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Abstract

The paper demonstrates that a pure-diffusion 3/2 model is able to capture the observed
upward-sloping implied volatility skew in VIX options. This observation contradicts
a common perception in the literature that jumps are required for the consistent
modelling of equity and VIX derivatives. The pure-diffusion model, however, struggles
to reproduce the smile in the implied volatilities of short-term index options. One
remedy to this problem is to augment the model by introducing jumps in the index.
The resulting 3/2 plus jumps model turns out to be as tractable as its pure-diffusion
counterpart when it comes to pricing equity, realized variance and VIX derivatives,
but accurately captures the smile in implied volatilities of short-term index options.

Keywords: Stochastic volatility plus jumps model, 3/2 model, VIX derivatives

1 Introduction

The Chicago Board Options Exchange Volatility Index (VIX) provides investors
with a mechanism to gain direct exposure to the volatility of the S&P500 index
without the need for purchasing index options. Consequently, the trading of
VIX derivatives has become popular amongst investors. In 2004 futures on the
VIX began trading and were subsequently followed by options on the VIX in
2006. Furthermore, since the inception of the VIX, volatility indices have been
created to provide the same service on other indices, in particular, the VDAX
and the VSTOXX, which are based on the DAX and the Euro STOXX 50 in-
dices respectively. Since derivative products are traded on both the underlying
index and the volatility index, it is desirable to employ a model that can simul-
taneously reproduce the observed characteristics of products on both indices.
Models that are capable of capturing these joint characteristics are known as
consistent models.

A growing body of literature has been devoted to the joint modelling of eq-
uity and VIX derivatives. The literature can generally be classed in terms of
two approaches. In the first approach, once the instantaneous dynamics of the
underlying index are specified under a chosen pricing measure, the discounted
price of a derivative can be expressed as a local martingale. This is the ap-
proach adopted in [26], [31], [34] and [35]. [34] derived an analytic formula for
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VIX futures under the assumption that the S&P500 is modelled by a Heston
diffusion process [18]. A more general result was obtained in [26]. Through
a characteristic function approach these authors provided exact solutions (de-
pendent upon a Fourier inversion) for the price of VIX derivatives when the
S&P500 is modelled by a Heston diffusion process with simultaneous jumps in
the underlying index and the volatility process. A square-root stochastic vari-
ance model with variance jumps and time-dependent parameters was considered
for the evolution of the S&P500 index in [31]. The author provided formulae
for the pricing and hedging of a variety of volatility derivatives. Alternatively
there is the “market-model” approach, where variance swaps are modelled di-
rectly, as is done in [6] and [11]. The latter authors proposed a flexible market
model that is capable of efficiently pricing realized-variance derivatives, index
options, and VIX derivatives. Realized-variance derivatives were priced using
Fourier transforms, index derivatives were priced using a mixing formula, which
averages Black-Scholes model prices, and VIX derivatives were priced, subject
to an approximation, using Fourier-transform methods.

Models considered under the first approach generally yield (quasi-)closed-
form solutions for derivative prices, which by definition are tractable. The
challenge lies in ensuring that empirically observed facts from the market data,
i.e. characteristic features of the joint dynamics of equity and VIX derivatives,
are captured. On the other hand, the market-model approach ensures by con-
struction that models accurately reflect observed empirical characteristics. The
challenge remaining is to obtain an acceptable level of tractability when pricing
derivative products. In this paper we follow the first approach and consider the
joint modelling of equity and VIX derivatives when the underlying index follows
a 3/2 process [10, 19, 20, 25] with jumps in the index only (henceforth called
the 3/2 plus jumps model). The model presented here is more parsimonious
than competing models from its class; it is able to accurately capture the joint
dynamics of equity and VIX derivatives, while retaining the advantage over
market models of analytic tractability. We point out that this model was used
in the context of pricing target volatility fund derivatives in [28].

The selection of a 3/2 model for the underlying index is motivated by sev-
eral observations in recent literature. There is both empirical and theoretical
evidence suggesting that the 3/2 model is a suitable candidate for modelling
instantaneous variance. [2] conducted an empirical study on the time-series
properties of instantaneous variance by using S&P100 implied volatilities as a
proxy. The authors found that a linear-drift was rejected in favour of a non-
linear drift and estimated that a variance exponent of approximately 1.3 was
required to fit the data. In a separate study, [10] proposed a new framework for
pricing variance swaps and were able to support the findings of [2] using a purely
theoretical argument. Furthermore, the excellent results obtained by [13], who
employed the 3/2 model to price realized-variance derivatives, naturally encour-
age the application of the 3/2 framework to VIX derivatives. Despite having a
qualitative advantage over other stochastic volatility models [13], the 3/2 model,
or any augmented version of this model, has yet to be applied to the consistent
pricing of equity and VIX derivatives. The final motivating factor is the claim
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that jumps must be included in the dynamics of the underlying index to capture
the upward-sloping implied volatility skew of VIX options [31].

In related literature the only mention of the 3/2 model in the context of VIX
derivatives is in [17], where the problem is approached from the perspective of
directly modelling the VIX. Closed-form solutions are found for VIX derivatives
under the assumption that the VIX follows a 3/2 process. In this paper a
markedly different approach is adopted. Rather than specifying dynamics for
the untradable VIX, without providing a connection to the underlying index,
we follow the approach from [26], where the dynamics of the underlying index
are specified and an expression for the VIX is later derived. Our approach is
superior to that of [17]; issues of consistency are addressed directly and the
model lends itself to a more intuitive interpretation.

The main contribution of this paper is the derivation of quasi-closed-form
solutions for the pricing of VIX derivatives under the assumption that the un-
derlying follows the 3/2 model. The newly-found solutions retain the analytic
tractability enjoyed by those found in the context of realized-variance products
[13]. The formulae derived in this paper allow for a numerical analysis to be
performed to assess the appropriateness of the 3/2 framework for consistent
modelling. Upon performing the analysis we find that the pure-diffusion 3/2
model is capable of producing the commonly observed upward-sloping skew for
VIX options. This contradicts the previously made claims that pure-diffusion
stochastic volatility models cannot consistently model VIX and equity deriva-
tives [31]. This desirable property distinguishes the 3/2 model from compet-
ing pure-diffusion stochastic volatility models. We compare the 3/2 model to
the Heston model and find that the latter produces downward-sloping implied
volatilities for VIX options, whereas the former produces upward-sloping im-
plied volatilities for VIX options.

Pure-diffusion volatility models, however, fail to capture features of implied
volatility in equity options for short maturities [16]. To remedy this shortcoming
jumps are introduced in the underlying index. The resulting 3/2 plus jumps
model is consequently studied in detail: first, by following the approach used
for the pure-diffusion 3/2 model, we derive the conditions that ensure that the
discounted stock price is a martingale under the pricing measure. The novelty
of this result is that we discuss whether a stochastic volatility model that allows
for jumps is a martingale. So far in the literature [5, 13, 25, 29] these results
have been provided for pure-diffusion processes only, as they are based on Feller
explosion tests [22]. Next, we produce the joint Fourier-Laplace transform of
the logarithm of the index and the realized variance, which allows for the pricing
of equity and realized-variance derivatives. Though the 3/2 model is not affine,
we find that the joint Fourier-Laplace transform is exponentially affine in the
logarithm of the stock price. This allows for the simultaneous pricing of equity
options across many strikes via the use of the Fourier-Cosine expansion method
of [15]. Such a finding is expected to significantly speed up the calibration
procedure. The approach used in this paper is not restricted to the 3/2 plus
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jumps model and can be extended to a more general setting!. In fact, we use
this approach to obtain a closed-form solution for VIX options in the stochastic
volatility plus jumps (SVJ) model, see [4], resulting in a small extension of the
stochastic-volatility pricing formula presented in [26].

The paper is structured as follows: in Section 2 we introduce the pure-
diffusion 3/2 model and present the empirical result that illustrates that this
model is able to capture the joint characteristics of equity and index options.
We compare the pure-diffusion 3/2 model with the Heston model to highlight
the difference in shape of the VIX implied volatilities. The rest of the paper is
concerned with the 3/2 plus jumps model. Section 3 introduces the 3/2 plus
jumps model and establishes the conditions that ensure that the discounted
stock price is a martingale under the assumed pricing measure. Next, charac-
teristic functions for the logarithm of the index and the realized variance are
derived. Finally, a quasi-analytic formula for call and put options on the VIX
is derived. Conclusions are stated in Section 4.

2 Pure-Diffusion 3/2 Model Applied to the VIX

In this section we introduce the pure-diffusion 3/2 model and present numerical
results to illustrate that this model is able to produce upward-sloping implied
volatility skews in VIX options. On a probability space (2, F, Q), we introduce
the risk-neutral dynamics for the stock price and the variance processes

a8y = Si- (vdt + p/VidW; + /1= 2 VidW?)

AV, = kVi(0 = Vi)dt + e(V;)dwy

starting at Sy > 0 and Vy > 0 respectively, where W = (Wl, WQ) is a two-
dimensional Brownian motion under the risk-neutral measure. All stochastic
processes are adapted to a filtration (F),c 0,7 that satisfies the usual conditions
with Fo being the trivial sigma field. Furthermore, r denotes the constant risk-
free interest rate and p the instantaneous correlation between the return on
the index and the variance process. As per usual, p satisfies —1 < p < 1 and
K, 0, and e are assumed to be strictly positive. It is worth noting that unlike
the Heston model the above model has a non-linear drift. The speed of mean
reversion is not constant, as is the case for the Heston model, but is now a
stochastic quantity and is proportional to the instantaneous variance.
Throughout this paper we follow [26] and [34] and define the VIX via

2
VIX} = -"E <1n (5:;) |]-"t> x 1002, (1)

where 7 = %. We emphasize that this approach is superior to that of [17];

instead of modelling the VIX directly, without providing a connection to the

I The method is applicable to all conditionally Gaussian stochastic volatility models for
which the Laplace transform of realized variance is known explicitly.
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underlying index, the expression for the VIX in Equation (1) is derived directly
from the dynamics of the underlying index.

Implied volatilities of VIX options exhibit a positive volatility skew, as stated
in [32]. The author asserts that “SV [stochastic volatility models] without jumps
are not consistent with the implied volatility skew observed in options on the
VIX...” and that “...only the SV [stochastic volatility] model with appropriately
chosen jumps can fit the implied VIX skew”. To assess these statements we
calculate implied volatilities under the pure-diffusion 3/2 model. The price of a
call option on the VIX is now given by

e TE ((VIXT -~ K)+>

JF
o [T 9w T) 1 et et
—e " 1002 — K 2
‘ / ( - ) e’ \"*yam) @ P

a t+1
g(z,7) = —EE <exp <—l/ VSds) Vi = x)
t

2

0= 4(“:2'6 )= Vtc(let)v c(t) = €(exp (kbt) — 1)/(4k0), and p(v, B, ) denotes
the probability density function of a non-central chi-squared random variable
with v degrees of freedom, and non-centrality parameter §. Equation (2) is a
special case of the forthcoming Proposition 3.3.

In order to provide the reader with parameters that are verifiable we use the
parameters provided in [13] for realized-variance derivatives. Using Equation
(2) and the parameters

where

)
=0

Vo = 0.2450%, k = 22.84, 6 = 0.4669%, ¢ = 8.56, and p = —0.99,

we price VIX options for T' = 3 months and 7' = 6 months. Then using Black’s
formula we find an implied volatility, ¢, such that

E ((VIXT -~ K)+> = E(VIX7)N(dy) — KN(dy),

where
_ log(E (VIXT)/K)+ (?T

(VT

The positive skew of the implied volatility of VIX options is shown in Figure
1 for maturities T = 3 months and T = 6 months, demonstrating that the
dynamics of the pure-diffusion 3/2 model are in fact rich enough to fit the
implied VIX skew. These observations support the findings of [2], [10] and [13]
that suggest that the 3/2 model is a good candidate for the pricing of volatility
derivatives.

Next we compare the results produced by the 3/2 model to the Heston
model, which is commonly used for the pricing VIX derivatives [26, 31, 34, 35].
A priori this seems to be a fair comparison; both models are stochastic volatility

dy ,and do = dy — VTC.
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Fig. 1: Implied volatilities of call options on the VIX using the 3/2 model parameters
obtained in [13] with 7" = 3 months (left) and 7' = 6 months (right).
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Fig. 2: Implied volatilities of call options on the VIX using the Heston model param-
eters obtained in [13] with 7" = 3 months (left) and 7' = 6 months (right).

models, the two models have the same number of parameters, and enjoy the
same level of analytical tractability. To compute VIX option prices and the
corresponding implied volatilities we use the pricing formula provided by [26]
(see their Proposition 3). Again, we use the following parameters obtained in
[13] for the Heston model,

Vo = 0.25562, k = 3.8, 0 = 0.3095%, ¢ = 0.9288, and p = —0.7829,

The result is shown in Figure 2. Unlike for the 3/2 model the implied volatilities
are downward sloping, which is not consistent with market data.

3 The 3/2 plus Jumps Model

The previous section demonstrated that the pure-diffusion 3/2 model is capable
of capturing the upward-sloping features of VIX option implied volatilities. Pure
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Fig. 3: Fit of the 3/2 model to 9 days S&P500 implied volatilities on 8 March, 2012.
Model parameters obtained € = 70.56, Vo = 0.19%, x = 30.84, 6 = 0.482,
p = —0.55.

diffusion volatility models, however, fail to capture features of equity implied
volatility for short expirations. To demonstrate this, we calibrate the pure-
diffusion 3/2 model to short-maturity S&P500 option data. In Figure 3 we
present option implied volatilities for the S&P500 on the 8th March 2012 for
a maturity of nine days. The data set clearly exhibits a volatility smile. We
find that though the pure-diffusion 3/2 model captures the negative skew, it
struggles to capture the smile.

This observation motivates the extension of the model to allow for jumps in
the underlying index in order to obtain better fit for short expirations. Consider
the dynamics for the underlying index given by

S, = Sy ((r — Nt + pV/VidW} + /1 — p2/VedW2 + (ef — 1)dNt) . (3)
AV, = kVi(0 — V;)dt + e(V;/)dW} (4)

where we denote by N a Poisson process at constant rate ), by ef the relative
jump size of the stock and N is adapted to a filtration (}-t)te[o - The distribu-

tion of ¢ is assumed to be normal with mean u and variance o2. The parameters
1, i, and o satisfy the following relationship

1
uzlog(1+ﬂ)—502.

All other stochastic processes and parameters have been introduced in Section
2. Integrating Equation (3) yields

Ny
St = St H GEj (5)
j=1
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where

B 1 t t t
5, = Soexp ((r ot [ Vs p [ Vaawl VT \/Vdef) ,
0 0 0
(6)

and we use Ej to denote the logarithm of the relative jump size of the jth jump.
Since the model (3) - (4) is not affine, Equation (5) gives us an important
starting point for our analysis. In particular, one can now determine if the
discounted stock price is a martingale under our assumed pricing measure.

Proposition 3.1. Let S and V be given by Equations (3) and (4) respectively.

Then the discounted stock price S; = es,,‘t is a martingale under Q, if and only
if
2
K—€ep> -5 (7)

Proof. We compute

T T T
E (SrF) = S.E (exp (—% / Vids + p / VVdWE + T2 / J@WE) ‘f)
t t t

Nt 5
x F H 65‘7 e_kﬁ(T_t)
j=N¢+1

T T T
= S,E (exp <—%/ ‘/;ds+p/ VVedWE 4+ /1 - p2/ \/Vde3> ‘]—'t) .
t t t
(8)

Equation (8) is clearly independent of the jump component of S. Hence S is a
martingale under Q if and only if the corresponding discounted pure-diffusion
model, 5}%, is a martingale under Q. Since this question was answered in
[13], see his Equation (4), the desired result follows. O

Starting with [33], there has been a growing body of literature dealing with
the question of whether the discounted stock price in a particular stochastic
volatility model is a martingale or a strict local martingale under the pricing
measure, e.g. [1], [5], [25], and [29]. The specification of the model, in particular
Equation (5), allows for the application of the above results, which were all
formulated for pure diffusion processes. We remark that Condition (7) is the
same as the one presented in [13]. Besides analyzing the martingale property
of the model (3)-(4) we also compute functionals, which are required for the
pricing of equity and VIX derivatives.

3.1 Equity and Realized-Variance Derivatives

In this section we derive formulae for the pricing of equity and realized-variance
derivatives under the 3/2 plus jumps model. We demonstrate that by adding
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jumps to the 3/2 model a better fit to the short-term smile can be obtained
without incurring a loss in analytic tractability. Consider

X :=log(S),t>0,

and define the realized variance as the quadratic variation of X, i.e.

T Nt
RVr ::/ Vids +» (§)%,t>0,
0

j=1
where RVp denotes realized variance and T denotes the maturity of interest.
We have the following result, which is the analogue of Proposition 2.2 in [13].

Proposition 3.2. Let u € R and | € RT. In the 3/2 plus jumps model, the
joint Fourier-Laplace transform of Xp and (RVy — RV;) is given by

E (exp (tuX1 — l(RVy — RW,)) | X, Vi)

= exp (iu(Xy+ (r — Xp)(T — 1)) Lt —o) <€2y(2 ))

I'(v) t, Vi
-2
XM|a,vy, 5 |exp(AMT —t)(a—1)),
(0 gy ) o0 T = Dia = 1)
where
(eHG(Tft) _ 1)
y(t, Vi) = Vimm—m—pr——=

K0 ’

2
1 p 1 p q p ‘
0‘“(5‘:2)#(%‘:2) +25, a=2far1=F). p=—wtien.

_ 2lp,2 72iuu+0'2 u?

v u? exp( 2+dlo? )
g=l+—+— and a=

22 V1 + 202 ’

and M(a, b, c) denotes the confluent hypergeometric function.

Proof. The proof is completed by noting that

E <exp (iuXr — I(RVy — RV})) ‘Xt; Vt)

g T
= exp(iuXy) E (exp (iulog (%) — l/ Vsds>
t t

)

The first conditional expectation was computed in [10] and [25] and is given by

E <eXP <ZU log (%) - l/1t Vsds> Vt> = exp (iu(r — Xa)(T —t)) I‘(;(’y)a) <62y(i Vt)>

)
x M (a,y, —2= .
(a762y(,‘/¥))

NT B NT B
Elexpliuv Y &1 > (&)
j=N+1 j=N¢+1
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Fig. 4: Fit of the 3/2 plus jumps model to 9 days S&P500 implied volatilities on 8
March, 2012. Model parameters obtained e = 50.56, Vp = 0.08222, k = 30.84,
6 =0.10%, p = —0.57, A = 0.18, = —0.30, o = 0.39.

Furthermore, it can be seen that
20 —2iputo’u® )

exp ( 244102

E (eXp (wga - lf?)) = V14202

and for ¢ > 0
E (NN = exp (MT —t)(c— 1)) .

O

Equity and realized-variance derivatives can now be priced using Proposition
3.2. For equity derivatives pricing requires the performance of a numerical
Fourier inversion, such as those presented in [9] and [25]. Furthermore, since
the characteristic function of X is exponentially affine in X;, we can apply
the Fourier-Cosine expansion method as described in Section 3.3 in [15]. This
allows for the simultaneous pricing of equity options across many strikes, which
is expected to significantly speed up the calibration procedure. For realized-
variance derivatives one can employ a numerical Laplace inversion, see [8], or
the more robust control-variate method developed in [13]. We comment that
implied volatility approximations for small log-forward moneyness and time to
maturity for the 3/2 plus jumps model can be obtained from [27], as their
Proposition 3 covers the 3/2 plus jumps model.

This section is concluded with a calibration of the 3/2 plus jumps model to
short-maturity S&P500 option data. The inclusion of jumps improves the fit
significantly as illustrated when comparing Figures 4 and 3. The values for Vj
and 0 decrease when we allow for jumps. Also, the parameters for the jump
component are roughly in line with those obtained for SVJ models (see for
example [16]).
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3.2 VIX Derivatives

In this section we provide a general pricing formula for (European) call and put
options on the VIX by extending the results of [34]. The newly-found formula
is then used for the pricing of VIX derivatives when the index follows a 3/2 plus
jumps process. Of course, the results shown in Section 2 are obtained by setting
the jump intensity A equal to 0. We recall the definition of the VIX (1),

2
VIX?:=-ZE <1n ( Star ) |]-"t> x 1002,
T

Ster‘r

where 7 = %. The following result, which is an extension of Proposition 1 in

[34], allows for the derivation of a pricing formula for VIX options.
Lemma 3.1. Let S, V, and VIX? be defined by Equations (3), (4), and (1).

Then -
VIX? = (M+2)\(u—u)> x 100%, ¢ >0,

-
a t+1
g(z,7) = —EE <exp <—l/ VSds) Vi = x)
t

Lemma 3.1 is useful as it shows that the distribution of VIX? can be ob-
tained via the distribution of V;, for ¢ > 0. Consequently, the problem of
pricing VIX derivatives is reduced to the problem of finding the transition den-
sity function for the variance process. In the following proposition, we present
the Zhang-Zhu formula for the futures price and a formula for call options.

where

=0

Proposition 3.3. Let S, V, and VIX be given by Equations (3), (4) and (1).
We obtain the following Zhang-Zhu formula for futures on the VIX

e TE(VIXT) = e*TT/ V(@ + 2\ (i — u)) x 1002 fy v, (y)dy , T > 0
0

and the following formula for a call option

e TE ((VIXT - K)*)

+
e—rT/O <\/(M+2A(u—u)> X 1002—K> fveve (9)dy , T> 0,

where fy,.v,(y) denotes the transition density of V' started from Vy at time 0O
being at y at time T'.

An expression for VIX put options can be obtained via the put-call parity
relation for VIX options, namely

e TE ((K - VIXT)+) =eTE ((VIXT - K)*) +Ke T —e " TE (VIX7) |
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see Equation (25) in [26].

For the 3/2 model instead of using Lemma 3.1 we could alternatively use
Theorem 4 in [10]. However, our approach is not restricted to the 3/2 model
and applies to all stochastic volatility models for which the Laplace transform
of the realized variance is known. Furthermore, in the case of the 3/2 model it
is well known that V; is the inverse of a square-root processs [3, 10, 13, 17].

Lemma 3.2. Let V be defined as in Equation (4), then the transition density
f of V is given by

1 en@(T—t) enG(T—t)
p( ) )

e — ), T>t>0
vl —1) ayc(T—t>)’ “r=0

fvevi (y)
where § = 4(”6—4.;62), a = m, c(t) = 2(exp (k0t) — 1)/(4k0) and p(v,B,")
denotes the probability density function of a non-central chi-squared random
variable with v degrees of freedom, and non-centrality parameter B.

Proof. As indicated above we introduce the process X via X; = V%, whose
dynamics are given by

dX; = (k + €2 — kOX,)dt — en/ X, dW, .
Given X (t), we note from [21] that

enG(T—t)

2
—_ ~ 1) T>t>0
C(T—t) X(,Oé), >t20,

T
where x? (v, 3) denotes a non-central chi-squared random variable with v degrees
of freedom and non-centrality parameter 3. O

Since we have an expression for the transition density of V', Proposition 3.3
can be used to price derivatives on the VIX as a discounted expectation.

To further demonstrate that the methodology presented in this section is not
restricted to the 3/2 plus jumps model, consider the stochastic volatility plus
jumps model [4, 14] given by

dSy = S,_ ((7“ — \i)dt + 1/ V; (de,} + V1 - p2th2) + (ef — l)dNt) (9)

i

AV, = &(0 — V;) + &\ VedW}! | (10)

where 7, p, \, i, u, and o are as defined for the 3/2 model, and &, é, and € > 0.
Using Lemma 3.1 we have

Vi
vixy = 0T oy,

where
1 _ e*KT
gz, 7)) =ax+b,a= ———
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As mentioned previously, it is well known that the transition density of a square-
root process is non-central chi-squared. Therefore, Proposition 3.3 can be used
to price options on the VIX in the setting (9) - (10). This result is a small
extension of Proposition 3 in [26], as our result allows for jumps in the index.

4 Conclusion

We derive general formulae for the pricing of equity and VIX derivatives. The
newly-found formulae allow for an empirical analysis to be performed to assess
the appropriateness of the 3/2 framework for the consistent pricing of equity
and VIX derivatives. Empirically the pure-diffusion 3/2 model performs well;
it is able to reproduce upward-sloping implied volatilities in VIX options, while
a competing model of the same complexity and analytical tractability cannot.
Furthermore, the 3/2 plus jumps model is able to produce a better short-term
fit to the implied volatility of index options than its pure-diffusion counterpart,
without a loss in tractability. These observations make the 3/2 plus jumps model
a suitable candidate for the consistent modelling of equity and VIX derivatives.
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