A14)

The orders α ∈ {1, 0,+∞,−∞} are defined by continu-
ous extension of Eq. A13 as:

DC
1 (pG|X ||qG|X |pX) := D(pG|X ||qG|X |pX), (A15)

DC
0 (pG|X ||qG|X |pX) := −

∑
x∈supp(pX )

p(x) log
∑

g∈supp(pG|X=x)

q(g|x),

(A16)

DC
+∞(pG|X ||qG|X |pX) :=

∑
x∈supp(pX )

p(x) log

[
max
g

p(g|x)

q(g|x)

]
, (A17)

DC
−∞(pG|X ||qG|X |pX) :=

∑
x∈supp(pX )

p(x) log

[
min
g

p(g|x)

q(g|x)

]
, (A18)

with the conditional Rényi divergence given by
D
(
pG|X ||qG|X |pX

)
:= D

(
pG|XpX ||qG|XpX

)
, the latter

being the standard KL-divergence [4, 5].

Definition 18. (Bleuler-Lapidoth-Pfister conditional-
Rényi divergence [9]) The Bleuler-Lapidoth-Pfister
conditional-Rényi divergence (BLP-CR-divergence) of
order α ∈ R of PMFs pX|G, qX|G, and pX is denoted as

DBLP
α (pG|X ||qG|X |pX). The orders α ∈ (−∞, 0)∪ (0, 1)∪

(1,+∞) are defined as:

DBLP
α (pG|X ||qG|X |pX)

:=
α

α− 1
log
∑

x

p(x)

[∑

g

p(g|x)αq(g|x)1−α

] 1
α

= logEBLP
α (pG|X ||qG|X |pX), (A19)

EBLP
α (pG|X ||qG|X |pX)

:=


∑

x

p(x)

[∑

g

p(g|x)αq(g|x)1−α

] 1
α




α
α−1

. (A20)

The orders α ∈ {1, 0,+∞,−∞} are defined by continu-
ous extension of Eq. A19 as:

DBLP
1 (pG|X ||qG|X |pX) := D(pG|X ||qG|X |pX), (A21)

DBLP
0 (pG|X ||qG|X |pX) := − log max

x∈supp(pX )

∑
g∈supp(pG|X=x)

q(g|x),

(A22)

DBLP
+∞ (pG|X ||qG|X |pX) := log

∑
x∈supp(pX )

p(x) max
g

p(g|x)

q(g|x)
, (A23)

DBLP
−∞ (pG|X ||qG|X |pX) := log

∑
x∈supp(pX )

p(x) min
g

p(g|x)

q(g|x)
. (A24)

with the conditional Rényi divergence given by
D
(
pG|X ||qG|X |pX

)
:= D

(
pG|XpX ||qG|XpX

)
, the latter

being the standard KL-divergence [4, 5].

Appendix B: Relationship between CR-divergences
and dependence measures

Lemma 2. Consider the conditional-Rényi divergences
of Sibson, Csiszár, and Bleuler-Lapidoth-Pfister, then:

α ∈ [−∞, 0], DS
α (· · ·) ≤ DC

α (· · ·) ≤ DBLP
α (· · ·) , (B1)

α ∈ [0, 1], DBLP
α (· · ·) ≤ DS

α (· · ·) ≤ DC
α (· · ·) , (B2)

α ∈ [1,+∞], DC
α (· · ·) ≤ DBLP

α (· · ·) ≤ DS
α (· · ·) , (B3)

Proof. The cases α ∈ [0, 1] and α ∈ [1,+∞] have already
been proven in the literature [9]. A similar argument can
be followed in order to prove the cases α ∈ [−∞, 0], and
completeness, we address it in what follows.
Part i) We start by proving that for α ∈ [−∞, 0] we have
DS
α (·|| · |·) ≤ DC

α (·|| · |·). We prove it for α ∈ (−∞, 0)
and the extremes follow because of continuity. Starting
from the Sibson’s measure times the negative factor (α−
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1) we get:

(α− 1)DS
α

(
pG|X ||qG|pX

)
(B4)

= log

[∑

x

p(x)
∑

g

p(g|x)αq(g|x)1−α

]
, (B5)

≥
∑

x

p(x) log

[∑

g

p(g|x)αq(g|x)1−α

]
, (B6)

= (α− 1)DC
α

(
pG|X ||qG|pX

)
. (B7)

In the first equality we use the definition of the Sibson’s
conditional Rényi divergence Eq. A7. The inequality
follows because of Jensen’s inequality [64], and because
log(·) is a concave function. In the last equality we use
the definition of the Csiszár’s conditional Rényi diver-
gence Eq. A13. Dividing both sides by (α − 1), which
is negative because α ∈ (−∞, 0), reverses the inequality
and proves the claim. As an aside note, we can see that
this same proof carries over the interval α ∈ [0, 1].
Part ii) We now want to prove that for α ∈ [−∞, 0], we
have DC

α (·|| · |·) ≤ DBLP
α (·|| · |·). Similarly, we prove it

for cases α ∈ (−∞, 0) and the extremes hold true because
of continuity. Starting from the Csiszár’s measure:

DC
α

(
pG|X ||qG|pX

)
(B8)

=
1

α− 1

∑
x

p(x) log

[∑
g

p(g|x)αq(g|x)1−α
]
, (B9)

=
α

α− 1

∑
x

p(x) log

[∑
g

p(g|x)αq(g|x)1−α
] 1
α

, (B10)

≤ α

α− 1
log

∑
x

p(x)

(∑
g

p(g|x)αq(g|x)1−α
) 1
α

 , (B11)

= DBLP
α

(
pG|X ||qG|pX

)
. (B12)

The first equality we use the definition of the Csiszár’s
conditional Rényi divergence Eq. A13. In the second
equality we multiply by one 1 = α

α and re-organise con-
veniently. The inequality follows because of Jensen’s
inequality [64], and because log(·) is a concave func-
tion, and because the coefficient α

α−1 is positive for

α ∈ (−∞, 0). In the last equality we use the definition
of the Bleuler-Lapidoth-Pfister conditional Rényi diver-
gence Eq. A19. As a side note, we can see that this
same proof carries over to the interval α ∈ [1,+∞], but
it stops working on the interval [0, 1], because the coeffi-
cient α

α−1 is now negative in this interval, so the inequal-
ity reverses.

Now a Lemma relating the dependence measures.

Lemma 3. Consider the dependence measures of Sibson,
Csiszár, and Bleuler-Lapidoth-Pfister, then:

α ∈ [−∞, 0], ISα (·|·) ≤ ICα (·|·) ≤ IBLP
α (·|·) , (B13)

α ∈ [0, 1], IBLP
α (·|·) ≤ ISα (·|·) ≤ ICα (·|·) , (B14)

α ∈ [1,+∞], ICα (·|·) ≤ IBLP
α (·|·) ≤ ISα (·|·) , (B15)

Proof. The cases α ∈ [0, 1] and α ∈ [1,+∞] were proven
in [9], and they follow by considering the previous Lemma
on the less or equal order between the conditional Rényi
divergences, and by considering that the dependence
measures are defined in terms of the conditional Rényi
divergences Eq. 6. The cases α ∈ [−∞, 0] follow the
same argument.

Now a Lemma relating these dependence measures to
the Rényi capacity.

Lemma 4. ([12, 13, 48]) The dependence measures of:
Arimoto, Sibson, Csiszár, and Bleuler-Lapidoth-Pfister
become equal when maximised over pX . For any condi-
tional PMF pG|X and any order α ∈ R:

Cα≥0(pG|X) = max
pX

IWα≥0(pG|XpX), (B16)

Cα<0(pG|X) = min
pX

IWα<0(pG|XpX), (B17)

with W ∈ {S,A,C,BLP}, the maximisation (minimisa-
tion) over all PMFs pX , and the dependence measures
as in Eq. 5, Eq. 6, and Eq. 7.

Proof. We start by addressing the cases α ∈ (−∞, 0).
Part i) Addressing Sibson’s measure:

min
pX

ISα<0

(
pG|XpX

)
(B18)

1
= min

pX
max
qG

DS
α<0

(
pG|X ||qG|pX

)
, (B19)

2
= min

pX
max
qG

1

α− 1
log

[∑
x

p(x)
∑
g

p(g|x)αq(g)1−α
]
, (B20)

3
=

1

α− 1
max
pX

min
qG

log

[∑
x

p(x)
∑
g

p(g|x)αq(g)1−α
]
, (B21)

4
=

1

α− 1
log

[
max
pX

min
qG

∑
x

p(x)
∑
g

p(g|x)αq(g)1−α
]
, (B22)

5
=

1

α− 1
log

[
min
qG

max
pX

∑
x

p(x)
∑
g

p(g|x)αq(g)1−α
]
, (B23)

6
=

1

α− 1
log

[
min
qG

max
x

∑
g

p(g|x)αq(g)1−α
]
, (B24)

7
= max

qG
min
x

1

α− 1
log

[∑
g

p(g|x)αq(g)1−α
]
, (B25)

8
= max

qG
min
x
Dα<0

(
pG|X=x|| qG

)
. (B26)

In the first equality we use the definition of the Sibson’s
dependence measure Eq. 6. In the second equality we
use definition of Sibson’s conditional Rényi divergence
Eq. A7. In the third equality we take into account that
(α − 1) is negative, and therefore minpX maxqG gets re-
versed. In the fourth equality we use that log(·) is an
increasing function. In the fifth equality we use the min-
imax theorem (given that conditions are satisfied). In
the sixth equality we use the identity:

max
q(x)

∑

x

q(x)f(x) = max
x

f(x). (B27)
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In the seventh equality we use again that log(·) is an
increasing function and that (α − 1) is negative. In the
eight and last equality we use the definition of the Rényi
divergence Eq. A1.
Part ii) Addressing Csiszár measure:

min
pX

ICα<0

(
pG|XpX

)
(B28)

1
= min

pX
max
qG

DC
α<0

(
pG|X ||qG|pX

)
, (B29)

2
= min

pX
max
qG

1

α− 1

∑
x

p(x) log

[∑
g

p(g|x)αq(g)1−α
]
, (B30)

3
=

1

α− 1
max
pX

min
qG

∑
x

p(x) log

[∑
g

p(g|x)αq(g)1−α
]
, (B31)

4
=

1

α− 1
min
qG

max
pX

∑
x

p(x) log

[∑
g

p(g|x)αq(g)1−α
]
, (B32)

5
=

1

α− 1
min
qG

max
x

log

[∑
g

p(g|x)αq(g)1−α
]
, (B33)

6
= max

qG
min
x

1

α− 1
log

[∑
g

p(g|x)αq(g)1−α
]
, (B34)

7
= max

qG
min
x
Dα<0

(
pG|X=x|| qG

)
. (B35)

In the first equality we use the definition of Csiszár’s
dependence measure Eq. 7. In the second equality we
use definition of Csiszár’s conditional Rényi divergence
Eq. A13. In the third equality we take into account that
(α − 1) is negative, and therefore minpX maxqG gets re-
versed. In the fourth equality we use the minimax theo-
rem (given that the conditions are satisfied). In the fifth
equality we use the identity in Eq. B27. In the sixth
equality we again take into account that (α− 1) is nega-
tive. In the seventh and last equality we use the definition
of the Rényi divergence Eq. A1.

Part iii) Addressing Bleuler-Lapidoth-Pfister measure:

min
pX

IBLP
α<0

(
pG|XpX

)
(B36)

1
= min

pX
max
qG

DBLP
α<0

(
pG|X ||qG|pX

)
, (B37)

2
= min

pX
max
qG

α

α− 1
log
∑
x

p(x)

(∑
g

p(g|x)αq(g)1−α
) 1
α

, (B38)

3
=

α

α− 1
min
pX

max
qG

log
∑
x

p(x)

(∑
g

p(g|x)αq(g)1−α
) 1
α

, (B39)

4
=

α

α− 1
log min

pX
max
qG

∑
x

p(x)

(∑
g

p(g|x)αq(g)1−α
) 1
α

, (B40)

5
=

α

α− 1
log max

qG
min
pX

∑
x

p(x)

(∑
g

p(g|x)αq(g)1−α
) 1
α

, (B41)

6
=

α

α− 1
log max

qG
min
x

(∑
g

p(g|x)αq(g)1−α
) 1
α

, (B42)

7
= max

qG
min
x

α

α− 1
log

(∑
g

p(g|x)αq(g)1−α
) 1
α

, (B43)

8
= max

qG
min
x

1

α− 1
log

[∑
g

p(g|x)αq(g)1−α
]
, (B44)

9
= max

qG
min
x
Dα≥0

(
pG|X=x|| qG

)
. (B45)

In the first line we use the definition of Sibson’s depen-
dence measure Eq. 7. In the second line we use definition
of Sibson’s conditional Rényi divergence Eq. A7. In the
third equality we take into account that α

α−1 is positive.

In the fourth equality we use that log(·) is an increasing
function. In the fifth line we use the minimax theorem
(given that conditions are satisfied). In the next line we
use the identity Eq. B27. In the last equality we use the
definition of the Rényi divergence Eq. A1.

Part v) Finally, we can see that starting from Sibson,
Csiszár, Bleuler-Lapidoth-Pfister, Arimoto, we arrive to
the same expressions when maximising over pX , as per
equations Eq. B26, Eq. B35, Eq. B45. Consequently,
the capacities they each define is the same, proving the
claim. A similar construction works for the the cases
α ∈ (0,+∞), by using the minimax theorem in the other
direction, and taking care with the sign of the coefficient
(α− 1).

Appendix C: Proof of Result 1

In order to prove Result 1 we need two Theorems on
classical horse betting (CHB) with risk, one for CHB
without side information, and another one with side in-
formation. These two Theorems depend on the of Rényi
divergence and the BLP conditional Rényi divergence
from the previous section.
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1. Classical horse betting with risk

Theorem 1. (Bleuler-Lapidoth-Pfister [9]) Consider a
classical horse betting game with risk defined by the triple
(oX , pX , β), and a Gambler playing this game with a bet-
ting strategy bX . The utility function of log-wealth is
characterised by the R-divergence Dα(·||·) as:

Uβ(bX , oX , pX) = log co

+D 1
1−β

(pX ||roX)−D1−β(h
(β,o,p)
X ||bX), (C1)

with the parameter and the PMF:

co :=

(∑

x

1

o(x)

)−1
, ro(x) :=

co

o(x)
, (C2)

and the PMF:

h(β,o,p)(x) :=
p(x)

1
1−β o(x)

β
1−β

∑
x′ p(x

′)
1

1−β o(x′)
β

1−β
. (C3)

We are particularly interested in the best possible bet-
ting strategy for a given game (oX , pX , β), so we have the
following two corollaries.

Corollary 6. (Bleuler-Lapidoth-Pfister [9]) Consider a
classical horse discrimination (CHD) game with risk β ∈
(−∞, 1). We then want to maximise the utility function
over all possible betting strategies. The gambler plays
optimally when choosing b∗(x) = h(β,o,p)(x) and then:

max
bX

Uβ(bX , oX , pX) = Uβ(b∗X , oX , pX),

= log co +D 1
1−β

(pX ||roX). (C4)

Corollary 7. Consider a classical horse exclusion
(CHE) game with risk β ∈ (1,∞). We then want to
minimise the utility function over all possible betting
strategies. The gambler plays optimally when choosing
b∗(x) = h(β,o,p)(x) and then:

min
bX

Uβ(bX , oX , pX) = Uβ(b∗X , oX , pX),

= log co +D 1
1−β

(pX ||roX). (C5)

2. Classical horse betting with risk and side
information

We now address a result that characterises this oper-
ational task in terms of the BLP-CR-divergence and the
R-divergence.

Theorem 2. (Bleuler-Lapidoth-Pfister [9]) Consider a
classical horse betting game with risk and side informa-
tion defined by the triple (oX , pXG, β), and a Gambler

playing this game with a betting strategy bX|G. The util-
ity function of log-wealth is characterised by the the BLP-
CR-divergence DBLP

α (·|| · |·) and R-divergence Dα(·||·) as:

USI
β (bX|G, oX , pXG)

= log co +DBLP
1

1−β

(
pX|G||roX |pG

)

−D1−β

(
h
(β,o,p)
X|G g

(β,o,p)
G

∣∣∣
∣∣∣bX|G h(β,o,p)G

)
, (C6)

with the parameter and the PMF:

co :=

(∑

x

1

o(x)

)−1
, ro(x) :=

co

o(x)
, (C7)

and the conditional PMF and PMF:

h(β,o,p)(x|g) :=
p(x|g)

1
1−β o(x)

β
1−β∑

x′ p(x
′|g)

1
1−β o(x′)

β
1−β

, (C8)

h(β,o,p)(x) :=
p(x)

1
1−β o(x)

β
1−β∑

x′ p(x
′)

1
1−β o(x′)

β
1−β

. (C9)

We are particularly interested in the best possible bet-
ting strategy bX|G for a given game (oX , pXG, β), so we
have the following two corollaries.

Corollary 8. (Bleuler-Lapidoth-Pfister [9]) Consider a
classical horse discrimination (CHD) game with risk
β ∈ (−∞, 1) and side information. We then want to
maximise the utility function over all possible betting
strategies. The Gambler plays optimally when choosing
b∗(x|g) = h(β,o,p)(x|g) and then:

max
bX|G

USI
β (bX|G, oX , pXG)

= USI
β (b∗X|G, oX , pXG),

= log co +DBLP
1

1−β
(pX|G||roX |pG), (C10)

with the BLP-CR-divergence D1
α(·|| · |·).

Corollary 9. Consider a classical horse exclusion game
(CHE) with risk β ∈ (1,∞) and side information. We
then want to minimise the utility function over all possi-
ble betting strategies. The Gambler plays optimally when
choosing b∗(x|g) = h(β,o,p)(x|g) and then:

min
bX|G

USI
β (bX|G, oX , pXG)

= USI
β (b∗X|G, oX , pXG),

= log co +DBLP
1

1−β
(pX|G||roX |pG), (C11)

with the BLP-CR-divergence DBLP
α (·|| · |·).

3. Proving Result 1

We also need the following two Lemmas before proving
result 1.
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Lemma 5. (Operational interpretation of the Rényi en-
tropy) Consider a PMF pX , the Rényi entropy of order
α ∈ R can be written as:

Cpα(X) = max
bX

Wα−1
α

(bX , o
C
X , pX), α ≥ 0, (C12)

Cpα(X) = min
bX

Wα−1
α

(bX , o
C
X , pX), α ≤ 0, (C13)

with the maximisation (minimisation) over all possible
betting strategies bX , and constant odds o(x) = C, ∀x.

Proof. We start by considering a classical horse betting
game with constant odds o(x) = C, ∀x, and risk β(α) :=
α−1
α with α ≥ 0. We first realise that the best strategy

for the Gambler is given by Eq. C3:

b∗(x) =
p(x)α∑
x′ p(x

′)α
. (C14)

Considering now the utility function and replacing the
odds and the best strategy we get:

Wα−1
α

(b∗X , o
C
X , pX) (C15)

=

[∑
x

p(x)
[
b∗(x)oC(x)

]α−1
α

] α
α−1

, (C16)

= C

[∑
x

p(x)
[
b∗(x)

]α−1
α

] α
α−1

, (C17)

= C

[∑
x

p(x)

[
p(x)α∑
x′ p(x

′)α

]α−1
α

] α
α−1

, (C18)

= C

∑
x

p(x)
p(x)α−1[∑
x′ p(x

′)α
]α−1

α

 α
α−1

. (C19)

Reorganising we get:

Wα−1
α

(b∗X , o
C
X , pX) (C20)

= C

∑
x

p(x)α[∑
x′ p(x

′|g)α
]α−1

α

 α
α−1

, (C21)

= C
1∑

x′ p(x
′)α

[∑
x

p(x)α
] α
α−1

, (C22)

= C

[∑
x

p(x)α
] 1
α−1

, (C23)

= Cpα(X), (C24)

and therefore proving the claim for α ≥ 0. The case for
α ≤ 0 follows a similar argument, taking into account
that we are now minimising and therefore the best bet-
ting strategy takes the same form.

Lemma 6. (Operational interpretation of the Arimoto-
Rényi conditional entropy) Consider a joint PMF pXG,
the Arimoto-Rényi conditional entropy of order α ∈ R

can be written as:

CpAα (X|G) = max
bX|G

Wα−1
α

(bX|G, o
C
X , pXG), α ≥ 0, (C25)

CpAα (X|G) = min
bX|G

Wα−1
α

(bXG, o
C
X , pXG), α ≤ 0. (C26)

with the maximisation (minimisation) over all possible
betting strategies bX|G, and constant odds o(x) = C, ∀x.

Proof. We start by considering a classical horse betting
game with constant odds o(x) = C, ∀x, risk β(α) := α−1

α
with α ≥ 0, and with side information. We now realise
that the best strategy for the Gambler is given by Eq. C8:

b∗(x|g) = g(β,o
C ,p)(x|g), (C27)

=
p(x|g)

1
1−β oC(x)

β
1−β

∑
x′ p(x

′|g)
1

1−β oC(x′)
β

1−β
, (C28)

=
p(x|g)

1
1−βC

β
1−β

∑
x′ p(x

′|g)
1

1−βC
β

1−β
, (C29)

=
p(x|g)

1
1−β

∑
x′ p(x

′|g)
1

1−β
, (C30)

=
p(x|g)α∑
x′ p(x

′|g)α
(C31)

Considering now the utility function and replacing the
odds and the best strategy we get:

W SI
α−1
α

(b∗X|G, o
C
X , pXG), (C32)

=

[∑

x,g

p(x, g)
[
b∗(x|g)oC(x)

]α−1
α

] α
α−1

, (C33)

= C

[∑

x,g

p(x, g)

[
p(x|g)α∑
x′ p(x

′|g)α

]α−1
α

] α
α−1

, (C34)

= C

[∑

x,g

p(x, g)
p(x|g)α−1

[
∑
x′ p(x

′|g)α]
α−1
α

] α
α−1

. (C35)
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Using p(x, g) = p(x|g)p(g) and reorganising:

= C

[∑

x,g

p(g)
p(x|g)α

[
∑
x′ p(x

′|g)α]
α−1
α

] α
α−1

, (C36)

= C

[∑

g

p(g)

∑
x p(x|g)α

[
∑
x′ p(x

′|g)α]
α−1
α

] α
α−1

, (C37)

= C


∑

g

p(g)

[∑

x

p(x|g)α

] 1
α




α
α−1

, (C38)

= C


∑

g

[∑

x

p(x|g)αp(g)α

] 1
α




α
α−1

, (C39)

= C


∑

g

[∑

x

p(x, g)α

] 1
α




α
α−1

, (C40)

= CpAα (X|G), (C41)

and therefore proving the claim for α ≥ 0. The case for
α ≤ 0 follows a similar argument, taking into account
that we are now minimising and therefore the best bet-
ting strategy takes the same form.

We are now ready to prove Result 1.

Proof. (of Result 1) Consider the Arimoto’s dependence
measure of order α ≥ 0, we have the following chain of
equalities:

IAα (X;G) = Hα(X)−HA
α (X|G), (C42)

= log

[
pAα (X|G)

pα(X)

]
, (C43)

= log

[
CpAα (X|G)

Cpα(X)

]
, (C44)

= log




max
bX|G

W SI
α−1
α

(bX|G, o
C
X , pXG)

max
bX

Wα−1
α

(bX , o
C
X , pX)


 . (C45)

The first equality is the definition of the Arimoto’s depen-
dence measure. The second equality comes from replac-
ing the Rényi entropy and the Arimoto-Rényi conditional
entropy. The third inequality we have multiplied and di-
vided by a constant C 6= 0. The fourth and last equality
follows from Lemma 3 and Lemma 4 respectively. A sim-
ilar argument follows through when considering the cases
with α ≤ 0, and therefore proving the claim.

Appendix D: Proof of Corollaries 4 and 5

Proof. (of Corollary 4) In the case α→ +∞, we have:

max
E

IW+∞(XE ;GM) (D1)

= log


max
E

max
bA|G

W SI
1 (bA|G,M, oCX , E)

max
N∈UI

max
bA|G

W SI
1 (bA|G,N, oCX , E)


 . (D2)

To prove the claim, it is enough to prove:

max
bA|G

W SI
1 (bA|G,M, oCX , E) = CPQSD

succ (E ,M). (D3)

From the Lemma we have:

max
bX|G

W SI
α−1
α

(bX|G,M, oCX , E) (D4)

= CpAα (X|G) (D5)

= C


∑

g

[∑

x

p(x, g)α

] 1
α




α
α−1

(D6)

Considering now α→ +∞ we have:

max
bX|G

W SI
1 (bX|G,M, oCX , E) = C

∑

g

max
x

p(x, g). (D7)

Further analysing this quantity we have:

∑

g

max
x

p(x, g) (D8)

=
∑

g

max
q(x|g)

∑

x

q(x|g)p(x, g), (D9)

= max
q(x|g)

∑

g,x

q(x|g)p(g|x)p(x), (D10)

= max
q(x|g)

∑

g,x

[∑

a

δax q(a|g)

]
p(g|x)p(x), (D11)

= max
q(a|g)

∑

a,g,x

δax q(a|g)p(g|x)p(x), (D12)

= PQSD
succ (E ,M). (D13)

In the first line we used the identity Eq. B27, and this
therefore proves the claim.

Proof. (of Corollary 5) The proof of Corollary 5 follows
a similar argument than that of Corollary 4.
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Appendix E: Proof of Result 2

Proof. (of Result 2) We start with the definition and
have:

EW
α≥0(M)

1
= min
N∈UI

DW
α≥0(M||N), (E1)

2
= min
N∈UI

max
E

DW
α≥0

(
p
(M,E)
G|X

∣∣∣
∣∣∣q(N,E)G|X

∣∣∣ pEX
)
, (E2)

3
= max

E
min
N∈UI

DW
α≥0

(
p
(M,E)
G|X

∣∣∣
∣∣∣q(N,E)G|X

∣∣∣ pEX
)
, (E3)

4
= max

E
min
qG

DW
α≥0

(
p
(M,E)
G|X

∣∣∣
∣∣∣qNG
∣∣∣ pEX

)
, (E4)

5
= max

E
IWα≥0

(
p
(M,E)
G|X pEX

)
, (E5)

6
= Cα≥0 (ΛM) . (E6)

In the first equality we used the definition of EW
α≥0(M).

In the second equality we replaced DW
α≥0(M||N). In the

third equality we used Sion’s minimax theorem [? ]. In
the fourth equality we used the fact that minimising over
uninformative measurements is equivalent to minimising
over all PMFs qG. In the fifth equality we used the defi-

nition of IWα≥0

(
p
(M,E)
G|X pEX

)
. In the sixth and final equality

we used Remark 7 (Lemma 1 in a quantum setup). The
case for EW

α<0(M) follows a similar argument.

Appendix F: Proof of Result 3

Proof. (of Result 3) Part i) Faithfulness. Consider
M ∈ UI. We analyse the α-robustness. Taking into ac-
count that DW

α (M||N) ≥ 0, ∀M, N, α ∈ (0,+∞], W ∈
{S,C,BLP} [9], we have that minN∈UID

W
α (M||N) = 0,

because N = M is an optimal choice for the minimi-
sation and DW

α (M||M) = 0. Therefore Rα(M) = 0.
Conversely, consider that Rα(M) = 0, this implies that
minN∈UID

W
α (M||N) = 0. Without loss of generality,

consider the minimum being achieved by N∗ ∈ UI and
then DW

α (M||N∗) = 0. We now invoke the property:

DW
α (M||N∗) = 0 iff p

(M,E)
G|X = q

(N∗,E)
G|X [9]. The latter

is equivalent to Tr[Mgρx] = Tr[N∗g ρx], ∀g, x, or that
Tr[(Mg − N∗g )ρx] = 0, ∀g, x, or equivalently Mg = N∗g ,
∀g, and therefore M = N∗ ∈ UI, finishing the proof.
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